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(Lecture 1)

on)=#{1<a<n:(a,n)=1}.
¢(n)

———= = “probability” that a “random chosen” integer is relatively prime to n.
n

@ has a (limiting) distribution function for every a € (0, 1).

r—00 I

lim l# {n <z: @ < 04} exists.

Prime Number Theorem

m(x) := #{p < x :pis prime} ~ gz

Riemann Asserted :: If ((s) = 0 and s # —2,—4, —6,... then Re(s) = 1. (Also known as
the Riemann Hypothesis)

We're trying to understand arithmetic functions f : N — C.



Notations/Examples ::

O(n) =0 Vn
I(n)=1 Vn
lifn=1,

e(n) =
0if n > 1.

on)=#{1<k<n:(kn)=1}
o(n) = sum of positive divisors of n

=) d

dn
7(n) = number of positive divisors of n
Y
dln
0 if n is not squarefree,

pu(n) = (Mébius) :: p(n) =
(—=1)* if n is the product of k distinct divisors.

1 if n is squarefree,
ul(n) =9
0 if not.

w(n) = # of distinct prime divisors of n

Y
pn
Q(n) = # of prime factors of n, counted with multiplicity

=> k.

pln
Reality Check :: p(n) = (=1)*™e(Q(n) + 1 — w(n)).

We're interested in these sets of questions about arithmetic functions.
e Range of values?
e (Best case scenario) Distribution of values?
e Average value - usually %anx f(n).

Also correlations between them.



o) < Q) < i‘;i’;-
e Average Value ::

S = [T1)-X1| 1| -2 2]

n<z n<z p|n p<x n<z p<z
pn

Use O-notation for errors. O(f(x)) denotes an unspecified functions g(z) satisfying |g(x)| < C|f(x)|

for some C' > 0. Thus,

EOEDS (g +oq)

n<lx p<lz
—xE +EO
p<m p<z

(Triangle Inequality)

=zy - +O<Zl)

p<x p<lx

Turns out that

Z% = loglogz + O(1).

Therefore,

> w(n) = z(loglogz + O(1)) + O(r(x))

= zloglogz + O(x) + O(m(x))

= zloglogz + O(x)

We conclude “w(n) is loglogn on average.”

<Since Zw(n) ~ Zlog log n) :

n<lx n<lx



Notation :: f(z) ~ g(z) if lim, . ]gc(—m) = 1.

—

xT

Because
Zw(n) = zloglogz + O(x),
n<x
we have
w(n 1
x loglog x log log
Hence,
li anxw<n>
im ———= =
z—oo xloglogx
So,

Z w(n) ~ zloglog .

n<x

(Lecture 2)

Question :: How frequent are squarefree numbers?

) 1 if n is squarefree,
lul(n) = p*(n) = '
0 otherwise.

Let I(n) denote the largest d such that d?|n. We'll use

1 ifk=1
douwldy=4 = e(k).
d|k 0 lf k' > 1
Therefore,
1 ifl(n)=1
|pl(n) = _ = p(d)
0 if l(n) > 1 dli(n)
= > u(d)



Now we look at the summatory function

Sl =3[ 3 )| = 3w >

n<z n<z \d:d2|n d<\/z Z;‘ﬂﬁ
= > uld) [ 5] = D2 wa) (5 +0om)
<z <y
d
—e D o[ S i)
d</z d<\/z

The error term (Trivially?) is

o> 1] =0Wa).

d<\/z

The sum in the main term converges (by comparison with the sum > d—lg), and so becomes

ad) o pld)
d? d?
d=1 d>\/z
Moreover,
p(d) |1(d)] 1
2| = 2 2 2P
d>\/z d>+\/z d>+\/z
Now,



1/x?

A\l

X]+1

= —t

[x]

By Integral comparison test, we get

< dt
Zd2 /Jt2__

d>+\/z

b
N

V]

Notice that [t] > £ for t > 1. So

A SO (%) |

We now have

8

> lul(n) =

n<lz d=1
(We'll evaluate >, d2 ) the next time we see it.)

More generally, if F'(n) =3_,, f(d), then

> F(n) :xZ@H) <Z|f(d)|> .

n<lx d<z d<z



For some sequence {a,}, using a power series as a generating function is helpful.

[e)
{a’n} ~ Z anxnu
n=0

) () (5)

n=0 n=0 \i+j=n

since

This motivates the “convolution” :: {a,} * {b,} = {Ziﬂ.:n aibj}.

In Number Theory, its more common to use Dirichlet series,

oo

Qn
{an} ~ 2 e
We see that
0o an, 0 bn 0o 1
(£5) (55) - S ()

This suggests defining the Dirichlet Convolution of two arithmetic functions.

(fxg)n) = D fOg(d) = Y f (5) 9l

cd=n dln

For example, (£ * 1)(n) = X F(1 (2) = X £(0)
(Lecture 3)

Zgb(n):n but px1=7

dn

Notation :: Given o € R, arithmetic function f, let T f denote the function

T°f(n) =n"f(n),

and let T' = T*. Also, for k € Z>, let L¥f(n) = (logn)*f(n), L = L.

Example ::

L(f % g)(n) = (logn)(f * g)(n))
=logn Y f(c)g(d)

cd=n

- Z (logc+logd) f(c)g(d)

cd=n

= (Lf)*xg+(Lg)* f.

7



Derivation of Arithmetic Functions

One can also show :: T*(f xg) =T*f xTg.

> o(d) =n,

dn

by Mobius Inversion,
n

d(n) = wd) .

dln
And so
Oln) _ g pld)
n dzm: d -’

Using the convolution notation ,

px1=1T1
p=Tlxp

Tl =1xT"'u
Facts about * ::
o (fxg)xh=[x(gxh)
o If fxg=0,then f =0 or g =0 (Integral Domain)
e f has an inverse (3 g with f* g = e) if and only if f(1) # 0 (Unique Maximal Ideal)

Recall :: If F(n) =3, f(d), then

D FEm = > fd)=) [ 1= fd) EJ

n<x n<z d|n d<z n<x d<z
din
f(d
= xZ%—i—O (Z|f(d)|> .
d<z d<z

Therefore,

n d)/d
20 3o (3

n<lz d<z d<z
(5@ ) )
(o () e (2l)



We had before,

pd)| (1
Z d2 _O<E )
d>zx
also,
w(d) 1 /x dt
—1 < -<1 —=1+1
Z ] ' Z < I+ 7 + log x
d<z d<z
Therefore,
¢(n) — 14(d)
; n Zﬂfdz:; 7 + O(log x)

then

Proof. Consider

H(l + )+ +--) = Z f(n). (Smooth Numbers)

p<y neN
pln=p<y

To prove that the right hand side converges to >~ | f(n), we look at

St = X fm =] Y )| <Y 1fm) = 0asy — .

neN neN n>y
pln=p<y 3 pln with p>y

(By hypothesis). Going back...




But also,

™ = 1 11
i Sl 14 — 4+ —
N | ((EF T
1 1\
= — 1— —
() -11(-3)
We conclude that
Z puld) _ 6
a2 ow?
d=1
Notation ::
1 if n =p’ (p prime, j € N)
r(n) =4’
0, ifw(n)>2orn=1.
(“von Mangoldt A function”)
lo if n = p7,
A(n) = Lr(m) = { o P
0 else.

We also define several summatory functions :

n(@) =3 L 0@ =D k)= m(@

p<z n<z =

1/j
L g = Y A,

n<x

(Lecture 4)
Notation :: f(z) < g(z) means f(z) = O(g(z)). Also, f(x) > g(z) means g(z) < f(x).

Note :: If we write f > g, then both f and g should be non-negative.
(Pros of <)

f<glx)+h(r) < gi(x) + hi(z) < j(z). (Less writing)

(Pros of O)
f(z) = g(x) + O(«'?).

10



Conjecture on Distribution of Prime Pairs :

-1
#{p < x:p+ 2k is also prime} ~ 2C, H p—> :v2 :
ok p—2| log™x
p>2

where Cy = “Twin primes constant”

Tt

p

So we can say
x

log?z’

#{p < x:p+2kis prime} <

<, or O means the implied constant may depend on k.

The standard interpretation of

#{p <z :p+2kis prime} < Lz
log” x

is provably false.

Lemma ::
1xA=Ll= Y A(d)=logn.

dln

Note that
n
A(n) = Z w(d) log 7= logn Z p(d) — Z p(d)logd.
dln din din
But
logn Z p(d) — 0.
din
So
A(n) = — Z p(d) log d.

dln

Proof.

ZA(d) = Zlogp = Z klog p
(p.r)

djn pFn
pin
= Z log p* = logn.
p¥In

11



Bounds for multiplicative functions
Example :: For ¢(n), we can show that ¢(n) >; n'=% for any 6 > 0. Proof. Lets bound

from below.

I
=
T
|
= | =
N————
~
’E\
P
S
Il
o]
x>
==
VR
—_
|
==
N————
e
b
S

prin p
Thus,
¢(n) L\ 5 L\ 5
> 1—=)p°> 1— =
pln pln
(- b

We conclude that

This proves ¢(n) > C(8)n'=?.

This argument can yield explicit constants as well.

