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The Barber Paradox

| was proposed by Bertrand
| Russell. If a barber has the
1 || sign at the left in his win-

dow, (who shaves the bar-
1 \ber?

If he shaves himself, then
he belongs to the set of

But his sign says he never
shaves anyone in this set.
Therefore he cannot shave
himself.

If someone else shaves the
barber, then he’s a man
who doesn’t shave himself.
But his sign says that he
does shave all such men.
Therefore no one else can
shave the barber. It seems
as if nobody can shave the
barber!

what & N berler
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The famous barber paradox | Bertrand Russellfproposed the barber paradox to

men who shave themselves.

dramatize a famous paradox he had discovered
about sets\ Some constructions seem to lead io
ould be members of themselves. For
example, the set of all things that are not apples
could not be an apple, so it must be a member of
itself. Consider now the set of all sets that are not
members of themselves. Is it a member of itself?
However you answer, you are sure to contradict
yourself.

One of the most dramatic turning points in the
history of logic involves this paradox. Gottlob
Frege, an eminent German logician, had
completed the second volume of his continuing
life’s work, The Fundamentals of Arithmetic, in
which he had thought he had developed a
consistent theory of sets that would serve as the
foundation of all mathematics. The volume was at
the printer's when Frege received a letter from
Russell, in 1902, telling him about the paradox.
Frege's set theory permitted the formation of the
set of all sets not members of themselves. As
Russell’s letter made clear, this apparently well-
formed set is self-contradictory. Frege had time
only to insert a brief appendix that begins: “A
scientist can hardly encounter anything more
undesirable than to have the foundation collapse
just as the work is finished. [ was put in this
position by a letter from Mr. Bertrand Russell. . . J

It has been said that Frege’s use of the word
“undesirable” is the greatest understatement in the
history of mathematics.

We will explore a few more paradoxes of this
type and mention various a
eliminating them.{One way out of this dilemma is
to decide that the description “the set of all sets
that do not contain themselves” does not name a
set.(A more sweeping and radical solution would
2 to insist that set theory allow no sets that are
members of themselves.




Astrologer, Robot, and Catalog
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How about the astrologer
who gives advice to all
astrologers, and only those,
who do not advise them-
selves? Who advises the
astrologer?

Or the robot who repairs all
robots who do not repair
themselves? Who repairs
the robot?

Or a catalog that lists all cat-
alogs that do not list them-
selves? What catalog lists
this catalog?
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These are all variations of Russell’s paradox. In
each case the proposed definition for a set, S, is
that it contain all those objects and only those
objects that do not stand in a certain relation, R,
to themselves. If one asks whether or not S
belongs to itself, the paradox becomes apparent.
Here are three classical variations on this theme.

1. Grelling’s paradox is named for its
discoverer, the German mathematician Kurt
Grelling. We divide all adjectives into two sets:
self-descriptive and non-self-descriptive. Words
such as English, short, and polysyllabic are self-
descriptive. Words such as German, monosyllabic,
and long are non-self-descriptive. Now we ask: To
which class belongs the adjective non-self-
descriptive?

2. Bermry’s paradox gets its name from G. G.
Berry, an Oxford University librarian who
communicated it to Russell. It concerns “the
smallest integer that cannot be expressed in less
than thirteen words.” Since this expression has 12
words, to which set does the integer it describes
belong: the set of integers that can be expressed in
English with less than 13 words, or the set of
integers that can be expressed only with 13 words
or more? Either answer leads to a contradiction.

3. The philosopher Max Black expressed the
Berry paradox in a fashion similar to the following
version: Various integers are mentioned in this
Fix your attention on the smallest integer
that is not referred To in any i k. Is
there such an integer?
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