Example :: § = %,
LY S1/20
p=7, |1— - 7/~ 0.945,
1 1/20
p =11, l_ﬁ 117/%Y ~ 1.025.
Therefore,

12



We conclude that ¢(n) > 0.298n/20,
(Lecture 5)

Warm-up Question :: Which is bigger,

Z ¢(n)2005 or Zn2004 ?

n<x n<x

Answer 1 :: We showed that
d(n) >sn'?, for any 6 > 0.

Take 6 = ﬁ, then

o(n) > pl—1/4010

B(n)20% > n2005—3 _ 20043

Z¢(n)2005 > anoo% ~ /I 420045 1y
0

n<x n<x

> 420055

Z n2004 ~ / ! 752004 dt < x2005.

n<x 0

Answer 2 ::

Z ¢(n>2005 Z Z(p o 1)2005

n<x p<lx
2005
2005 ~, (f)
> Y (2
p<z z/2<p<z
2005 _ ,.2005 _ f))
> Z l=x <7r(:17) 7r (2 .
z/2<p<z
Assuming 7(z) ~ ==, we get
Z¢(n)2005 s 2005 r z/2
vt logz  log(z/2))
Note that
r/2 x/2 B x/2
log(x/2) logx —log2 (log 2) (1 0 <@>> :

13



Fact :: If f(x) — 0, then

1

Since

1 2 3
m:1—9($)+9($) —g(@)”+ -

We know |g(x)| < C'f(z), then |g(x)|* < C*f(z)*. So

[ —g(@) +g(@)* —g(@)’ + | < |Cf (@) +]C*f(x)*| + -

_ M < 2|Cf(x)], when z > 1.

1—|Cf(z)|

x/2 x/2 1 x x
log(z/2) logx ( 0 (logac)) 2logx O (logZx)

Example :: Discuss the convergence of » __ %

Therefore,

Method 1 :: Bound n uniformly. ie., E <1, s0

Z’u;n <1- Z| \N—:L'

n<x n<x

Method 2 :: Split into dyadic blocks,

MH

MH
w2
o

In this range,

U<n<2U U<n<2U
1 Q(2U) 52U
= SQEU) - Q) £ T o =
12
=5 << 1.
s
More precisely,
6
Q(z) = —o+O(v)



So

%(Q@U) -Q(U)) = % (f 2U - EU +oWVU >)
6 1
—w (ﬁ) |
Now,
) DADINPI Sl S 0]

«— (6 1
e (50()
(Convergent geometric series)

6
= 1+Fk+0(1)‘

In other words,

sl _ Blosr o

72 log 2

n<x

Conclusion :: ) “ ) does not converge absolutely.
(Lecture 6)

= Z lu(n)| = # of square-free integers < x.

n<x

Warm Up :: If h = 1% 7, then

Y h=ux d<x—+0<2|] )

h<z d<zx

Example 1 :: Show that . @ is a bounded function of z.

15



Solution. Using that 1% pu = e, we have

P D S ey 0 (Z |M(d)|)

d<z nlx d<z

=1(ifz>1) +0(z) =0(x)
= Z@ = O(1).

d<z

Example 2 :: Let h =71, 7(n) =3, 1= (1%1)(n). Then

ZT(n):xZé+O<Zl-l>

= z(logz + O(1)) + O(x)

= zlogx + O(x).

What do graphs of these functions look like?

Q(x)
76.83

10

Qz) = Iul(n)

n<x

16



Q(x)

6
Qlz) -
T(x)
-93,668
. X
! 4
10
T(x) =Y 7(n)
n<x



T(x)
“1564.6

T(x) —zlogx

= 136.0

<1021

1 1
T(z) —xlogx — =% (Top), T(x)—zlogx — 67 (Bottom)

18



i
1 U

T(x) =zlogz — cx

Recall }  _ . 7(n) = > ., |2], then |Z] can have small error with |Z| — 1, say z =
5000,d = 2. but if # = 5000, d = 2500, then |%| =2,s0 [%2| —1 =1, big error.
Lets consider

D (fx)m) =3 > fli)g

n<lz n<x ij=n

=> f(©))_ 9

c<x A<z
- c

=Y e ().

c<x

Notation ::

F(z)=Y f(n),  Glx)=) g

n<x n<x

19



cd=x

f(c)g(d)

g(d) -1

F(x/d)

20



Glc)

Dirichlet’s Hyperbola Method

We can group these lattice points in the following way...

S

21



(y, x/y)

This turns out to be

S raln) = X506 (2) + X gt (5) - re (2).

d<z/y

22



Dirichlet’s Divisor Problem

Using

then

o) - |2+ X 1 [2) - [2]

c<y d<z/y
_ Z: (Z-om)+ d; (5 +0m) - w+o) (g + 0(1)>
= x§%+0<y)+wd<zx/yé+0 (g) —~ (y§+0(y)+0 (g)) .

(Lecture 7)
...We will do an aside here....

Lemma 1 :: Fix m € N. Set

F(:c):/x Ly 1

ot t

e
m—1 m-1 b

0 ifze(m-—1,m),

m

where {t} =t — |t|. Then
= ifx =m.
Proof. Start by noting

/ ﬂalt:/ wdt when m — 1 <x <m, so

m—1 t2 m— t2

1
/ 1alt—/ ﬂdt:/ m—1, _—m-1)
m—1 t m—1 t2 m—1 t2 t

Thus, if m — 1 < x < m, we have

F(x):—(%—l—mT_l) '

m—1

x

23



If © = m, then

t -1\ |" - 1™ -1 -1
F(m):_({H_W) __m=n" _ (m=1)  (m-1)
t el t 1 m m—1
—1 1
__m-1) m_1
m m m
n
Lemma 2 :: When 2 > 1, we have
vt
O
1n<x 1 ¢
Proof. Apply Lemma 1 with m =2 =2 m =2 =3, ..., m =z = |z], and the extra
piece m = |x| + 1, = x. Then
2 3 |z] x x
[T RS Y I
1 2 lz]—1 lz] 1
n

Proposition (Lemma 3.13 in B. & D.) :: For z > 1,

1 1
Z—zlogaﬁ—i—’y—i—O(—),
n x

n<x
where
v = lim Z 1o logz | =1— /00 ﬂdt ~ 0.577215 (Euler’s Constant)
T 00 — n 1 t2 . c.e
Proof.

x_/x%}dt

:1+10gx—@ {t}dt—i—/ {}dt

T

_1oga:+(1—/1 {t—2}dt)+0<%+/x %dt).

1 1 1
<L -+ —dt < —.
x R 2 x

ji: =14+ jg: —-1‘+b/m7%dt——-;—

n<x 1<n<x

The error term is

24



We were asymtotically evaluating T'(x) = > _ 7(n). We had shown using Dirichlet’s

n<x

hyperbola method that for any 1 <y < «x,
1 1
T@)=zY -+0(y) +z Y ~+0 (f) - (yf+0(y)+0 (5» .
e<y © e<(z/y) d Yy Y Y

By proposition,

T@>:$O%y—7+0<§)>+wO%§+7+O<§)>—x+0(y+§)

=zlogzr+ (2y—1)z+ O (y+£) :
Y
Since y + 5 is minimized at y = y/z. we conclude that
T(z) =xlogx + (2y — 1)z + O(Vx).

This leads to the Dirichlet Divisor Problem. [
Note on Minimizing Error Terms :: We often encounter error terms of the form
O(I(z)) + D(z)), when I is increasing and D is decreasing. We could use calculus to find

the exact minimum but we can also use
max{/(z),D(z)} < I(x)+ D(x) < 2max{D(z), I(z)},
and max{/(z), D(z)} is minimized when I(z) = D(z) (ie. y = £ =y = V).

Let’s do one more example of the hyperbola method.

Example :: Let s(n) be the indicator function of squares.

1 ifneN?
s(n) =
0 else.

We have



So lets try to evaluate

Z p? x s(n).

n<x

First try (Dead End) ::

Z/ﬂ x s(n) = Z,uz(c)S (%) , where

- S(z) = i s(n)
So .
3005 (£) = Tt (V%)
_ DT (/2 +om)
_ fz 9+ o)

(The error term is 2 but the main term is /)

Second try (Dead End) ::

The error term is (setting d = [?)

1
< \/EZ 7 < Vzxlogyz < /xlogx.

1<z

26



(Lecture 8)

Let’s recall some facts ::

1% * s, where ;2 is the indicator function of squarefrees, and s is the indicator function of
squares. Hence every number can be represented as such.

> (1 xs)(n),

n<z

with (¢,d) : ed = n, p*(c) = 1, and s(d) = 1. We can draw a chart....

Riemann-Stieltjes Integrals
Goal :: Use our understanding of ), _ f(n) to gain understanding of >, _ f(n)g(n) for
various smooth functions g.

Examples ::

N e, Y fn)logn, o)

n<x n<x n<x

27



Definition :: (F,G) is a compatible pair of functions if

e Both F' and G are locally of bounded variation (Difference of two increasing func-
tions).
e One of F, G is right-continuous and the other left-continuous.
Think!! Two standard situations ::

e F (G are both smooth.

e One is smooth and the other is a summatory function ) __a(n).
Definition :: The Riemann-Stieltjes Integral
b
/ Fl)dG(),

is defined to be the limit of
N

Y FE)G(w) = Gli))

=1

over all partitions a = g < 11 < 29 < -+- < xy_1 < xx = b and each &; € [z;_1,x;].

Fact :: If (F,G) is a compatible pair of functions, then

/b F(t)dG(t) exists.

Two most important classes of examples ::

L If G(z) =3, ., 9(n), then

b
/ F(t)dG(t) = Z F(n)g(n) say for F' smooth.

a<n<b
2. If G(z) = [7 g(t)dt, then

b
/ F(t)dG(t) (A Riemann-Stieltjes Integral)

b
simply equals / F(t)g(t)dt. (A Riemann Integral)

28



Theorem :: (“Summation by Parts”)

If (F, @) are compatible pair of functions, then

/ bF(t)dG(t) — F()G(1) T / bG(t)dF(t).

- Most Important Incarnation.

Let G(z) = Zg(n), and let F' be smooth, then

n<x

(%)

a<n<b

Proof of (x). Note that

Thus,

b
— FO)(G() - Gla) — 3 g(n) / F(t)dt
a<zf
— F(b)(G(b) — Gla)) - / F(t) ( 3 g<n>> i

b
= F(b)(G(b) — G(a)) —/ F'(t)(G(t) — G(a))dt
b b

= F(b)(G(b) — G(a)) + G(a) / F(t)dt — / F'(HG(t)dt

a a

= F(b)(G(b) — G(a)) + G(a)(F(b) — F(a)) — / F'(t)G(t)dt.

(Lecture 9)

Partial Summation ::

/ bF(t)dG(t) — F(H)G(t) " / bG(t)dF(t).

If F is differentiable, and G(x) = > __g(n), then

n<x
b

> F(n)g(n) = F()G(t)| — / G(t)F'(t)dt.

a<n<b a




Example 1 :: Find an asymptotic formula for

¢(n)
H(w) = Z n?logn’
n<x
Solution. Let
o(n 6
G(x) = Z % =T+ O(log ).
1<n<lz
Let
1
F(x) = )
(z) xlog x
Then

£ 1
H(z) = /3 g e

il 0 ()

tlogt
- xcf(g?x B 3/%123)/2 - /3; G(t)(—(tlogt) %(logt + 1))dt

1 76 1 1
=0 o1 —t+ O(logt dt
(logaz> +O( )+/3/2 (7r2 + Oflog )) (tﬂogt - t210g2t>

6 [* dt * 1 1 1
=0(1)+ —= Ol ——+5+—-—)dt
( )+7r2 /3/2tlogt+/3/2 (tlog2t+t2 +t2logt>

The whole error term is
*dt
o[ 1) o,
3/2t10g t

T

S0
+0(1) = % loglogz + O(1).
7r

6
H(z) = = loglogt

3/2
Example 2 :: Define ((a) = Y7 | & (valid for a > 1). Also, if Re(a) > 1, then
|1 — 1
; nel = Z; nRe(a)’

So ((«) converges absolutely if Re(a) > 1.
Remark on Example 1 :: Note that

o1
H(x) :/c tlogth(t) forany 1 <c <2,

30



So we often write

Write F(z) = %, g(n) =1, so G(x) = |z]. Then

Gla) = [ gl

> dt _
= oz/1 (t — {t})m (Note the change from 17 to 1)

@) =a [ o[t
() e
= g

Notes ::

1. This expression is an analytic function of « in the region

{Re(a) > 0} — {1}, hence it provides an analytic continuation of {(«).

2. Note that

a—1 a—1 o-—

> dt
= 1—0z/1 {t}taﬂ.

So ((«) has a simple pole at « = 1, with Residue 1. Moreover,

) 1 < dt
ti (<o) - ) =1-1 [T =

31
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where v is the Euler’s constant. So

C(O‘):ﬁ+’7+71(04—1)+72(a—1)2+...

(Lecture 10)
Example 3 :: Using partial summation to get a better upper bound than dyadic blocks.

Z p(d)logd
—
d<z
Recall
p(d) d
Z— <1 and Z'”ST” < logz.
d<z d<z
Method 1 ::
d)logd d
> pld)logd > )] klog 2F < k2.
d d
2k—1<d<2k 2k—1<d<2k
Thus

Z“ Jlogd <<Zy <K

d<2k

S HDlEd g,

d<zx

Method 2 :: Let

d
M(z) = # =0(1)
d<zx
Then
d)logd
3 “()Tog / log t dM(t)
d<zx
dt
logt / M (t
< logz 4+ O (/ t) < logx.
-

Define

=S logn,  w(x) =3 Aln)

n<x n<z

32



Now,

=> pd log

dn
or

A=puxL1.

Note that
/ logtdt < T'(x) < / log tdt + log|z|.
1 1

Therefore, T'(z) = xlogx — x + O(log ). Since A = p * L1, we have

d<z
r, x x
= Do) (Goe g~ +0 (105 ))
= (zlogz — ) ZN ZM logd <Z|u )| log )
d<z d<z d<z

Idea :: Replace pu(d) by some other sequence {as} with properties we might like.

1. Some finite set D such that ay # 0= d € D.

d
2. ZdeD% =0

aglogd .,
3. > gep S~ —L

What can we say if we use ay?

Z aqT < ) (by the same series of manipulation)

B aq aqlogd T
—(xlogx—x)zg—xz 7 +O<Z|ad\10g3>

deD deD deD

o aqlogd
=0 xdezD g + O(log x rgeagc{]adﬁ),

where we can replace the big-O term with Oy,,3(logz) (True when z > max(D)).
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ZadT (%) = Zad Z logn

deD deD  n<z/d

= Zad Z ZA(m)

deD n<z/d m|n

Using n = ml,

= Z agA(m) = ZA(m) Z aq

dim<zx m<zx di<z/m
= T;A(m)E <%) ,  where
E(y) = Zad = Zad L%J .
dl<y deD

The closer E(y) is to 1, the closer this is to ¢ (z).
Key Fact ::

with >, % — 0. So

This is periodic in y, with period LCM(D).

What we do look for is {a4} such that
1. ag #0=d e D.
2. Y gen 4 =0,
3. D den %“ng ~ —1.

4. E(y) = =Y 4ep Ca {%} ~ 1.
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(Lecture 11)
Summary :: Take any sequence {a,} supported on a finite set D such that

Qq

deD

Define

deD deD
We derived

ZadT (g) :xzadl;)gd +0 (Z|ad|log§> .

deD deD deD

S (5) = S 7).

deD k<z

We also know

T(x) =xlogz —x + O(log ).

This is Chebyshev’s Method. We can choose any {as} to get numerical bounds.

Lets try a; =1, ap = =2, a4 = 0 for d > 3.

B(y) = —{y} +2{

[Nl

}
0 ifo<y<1,
1ifl<y<?2

)=

A(k).

is periodic with period 2.

So
adT (

deD lc<:c
lz/k]| is odd

In particular, its < ¢(z), and also > ¥ (x) — ¥ (z/2).
T
Z aqT (E) = —xz(—log2) 4+ O(log x)
= zlog2 + O(log x).
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In other words,

zlog2+ O(logz) < ¥(z).

Also,

zlog2 + O(logz) = ¢(z) — ¥(z/2),

(2/2)log2 + O(log x) = ¥(x/2) — ¥(x/4),

Adding O(log x) of these inequalities together,

1 1 1
log2(1+=+=4--- log? ) > .
xlog (—|—2+4—|- 2S.t‘)JrO(og x) > ()

— 1
xlog 2 (Z o +0 < )) + O(log® z) > ().
z(2log 2) + O(log® ) > ().
The functions
= ZA(n), O(x) = Zlogp, and 7(x) = Z 1,
n<z p<z p<w
are closely related.

Zlogp—i— Z logp + Zlogp+

p<z p2<zx p3<x

= 0(z) +0(z') + 0(z"7) + - -
K log x
E 0(x 1/k ), where K = L & J )
— log 2

Note that 0(y) < ylogy trivially, and so

P(z) = 0(x) + O (Z 2/ log ml/k)

k=2

= 0(z) + O (K+/zlog /)
= 0(z) + Oz K log? ).

36



Note that

Summing by parts,

_ 0@
m(x) = @

_ (=) /”” 0(t)
= + dt.

log x tlog*t

If we have, for example, §(z) < Cx, then

r(x) < Cx +/ C’t2 gt
2

log x tlog=t

<

e ()

e ([ )

<Cx+/ ¢ dt+/ C

~ logx 5 log?2 vz log? \/E
Cx C 4C

< L4 it —o

~ logx log22\/5 log2x$

Cx x
< +0 5 .
log x log” x

In particular, Chebyshev’s bounds for ¢ (x) imply that

log x log™ log z
(Lecture 12)

We already know

log 2 22 1og 2
L8 +O< L )Sﬂ(m)ﬁ 282

X
0 .
<log2 :zr)

Y(z) < x. (“is of order of magnitude z”)

That is, ¥(x) < x and t(x) > 2. This implies

T

m(z) < gz

We also recall

= Zlogn:xlogx—l—O(x).

n<x
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Merten’s Formulas

1.

Proof. We write, using L1 =1x A,

T(z) = Zlogn:xz¥+o (ZA(d)) .

n<lz d<z d<z

By Chebyshev’s Bounds, this is
A(d)
x —— + 0O(x).
dZ; d ()

Comparing to T'(z) = zlogx + O(x), we have

A(d
xZ% = zlogz + O(x),
d<z

so divide through by z.
To derive 2, note that

A(n lo lo
Sy ke s ke

T

n<lz p<z p p,r p
- - r>2
pr<w

The sum over r is a geometric series, so this is bounded by

=1 1 ]
;k)gp;]; :;p(;g_pl) <<; OngQ” < 1.

Note that from 1,

S M / Law (1)

5 L)
() —o00)+ lxw(x)%



The partial summation argument we saw Lecture 11 shows that

(z) ~ fi(g“’;z +0 <10g%) .

Therefore, the Prime Number Theorem

~ i ivalent t ~ T.
m(x) g e is equivalent to (z) ~ z

We can now prove ::
lim sup M >1 and liminf M < 1.

Suppose, for the sake of contradiction, that

liminf@ > 1.

T—00 €T

Choose ¢ so that

1 < ¢ < liminf @/}(x)

T—00 T

By the definition of liminf, there is some x( such that

()

X

/jwmg > /@m/%

= O(1) + c(log x — log o)

>c forall x > xg.

Therefore,

= clogz + O(1).

But this is impossible by (%),

[ v =32 4o

n<x

= logz + O(1).

Y(x)

Therefore, liminf, o =

39
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Remark :: This implies that if — ut — has a limit, then the limit is 1.

Merten’s Formulas (Con’t) ::

3.
1 1
Z— ~loglogx +b+ 0O ( —— ), for some b e R.
log x
p<z
4.
1\ !
H (1 - —) =e“logx + O(1), for some constant c.
p<z p
Proof. Write
logp
L) =) ==
p<w p

and define
R(x) = L(z) — log .

/ @dL
L) /I L(t) (_tlongt> dt

logt o

_ L(x) /I (logt + R(t))
= ~2 2 dt

log tlog®t

R(z) /”C dt /x R(t)
=l+——+ [ —+ dt
log x 5 tlogt 5 tlog?t

< 1), we have

(t)
1 1 o0 oo
Z_:1+O<—) +loglogt—loglog2+/ R(t2) dt—/ R(t) dt.
logt 2 t x

tlog tlog®t

So R(x) < 1 from 2. Then

p<:E

Since the last integral converges as © — oo (since R(¢

p<w
Define
R(t)

tlog?t

< R(t < dt
/ (2) dt<</ 3
« log“t « tlog”t
(. 1 OO_ 1
N logt ) |, N

40
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2

and noting that

logz’




We conclude

1
Z—zlogloga:+b+0( )
P log

(Lecture 13)

So now we know

1 1
Z——logm+’y+0(—).
=n x

1
Z—zloglogx—l—b—l—O( )
pgzp log x

We wish to prove

1\l
H <1 — —) =e"logz + O(1). (Merten’s Formula)

p<w p

1. Prove e‘logx + O(1) for some constant ¢ (easy).

2. Prove ¢ = 7 (annoying).

Proof of 1.
—1 -1
logH(l——) :ZIOg<1——)
p<w p<zx
Note that
L =t t2 43
log(l—t)"'=y = =t+—+—
og( ) ; ’ + 5 + 5 +

In particular,

This power series converges (to an analytic function) for |¢| < 1, hence is bounded uniformly

on [t| < 1/2. Therefore,

' 1 n: . :
log(1—— Gl uniformly in p.
p



So

p<z p<z p<z
N\t 1 1
ZZ—+Z<log 1——) ——)+O<Z—
p<w p p p p>x
Thus
1\ ! 1 1
Zlog 1—- = (loglogx +b+ O +d+0 (-],
P log x x
p<z
where

N1 1
e A B R o
> p p = kp
Setting ¢ = b+ d,

1
zloglogx+c—|—0( )

log
Exponentiating,
H 1-— = = %% logz) = eCloga (1 + O
p<z P

since ' = 1+ O(t) for [¢t] < 1/2.
Proof of 2. We have

1\ ! 1
Zlog(l——) :loglogx+c+0( )
P log x

1
log x

p<z
1 1
= E ﬁ+(c—’y)+0<log

n<logx

Unmotivated Step :: For all 6 € (0,1/2), define

00 1 -1
As = 5/ a0 lo (1 — —) dr,
’ 1 (Z 8 P

p<z

o0 1
Bs = —1-0 Ej -
s 5/1 T ( n) dzx,

n<logx

Cs = 5/ 717 (c — )dz,
1

Ds = 5/ 170 (min {1, L}) dx.
1 log x

Then As = Bs + Cs + Dg for all § € (O, 1/2).
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Lemma 1 :: A; =log((1+6) +0O(d) as 6 — 0.
Lemma 2 :: log((1+46) =logd + O(d).
Lemma 3 :: B; =logd~!' + O(0).

Lemma 4 :: C5 = c— 6. (Proved!)

Lemma 5 :: Ds < dlogd.

Given all these lemmas,
log 6 +0(0) =1log 6 ' +O0(8)+c—y+0(5logd™) or c—y = O(5+6logd™t) = O(5logd1).

Taking lims_,g+ yields ¢ — v = 0.

Helpful observation ::

[e’s) -3
“1-6 .. z
5/10 ! dx_6<—5)

Proof of Lemma 1.

=w™® forall 6, w > 0.

o0
w

by Tonelli’s Theorem. So
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On the other hand,

C(1+6) = Z

1
( 1+5 p2(1+5) + - >

-1
:1;( )1.

So
-1
log((1+0) = Zlog(l— 1+5>
sz o
p k>1
Thus

%(A(; log C(1 + 6)) ZZ ! p

p k>1

We need to show this is O(1). We do this by showing lims .o+ exists. This limit is

‘ 1 p—6 _ p—k6 B 1 . p—é _ p—k6

R D e D I Dyt Sy e
p k>2 p k>2

. 1 (—logp)p~ + (klogp)p*°
(L’Héspital) = Z Z T 5Lr(§1+ 0
p k>2
1
Y - ey

p k>2

This is a finite number. It’s

p k>2
log p log
< <1
Ep: p(p—1) En: n?

(Lecture 14)
Proof of Lemma 2. We saw before that

i (€l - 5) =

44



In particular, for ¢ near 0,

C(146)==-40(1)

Therefore,

1%gu+5y:mg%+mg1+0w»

=log o~ 4 O(6).

...We were in the middle of proving

11 (1 - 1) L ¢ logy + O(1).

p<y p

Proof of Lemma 3.

> 1
Bs =6 e —|d
E) ! X (Z n) T

n<log x
o0 1 [e's)
= 2—5/ ' 0y
n n
n=1 €
=1
TR
n=1 n
= log(1 —e %)L,
Since ¢! =1+t + O(t?) for t near 0, this gives

Bs =log(l— (1 =6 +0(6))"
= log(d + O(6%)) ' = —log 4(1 + O(6))
= —logd — log(1 + O(3))
=logd "+ O(J).

Proof of Lemma 5.

o0 1
Dy <« 5/ z7'7° min {1, } dx.
1 log x
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We need Ds = o(1) as 6 — 0. We estimate this over 3 ranges separately.

(a)
1 s
1) % min de =06 T dx
logx 1
0\ |°
=(%5)

—6

1
=1-—e

= 1-(1+0(8) = 0().

5/ - mln{l ! }dx
logac

1/5
§5/ dr = dloglog x
. xlog$

= §(logd™' —0) =dlogé .

e

e

o0 1 oo
6/ 2717% min {1, —} dr < 6/ 170
el/s logx el/s

= 6(e) 0 =4/e.

Thus Ds = O(dlogd~') = o(1) as § — 0.

Reminder :: The notation f(z) = o(g(z)) means

lim M =0 asxz — whatever.
g()
Example ::
(2) ~ o m(x) = ——(1+o(1))
T log x = log x ¢

x x
= +o0 .
log x (logx)

I prefer explicit error terms like




It turns out that we get better error terms by writing
m(x) =li(x) + O(---),
where

Todt

li(x) = —.
i() 5 logt

Proposition :: For all n > 3,
e ’n 1
> 140 ——
o(n) 2 log log n ( - (loglogn)) ’

Proof. Suppose for a (optimistic) moment that n is of the form

and this is best possible.

p<y
Then
¢(n) 1
A 1- =
n H P
pln
II(-)) =iy
o p) elogy+0O(1)
B 1
e’logy (1 +0 <loéy>>
1 1
e’logy log y
Note that

by Chebyshev’s estimate. (ie. cy < 8(y) < Cy for constants ¢, C'). So loglogn = logf(y) =
logy + O(1), or logy = loglogn + O(1). This yields (check!)

1 1
=— |1 .
e7 loglogn < +0 <loglogn>)
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Now we consider general n. Let y be the w(n)-th prime, and set

m:Hp.

p<y
We see ::
[ ]
n > Hp > HP =m.
pln p<y
[ ]
¢(n) 1 1 (m)
— = 1—=]> 1—-) = ——=.
n H p) H D m
pln plm
Therefore,

o) (o L))
n o~ m e’ loglogm log logm

1 1
> ——F—(1+0 .
e’ loglogn log log n

A similar proof shows ::

which is also best possible.

We saw that the minimal order of ¢(n) is

n
eYloglogn

This means

n
> (1 1) ———
o) = (14 o(1) ot
or
n
>
é(n) e loglogn.
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Much earlier I claimed that

1 1
w(n) < %61 40 <&> ’

~ loglogn loglog®n

(Here, loglog? n = (loglogn)?) follows by a similar argument... We'll use the fact that

m(r) = % +0 (f:é%)

or

w(x) T

7(x)

a logz — logz’

Proof. Recall the argument that

2w(n) <. ne.
2 I 2 2
€ - ke — e
p*ln b p<2l/e b

Equivalently,

w(n)log2 < elogn + Z (log 2 — elogp)

p<2l/e

= elogn + (log 2)m(2Y¢) — € - w(2Y°)

= elogn + (log2) (7(21/6) B w(21/6))

log 21/¢
| 0 21/6
= elogn + —
g (10g2 21/6)

= elogn + O(22"°).

We now choose
log 2

‘= loglogn

log 2
w(n)log2 < o8

10g n-+ 0 %QIOglogn/ log 2
loglogn log logZn

log21 1
log log n loglog™n

Dividing by log 2 finishes the proof.
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A similar argument will show

1 1
log7(n) <log2 %8 Lo (&) :

log logn loglog® n
or
7_<n) < 2(1+o(1))logn/10glogn <, ne.
Yet,
gte)logn/loglogn 5, axp(log®n), for 0 < b < 1.

Lemma ::

Z(w(n) —loglogz)* < zloglog . (Variance)

n<x

Proof. We expand the left-hand side to
Z w(n)? — 2loglog = Z w(n) + |z]loglog® .
n<x n<x

We've already seen that

Zw(n) = zloglogz + O(x).

n<zx

Z w?(n) = zloglog® x + O(xloglog x).

n<x
Therefore,

Z(w(n) —loglogz)? = (xloglog® x + O(x loglog ))

n<x
— 2loglog x(z loglogz + O(x))
+ zloglog® 2 + O(loglog® )

= 0-zloglog®z 4+ O(xloglog x).

It turns out the same estimate holds for

Z(u)(n) —loglogn)?.

n<x

20



Now let S = {n € N: |w(n) — loglogn| > (loglogn)**}. Then

Zl < Z (w((n) — loglogn)?

vt vt log log n)3/2
nes

< (loglog )~/ Z(w(n) —loglogn)?

n<x
< (loglog #)™3%zloglog x
x
(loglog x)'/2°

We’ve shown

w(n) = loglogn + O((loglogn)**), for almost all n.

(“almost all” means “on a set of density 1.”)

for density 0 = Z f(n) ~é.

n<x

Comment :: Averages of ((n) are the same as for w(n).

s~ 22+l 31

(Lecture 15)
We saw that

Z(w(n) —loglogn)? < zloglog x.

n<x

This implies that if F/(n) goes to infinity faster than y/loglogn, then almost all integers n
will satisfy

lw(n) —loglogn| < E(n).

(In fact it’s true that ), _ (w(n) — loglog n)? ~ zloglogz.)
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Thinking in terms of

average(w(n)) ~ loglogn.

variance(w(n)) ~ loglogn.

We define

w(n) —loglogn }
S(a,b) = eN:a< <by.
(a,9) {n ¢ loglogn

We have the Erdos-Kac Theorem ::

1
lim —#{n <x:n € S(a,b)}
T—00 I

= density of S(a,b)

1 [
- 23t =N 1 Distribution!
(& orma 1Sstripution!
\/27r/a

Analogy :: X, a random variable, with

Then

E (Z Xp> ~ loglog & ~ o (Z Xp> .

p<w p<x

This analogy is imperfect, because

Lpte< o= 1] 212 1{2)

T Lp p rp

In the random variable analogy, X, and X, are independent. However,

1
E{n <z :pln and ¢|n}
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Probabilistic Heuristics

1. Squarefree Numbers
n is a squarefree < for all primes p, p* { n.

Heuristics ::
e “Probability” that p*{n is <1 — #)
e These events are “independent.”

Therefore, the “probability” that n is squarefree should be
Mii-5)=—==2
p) G2
p
(Got the right answer!)

2. Prime numbers
n is prime < for all primes p < y/n, p{n. The “probability” that p { n is <1 — %)),

so we get the prediction that n is prime with probability

IL()) ~ v

p<y/n
1

logn’

= 2e 7

This would imply the prediction

X

~ 9~
7(x) e gz’

but this is provably false from Chebyshev (Note that 2e™7 ~ 1.12).

3. Prime values of Polynomials
Example :: f(z) = 2* + 1.
Question :: Given a prime p, what’s the “probability” that p|f(n) = n? + 17.
The number of solutions to n? +1 = 0 (mod p) is
1if p=2,
I+ <_?1) =4 2if p=1 (mod 4),
0 if p =3 (mod 4).
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Thus the probability that p|f(n) is

So we might predict something like

p<y/f(n)

as the probability that f(n) is prime.
From example 2, we’re suspicious...
So instead, lets predict
#{n <z :n?+1is prime}
x 1 —1 1\
- G-
2log > 1;[ < p ( p p

x p—2 p
ZQIOgmp H p—1 H p—1

1 mod ) P T =3 mea y P T 1

In general, if f is irreducible, and

o(p) = #{a (mod p) : f(a) =0 (mod p)},

then

#{nﬁx:f(”)isprime}’\“mgI(l—l)_l( —@)-

p p
(Lecture 16)

Definition :: A Dirichlet Series is an expression of the form

A(s) = Z a,n"* for some sequence {a,}. (Think arithmetic function)
n=1

Convention :: In Analytic Number Theory, we tend to use s (rather than z) as the

complex variable, writing s = ¢ + it, where o,t € R.

Goal #1 :: To understand the region of convergence of a Dirichlet series A(s).
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Lemma :: Suppose that A(sg) converges, where sg = og + itg. Then for any H > 0, the

series A(s) converges uniformly in the sector

S={s=o0+it:o>o0g|t—t)| < H(c—o00)}

<

Proof. Define
R(u) = Z a,n~%.

Then given € > 0, there exists M such that |R(u)| < € for all u > M. (Sequences of 1 and
M +1 and 1+ N are Cauchy sequences). Then

XN: an® = / Y v d(—R(u)




Therefore,

N
E anpn”®

n=M+1

N
< |R(M)[ M7 + | R(N)|N 4 [sg — s| / R ()] du
M

[e.e]

< e-1+e-1+|50—3|e/ u” " tdu
M

e

0O — 0y
Sop— S
G =1
0O — 0Oy

This shows that {27]1\[:1 a,n"*} is a Cauchy sequence. Hence A(s) converges. Moreover,

for s € S,
|50—8‘ S ‘to—t"i‘(O’—O'o)
< (H+1)(o — 0y),
and so the upper bound is <g €. Hence A(s) converges uniformly on S. [

Theorem :: Any Dirichlet series A(s) has an abscissa of convergence o. € RU {—00, 00}

with the properties ::
o A(s) converges if o > o,

e A(s) doesn’t converge if o < o..
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A(s)
Diverges

Sigma

Moreover, A(s) is locally uniformly convergent in {s : ¢ > o.}. Consequently, A(s) is
analytic on {s: o > o }.
Proof. Define o. = inf{Re(s) : A(s) converges}. Obviously, A(s) diverges if ¢ < o.. If

o > 0., then there exists so with o > 0y > 0. such that A(sg) converges. Then take

t—t
H>—2

)
0O — 0y

and apply Lemma. [
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Sigma_0 i

Example :: Define

Als) = (1)t
n=1
B 1 1 1+
- 25 35 4s

First of all, A(s) converges absolutely precisely where

oo

Z (=) tn=f| = Z n 7 =((o) converges,
n=1 n=1

that is, on {s: o > 1}.

However, A(c) (0 € R) is an alternating series of terms decreasing in absolute value when
o > 0. Thus A(o) converges for o > 0; by the Theorem we concludes that A(s) converges
on {s: o > 0}. (Note :: A(s) diverges for ¢ < 0 simply because the summand doesn’t

tend to zero).
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t

// Converges

Converges
Absolutely

N

/

Definition :: The abscissa of absolute convergence, o,, of A(s) is the abscissa of the

convergence of
oo
Al(s) = > lan|n ™.
n=1

Example Above ::

A(s) = Z(—l)"‘ln_s, o. =0, o, =1

Theorem :: We have

0, —1<0,.<0,.

Proof. o. < o, is obvious. Suppose € > 0, then

o0
E a,n~ 7+ converges.

n=1

Hence a,n"(t9 — 0 as n — co. Then

o

a n—(a'e—|—1+2e)
E n

n=1
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converges absolutely by comparison with

S0
n=1
This shows o, — 1 < o..
(Lecture 17)
Remark ::

Z(_1>nflnfs _ Z n=s — Z n=*

n=1 n odd n even

= ins -2 Z n*
n=1

n even
oo

— () -2 2m)

= ((s) =27 Y m = ((s)(1 - 2'7),

(Manipulations valid for ¢ > 1.)

Therefore,

— Z(—l)"*ln*s for o > 1.

m=1
Note ::

1-2"=0&2""=1
< exp((1—s)(log2)) =1

< (1—s)log2 =2mik, k€ Z
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Remark on General Dirichlet Series

Given A(s) = > 7 a,n~%, let F be the first integer with ap # 0. Then A(s) ~ apF~* as
o — oco. In particular, if Y>°  a,n™* =0 for all 0 > K, say. Then a,, =0 for all n € N.
It follows that

Zanns ans foro > K = {a,} = {b.}.

n=1

Theorem :: (Landau, 1905)

o0

A(s) = Z a,n”°.

n=1

Suppose o, is finite and a,, > 0 for all n € N. Then A(s) has a singularity at o.
The Idea ::

sigma=sigma,

Proof. By replacing a,, with a,n~%, we may assume o. = 0. Suppose A(s) is analytic at

0, that is, analytic on some {|s| < d}. Expand A(s) in a power series around s = 1.

. L
Z k_ (s —1)*. (Power Series Expansion)
k=0

61



Sideshow :: If A(s) =Y >  a,n"*, for 0 > o, then since A(s) is locally uniform conver-

gent, then we can differentiate term-by-term. ie., A'(s) = > -7 (—logn)a,n"*.

Thus,
A(k )k Z log n)*a,n
n=1
Therefore,

Now the power series A(s) converges in a disk (about s = 1) of radius at least v/1 + 62 so

it converges at s = —¢’, say, for 0 < ¢’ < 1+ 02 — 1.

n=1 k=0
o
— Z n (1448")logn
n
n=1
[e.e] a oo
- Z Znpite — Zann (=0
n=1 n n=1
But this asserts that the Dirichlet series Y~ a,n™® converges at s = —¢’, contradicting
0. = 0. Thus A(s) must have a singularity at s = 0. ]

(Lecture 18)

Recall :: If g is a multiplicative function, and

either Y |g(n)| < oo or JJ(1+lg)|+lg(*)|+--+) < o0,

p
then

> gm) =] +9@) + 9@ +--).
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Let F(s) =3 ", f(n)n™*, where f is multiplicative, and o > o,. Then

D fnne] < o
n=1
by definition of o,. But f(n)n=° = (T~°f)(n) is multiplicative, hence by the “recall,”

if(n)n_szn(ljt@—i—@—i—---), for o > o,.

2s
» p p

This is called the Euler product for F(s).

Note :: If f is totally multiplicative, then the factors in the Euler product are geometric

series, and so

gﬂn)ns “1I (1 B f(p)>_1_

» p
Examples ::

(a)

()= n=TJa-p)" o>1

(b)

Personal Notes ::

e In the function with u, o, is exactly 1 because there are enough squarefrees so that

it cannot get anymore left (justified by a partial summation argument)

e Infinite products converges implies the product being non-zero - think in terms of

log-land (product goes to zero = log = —o0.)
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(Recall ©(n) counts the number of prime factors of n with multiplicity)

Then
DA = —p+p > —p P 4--)
n=1 p
= [[a+p)"
p
_ @)
qON
Example ::
n(n) = Z(—l)”_ln_s. (Dirichlet Eta function)
n=1

Recall that o, = 1, 0. = 0 for 7(s) and that n(s) = (1 — 2'7%)((s).

Note that

. —1 if 2n,
(1 =
1if 24 n.

That is, it’s the multiplicative function f defined by

lifp=2
f*) =
1if p> 2.
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Therefore, for o > 1,

n(s) = (1=27 =2 = ) [[O+p 47>+

p>2

Notes ::

e This actually equals to

(6 (1- 2= ) 0= = -2 - 2)

but we know this already...

e The infinite product in (x) converges exactly where Zp p~° converges, which is o > 1.

In particular, it is false to say n(s) = (Euler product) for o > o..
We've use the fact that

H(1+a:n) converges <& Zlog(1+xn) converges.

n n

(This is from the definition of convergence of infinite product)

= E Ty, converges.

n

(Since log(1 + ,) = x, + O(22))

Personal Note :: This power series expansion is only good when z,, is small, that said,

if x,, isn’t small, then it won’t converge anyways...

More Examples ::

> > 0 if 3 p|q, p|n,
Z s — Zn_s plg, pl
n=1 n=1 1 if not.
(n,g)=1



This is easy to generalize to Z(n,q):1 f(n)n=s.

Non-Euler product stuff

Suppose

Then

Example ::

F(s) = f: f(n)n™% for o > o..
n=1

(TN~ =Y (fm)n*)n~
' = ni(s —a), for 0 > o.+Re(a)
S (L = (f(n)log" n)n~*




(Lecture 19)
Theorem :: Suppose
A(s) = Za(n)n_s and B(s) = Z b(n)n™?,
n=1 n=1

both converge absolutely at s. Then the Dirichlet series

[e.9]

Z(a xb)(n)n~*
n=1
converge absolutely at s to A(s)B(s).
Proof.
D (axb)(nn™ =" (Z a(c)b(d)(cd)_5>
n=1 n=1 \cd=n
=Y ale)e™ Y b(d)yd -1,
c=1 d=1
and this is valid (in reverse?) by absolutely convergence. [

Note :: If A, B are just convergent. ie., A(s) = B(s) = n(s). n converges for o > 0, but

n*n(s) = n*(s) = converges for o > 1/4. (Information is lost when taken the convolution).

Example 1 :: The convolution identity 1 * p = e corresponds to

1
C(S)-@:L (o0 >1)

Example 2 :

A(s) = Z T(n)n"°.

n=1
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We know 7(n) <, n, and so o, = g, = 1. Also by the Theorem,
T=1x%1, so A(s) = (*(s). (0 >1)
This gives an analytic continuation of A(s) to {o > 0}\{1}. We have
1
((s) = S_—l+7+0(s—1) near s = 1.

Then

_(8—1)2+S—1

So A(s) has a double pole at s = 1. Also,
Ress—1A(s) = 27. (Not 1)
Note :: Notice that for simple poles,

Ress—s, f(s) = lim (s — s0) f(s).

S$— S0

But for higher order poles, the residue exists but the limit does not.

Example 3 ::

B(s) =Y o(n)n"*
n=1
We have
o(n) = Zd, or o=1xT1.
dln

Therefore, B(s) = ((s)((s —1). (0 >2)
Since

Z Tl(n)n™*® = Z n-n %= Z n~ (71,

n=1 n=1 n=1

Remark :: Res;_oB(s) = ((2).
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Example 4 :: The Dirichlet series Identity

(-5oh) et ==

(i A<n>ns> (i) . (gmm)ns) ,

or Ax1=1L1, or ZA(d)zlogn.

din

corresponds to

Example 5 ::
C(s)=>_ p(n)yn".
n=1

Solution 1. Note

So C(s)((s) =((s—1), or

Solution 2. Note
P(n)  ~— wld)

(depends on primes dividing n, not the prime powers)

so T7t¢ = 1% Ty, This gives

1
Cls+1) =) iy
(Lecture 20)
Remarks From The Past :: If
F(s) = Zf(n)n_s, G(s) = Zg(n)n_s, and
H(s) = F(s)G(s) = ) (f*g)(n)n™",



for o > max{o,(F),0,(G)}. In other words,
0.(H) <max{o,(F),0.,(G)}.

Note :: This might not be an equality!

Example ::

F(s)=((s), G(s)= % Then H(s) = 1.

Then 0,(F) =1, 0,(G) =1, but 0,(H) = —oc. (Verify)

Analogy :: Let ord,(n) = k if and only if p¥||n. Then
ord,(a + b) > min{ord,(a), ord,(b)}.

Note that this might not be an equality, but the smallest two values among {ord,(a), ord,(b), ord,(a + b)}

are the same (this is somewhat related to the p-adic metric...).

Example 1 :: Define .
n —s

Show that o, = 0, = 1. But that Dy can be meromorphically continued to {o > 0}, with
its only pole a simple pole at s = 1. Calculate Ress—1 Di(s).
Solution. Notice that

(L)k < ((¢7+o(1)) loglogn)*

<<k,e ne.

Therefore, 0, = 0. = 1.

The function (n/¢(n))* is multiplicative.
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Lets experiment ::

So we define fi(n) to be the multiplicative function satisfying

<L)k—1ifr:1,

f) =4\
0 it r > 1.
Let .
Fi(s) =Y fu(n)n™".
n=1
Then

Since F}, converges absolutely for o > 1, we have the Euler product

Fs) =1 <1+ fup) | filp?) +)

ps p2s

= [[0+s@p), o>1
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Where does Fj, converge?

We have
(1 —2)* =1+ kz + Ox(z?)
= 14 Ok(z) uniformly for |z| < 1/2.
Thus i i
P 1\ 1
(2 ) —1=(1-=) —1=0.(-).
w=(551) - (=5) —=a)
So
H(l + fe(p)p™°) converges << Z fe(p)p~® converges.
P P
But

1
Z | fe(p)p™°| <& Z ];p_" converges for o > 0.
p p

Therefore, Dy(s) = ((s)F(s) is an analytic continuation of Dy to {o > 0}, except for a

simple pole at s = 1.

The residue is

Ress=1((s) Fi(s) = lim(s — 1)((s)Fx(s)

_ Qiir%(s - 1)C(8)> (EE}F(S)>
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For example, take k = 1.

SUCHER)
)

— L (p;@]j)l)

- H ng+—11> - H p(p? i961>_<plﬂ -1

1—pf 2)C(3
) A IC)

Hold on!

2

(@) was the average value of n

¢(6) ¢(n)

Lets look at
2
%. (Not really a connection to the previous example...)
s
General Remark :: If
A(s) = Z ayn=°,
n=1

then for k € N,

A(ks) = Zann’ks
n=1

an if m = nk,

o
= Z b,,m~*, where b,, =
n=1 0 otherwise.

Therefore,
C(25)¢(3s) i _, [ 1if n = square, 1 if n = cube, w(m) if n = m®,
= n * *
¢(6s) — 0 else. 0 else. 0 else.

= (From Homework) Z n=°.

n power-full
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Where are the poles of
((25)¢(3s).,
((6s)

e Whenever ((p) = 0, this function has a pole at p/6, however, there are none with

Re(p/6) > 1/6.
e Pole at s = 1/2, Res,—1/2 = ((3/2)/¢(3).
e Pole at s = 1/3, Res,—1/3 = ((2/3)/¢(2).

(Lecture 21)

Goal :: Write down some contour integral involving

[M]¢

A(s) =) a,n° that relates to Zan.

n=1 n<x

Convention :: When we write

c+ilq c+ioco
/ . /
c—iTy c—100

we mean a contour integral over a vertical line (segment).

Lemma :: (Sound Bite Version) Let ¢ > 0. Then

' lify>1,

! o ysd 0if 0 1
R —das =

210 Jolioo S HU<y<4

% if y=1.

Note ::
c+io0o c+ils
/ means lim )
c—100 Ty, Ty—o0 c—iTh

If the integral converges absolutely, then we can let T7, T, — oo however we like. Given

this remark, the y = 1 case of the lemma is technically a lie ::

1 c+iT 1 1
hm —/ —dS = 5



Lemma :: (Explicit Version) Let ¢,y,T7 > 0. Define

1 c+iT s
[c(y7T) - _/ y—dS

21t Jo_ir S

Then

e If y > 1, then

1
Ly, T) — 1| < y°min < 1, .
L) =1 < i {1

e If0 <y <1, then
1
o <Y

"1 log y—!
o If y =1, then
1
]c<y7T) - 5 < LT
s

Proof. (y > 1) Consider

1 s
— Y ds around the following contour ::
211 s
uT cHT
T ciT

By the residue theorem,
S S

1
— y—ds = Resszoy— =1.
211 S S
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Also, the right-hand segment gives exactly I.(y, 7). On the bottom segment,

1 c—iT ys c y5
— “—ds| < dd
2mi /—u—iT s 8’ B /—u |6 - ZT|

(change of variable s = 0 —iT)

[

c 1 y6
5
< —= ddo = —
2T ,Ooy 2T logy|_
= yc
2 logy

We get the same estimate for the top segment. On the left-hand segment:

1 —u+iT s 1 T —u
_/ Y s < _/ y—,dt
27t f _y_ir S 2 J_p | — u+ it
y—u
2mu

< 27.

Therefore,

Taking u — oo yields

Yy
I.(y,T)—1 )
L0 T) =11 <
Consider instead
1 y®
— ¢ Zds.
211 S 5
On this contour ::
\CHT

c-iT
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The length of the arc is < 27 R. On this arc, |y*| < y¢, and 1/|s| = 1/R. Therefore,

1 [y | |
| Lgs <« Zon Ryt = =y
2m'/ms S‘ oY TR

Remark :: The case 0 < y < 1 is very similar, only using the contours

and

(The left diagram :: No pole inside, we get 0 instead of 1)

The case y = 1 actually 1st year calculus:

1 [etit s 1 (T gidt 1 [T/ 1 1
— : —|dt=---
c+1 c— 1t

JR— —as = —

omi J_op s omi J_pe+it 2w

In the sound Bite version, put y = x/n:

, 1if0<n <z,
1 c+100 s
- (_)_: 0ifn>xz>0,

2T Joline \T
sifn=xz>0.

Therefore,

i 1 etioo N s ds 1 .
Za” <% (ﬁ) ?) :Zan (4—5% 1f:c€N>.

n=1 c—100 n<z
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This leads to:

Perron’s Formula :: (Sound Bite version) Let

A(s) = f: apn~®
n=1

have abscissa of absolute convergence o,. Let © > 0 and ¢ > max{0,0,}. Then

1 c+1i00 s ,
Py A(s)—ds = ns
(s) S ds Z a

2mi €100 n<zx

/ . . . .
where » 7 . means, if n € N, include %aw in the sum instead of a,.

ail+azxt+as
®
ai+az O——>0°
@
a1 o—0
o
1 2 X
Perron’s Formula :: (Explicit Version) Let
A(s) = Z a,n°.
n=1
Let > 0 and C' > max{0,0,}, and 7' > 0. Then
1 c+iT S
Z/an - — A(s)x—ds
21t Jo_ir S
n<x
x€ . & Qg .
<<VT+ Z |an|m1n{1,m}+(T 1fn€N)
x/2<n<3x/2

Here,

o0
V = Z |an|n"c.
n=1
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(Lecture 22)

Proof of Perron’s Formula (Explicit Version). Let

A(s) = i an,n”’,
n=1

let ¢ > max{0,0,}, and let 2,7 > 0. Then

. Lif 2> 1,
’ 1 c—HTA xsd 0
p — 5 §)—ds = , i z
Z; omi | A 21 0if0< <1,
n<x n= 1ica
5 if = =1 )
1 c+iT o xs
_ n | =—d
21t Jo_ir nz:;a " 5 °
)
1 .
i 0 1 et (m)s ds
=) an - 5= —) — |
" 2t Jo_i7 \n/ s
- 1
2

valid by absolute converges of A(s).

By the lemma from Lecture 21, the left-hand side

00 T\C . 1 .
<<;|an’ (E) mln{l,m}—F(‘ax’TlfneN),

The terms in the sum withn < Z orn > 37”‘ have |10g (%) } > 1, and hence their contribution

18

x\¢ 1
< X lwl(5) 7

lo—nl>z/2

For the terms x < n < 3x/2, use the “1” for the smallest n, and for the others (by a power

—1
log(f)zlog<1—x_n) Sy
n n x

79
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Therefore,

T\¢ 1 T
S ol () i {1—} <y [itoh
x/2<n<3x/2 n T “Og (5)| x/2<n<3x/2 T|n - ﬂf|
n#zx n#x
Final Answer :: Left-hand side
x° c . x c .

x/2<n<3x/2
n#x

Example 1 :: Express Z;Sx 7(n)? as a contour integral.
Solution. Let
B(s) =Y _t*(n)n".
n=1

2

Lets try to write B(s) in terms of (, for example. Since 7% is multiplicative, we look at

values on prime powers. (xu here would be “like” a “difference operator”...)

r 0112|3415
(p") 11419162536
2% u(ph) 1135 71]9 11
2% o p(ph) 11212222

T2 % % g * pu(ph) 11110} 0 1010

2 pxpxpxpp) 1011000
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Hence for o > 1,

56 (g

)

I

(72 % gk ok ok p) (n)n

1
(1+———+0+ )

—S

(c>1)

Hence
¢'(s)
B(s) = ,
¥ = e
and so
, 1 c+ioco 4 s
Z 7(n)* = — Cls) T ds.
n<x 2mi c—100 C(28) S
Note ::
o0 4
Z 7_2( _ C (S) )
— ((2s)
The other rows give ::
Cg(s) i 2 —S
T(n")n
¢(2s) =~
¢*(s) i (n),,—
2w n S.
¢(2s) =
C(S> i 2 -5
= pu(n)n=?.
¢(2s) =~
Example 2 :: Express
Yo(z) = A(n)
n<x
using explicit Perron Formula.
Solution. We know that
> Amn = —<—(s).
n=1 C
Therefore, for ¢ > 1,
1 c+iT CI
- — —d
Yol7) 2mi /c—iT < C( )> S i
¢ o= |A(n)] . x
— — 42 A 1
TZ pran s > |A(n)|min Tle
n=1 x/2<7;é<3x/2
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Using A(n) < logn,

x° ¢’ ) x clogx
— 2¢1 E 1 .
<<T( C( )+ e mm{’T\I—nl}+ T

z/2<n<3z/2

n#x
The sum is

i log x

T
1+2 E — 1+
L1+ << T

and so

1 c+iT / s
o) =g [ (505 ) as
c ! 2
<Z (—g(c)> +2¢ (logm—i— vlog x> + Clng.

T T

(Lecture 23)

In Lecture 22, we showed

=S =g [ (~50) T

& ! 1
+0 <:% ( CC( )> +2%log x (1—1— : ;gx) —i—%logx) :

for ¢ > 1, T > 0. So in particular, lets stipulate 1 < T' < x and choose

1
c=1+

so ¢ = ex. Then

1 c+1/logz+iT C/ s T 10g2 T
= [ (o) oo 252).
211 c+1/logz—iT g r

since
¢ 1
140)~ =
~E) s
Reason :: —(’/( has a simple pole of residue 1 at s = 1, so
¢ 1
—= ~ near s = 1.
¢ s—1
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At a minimum, we’d like to know that ((s) # 0 for o = 1. (In fact, this statement is

equivalent to the prime number theorem m(x) ~ z/logx). To see this, we’ll use

log ((s) = 3 w(n)n ",

1

where k(p") = r~! and k(n) = 0 otherwise (o > 1).

Consider ::

Re(3log (o) + 4log ((o + it) + log ((o + 2it)).

Since log ¢ converges absolutely for o > 1,

= Re (i k(n)n~7 (3 +4n" + nm)>
= Z k(n)n~? (3 + 4 cos(—tlogn) + cos(—2tlogn)) .

Note that

3+4cos +cos20 =3 +4cosf+ (2cos’d — 1)

= 2(1 4+ cos#)* > 0.
We conclude that
Re(3log (o) + 4log (o +it) + log (o + 2it)) > 0.

And so
(P IC(o + i) [Co +2i) = 1. (0> 1)

Suppose (1 +it) = 0, then ((o +it) < 0 — 1 for ¢ > 1, 0 near 1. We know that

C(o) ~ and ((o + 2it) < 1.

oc—1

83



Then

¢Ho)I¢H (o +at)][C(o + 2it)] <

1 4 =0 —
(0_1)3(0—1) 1 1.

This is a contradiction as ¢ — 17. Hence ((1 + it) # 0. n

To extend this argument, we need results from classical complex analysis: Section 8.4 of

Bateman and Diamond.

Borel-Carathéodory Lemma :: Suppose that f(z) is analytic in {|z] < R}, f(0) = 0,
and satisfies Re(f(z)) < U there. Then for {|z| < r}, where 0 < r < R, we have

2r

U.
R—r

If(z)] <

In fact,

P (2)] 2R
B SR

Lemma 8.10 :: Let f be analytic on {|z — 29| < 7}, with f(zy) # 0. Suppose that

f(2) M
‘f(zo) s
for {|z — zo| < r}. Then for {|z — 29| < r/3}, we have
1 1 36 M
7(2)_;Z_p < r

where p runs over the zeros of f in {|z — 2| < r/2}.
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If f is small on a big disk...

then using zeros of medium disk...

we can approx f'/f on
a small disk.

r/3

r/2

(Lecture 24)

Consequence of Lemma 8.10 (and the Borel-Carathéodory Lemma)

Proposition :: Let |[t| >6/7,6/7 < § <10/7. Then

¢ 1
Z(S> => R + O(log T),
P
where the sum is over
8 3
: = — 4+t — < — 5.
{p C(p) =0, |2 +1 p’_7}

Notation :: We let T = |¢| + 4.

This can be proved by applying Lemma 8.10 to
8 6
f(z) :C(z+?+it) , T=<
The error term O(logT') uses ::
e ((s) T (See Lemma 8.4 in B. & D.).

e ((8/7T+it)>1 (Euler Product).
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Remark :: If § > 1, then each STlp has positive real part.

Zero-free Region for ((s)

Theorem :: Suppose p; = 1 — § + it satisfies

1 6
0<0<— |t|2§» and  ((p1) = 0.

10’
Then there exists an absolute constant ¢ such that

C

o>

logT"

No Zeros

-

» Zerg-Free
Region

No Zeros
(Euler Product)

o
—
.
2]
= |

On the other hand,

o —%(30) is real, and

Re




Therefore,

This gives

<3 (— + 0(1)) 4 (—5—15 + O(logT)) +0(logT).

We'll need the following estimate ::

Lemma 8.11 in B. & D. :: If ¢ > 0 is such that {(s) # 0 in the region

in the region

Recall ::

C

Th
log T o

1-0<

%(s) <logT

2c c
1—-0< -1 > .
{8 3log T’ ls =11 310gT}

1 1+$+iT / s 1 2
—/ 1 —C—(s)x ds+0<x o8 :c)
1 T

T omi L s
+logz_ZT C

Yo(z)
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Consider the rectangle with vertices

1 +4iT, 1-— +iT.
+ log x e 210gT !
Inside the rectangle, ((s) has no zeros, and so
1 C/ s </ xl
— ds = Ress—y | —= d = —=ux.
2m1 C( ) 5T = ( C< ) S ° T
On the top and bottom segments ::
1 1+ 4T / 1 [
— ’ _s (s ) ds < (logT)= / * 2do
211 1+210°gT:|:2T C T —0o0
_logT Tl
T logx
_ xlogT
- Tlogzx
On the left side ::
1 l—ﬁ-ﬁ-lT / s . 1—m+iT d
T 5 C ( ) Zds <« (logT) QIOgT/ 2 _S
m 1_QIOCgT_iT’ C 1_2lngT_iT s

Furthermore,

ds

/ ds

S

< logT.

T
dt
<9 / :
0 3+t
We conclude that

rlog? x xlogT e
ile) =0 () 40 (F75) w0 (dsy s

1 —c
=x+0 (xlogQQ: <T —|—x210gT)> )

We choose T so that

1_ =
T
log T R B
(0] = ogxr
& 2logT &
]
= logT = cozgx
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Final Formula ::

Yo(x) =24+ O (a:logQa;.eXp (_ 0102%37>) .

Two main Achievements from Lecture 25

(Lecture 26)

1. There exists ¢ > 0 such that if (o + it) = 0, then

l—0> C, where 7 = |t| + 4.
log T

vo(z) =2+ O <$log2x - exp (— clo2gx>> )

Road from vy(z) to m(x)

1. Let ¢ < v/c/2 (note that it’s from the old ¢ to a new ¢) and note that

0 if x ¢ N
0(@) — o) = { 1 |
;A (r) <logz if v € N.
S0
Y(z) =2+ O(x - exp(—cy/log )).
2. From

(@) > 0(x) > ¢(z) - 2¢(Va)

Thus (z) = x + O(z - exp(—cy/log 1)).

3. Going from

O(x) = Zlogp to w(x)= Z 1.

p<z p<z

is partial summation.

cw) = [ aeay = [ & +/; L a0 — 1),

)y logt )y logt _logt
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We define

Todt
Li(x) = —
i() 5 logt
Note that
71 0(t) —t|" /f” 0(t) —t)
—d(f(t) —t) = + ———=dt
/2 logt (6(t) = 1) logt |, 5 tlog?t
v —cy/1
< O(z - exp(—cy/log x)) +/ eXp(l CQtOgt) dt.
2 0og

If we split this integral into

Yy T
L)
2 Yy

where y = x exp(—cy/log z), we find that

m(z) = Li(z) + O(z - exp(—cy/log x)).

. Weaker but simpler statements

Todt t
Li(z) = =

x €T 1
o logt logt], 9 logt

Toodt
S +0(1)+/ .
log x o log“t

We can deduce that

T x
Li(z) = @) .
i(z) log x * (log2 x)

Integrating by parts again gives

Todt Todt
5~ + 2 3 .-+ and so on
o log“t o log”t

In fact, for any K € N,

Note that

T
z - exp(—cy/logr) g e o for any k£ € N.
og"
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Riemann’s Functional Equation for ((s) (1859)

Define
£ls) = %s(s ~ T (2) ¢l
Riemann Proved ::
o £(s) is entire.
e {(1—15)=¢(s)

(Lecture 27)

Lemma :: Define

then

1
0 <—> = V20(x).
x
(Modular Form of Weight 1/2, whatever this means...)

Proof. Using Poisson Summation Formula ::

If f(x) is smooth, f, f’ integrable, then

> fm) =" f(m),

ne”L meZ

where
fit) = [ sy a,

So take f(u) = e *m/*,

0 @) ~ St =3 Fm)

neZ meEZ
() ) A
_ E / e U W/xe—Qﬂzumdu‘
mezZ Y
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Set u = vz,

( ) Z/ —v T —27rwxml,dv

meZ
- r E / —mc(v—‘rm
meZ
since —m?mz — wx(v +im)* = —v’rr — 2wivem.

Note ::

I~
8
@
<
.
<
I
B

/ e dy = \/§ for A > 0.

It turns out that

So

Proof of... We start from

r(g) - /0 Ooe_tts/z% (Re(s) > 0).

Changing t = n?rz, and note that
dt  n’mrdr  dx

t nwx x

So

r (f) — /OO e—nQﬂxnsﬁs/2x5/2@7
2 0 x
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or

R d
72T <E> :/ z*/ Qw(az)—x,
2 0

T

where
. —n2nzx Q(ZL’) —1
w(z) — Z e ==
n=1

Splitting the integral,

w2 (2) ¢(s) = /1 T () /0 () 2

2 T T

In the second integral, set

Hence the second integral is
The Lemma gives

Hence

The last two integrals are ﬁ and —%. Hence

dx 1 1
T s—1 S

78T <§> ((s) = /100(x5 + :L’lgs)w(x)

or

&(s) = %s(s —1) /100(1'2 +x?)w(as)d—x + %

1. The right-hand side converges for all s € C.
2. £(1—5) = £()
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First Zero
s=1/2+i(14.1..) Zeros

\ (if exists)

N

X
1
T B
No Zeros i Zero-Free Region
Trivial :
rivia :
[}
Zeros N i Y

1

: No Zeros
i
v va !

4 2 0 :1/2 sigma=1
:
1
1
1
1
1
]
1
[}
1
X i X
1
1
1
1
1
/—1 -
1
Critical Line \
Critical Strip

N(T) = #{p in critical strip : 0 < Im(p) < T, {(p) = 0}
T T
= —log (%) + O(logT).

(Lecture 28)

Conjectures from Riemann’s Memoir :: (Exerpt from Davenport)
1. Asymptotic Formula

N(T)=#{s:0<o < 1,|t| <T;((s) =0}

T T
~ —log — logT)).
2m ©8 2me +OlogT)

2. Hadamard Factorization



Similar to ::

We have ::
1 1
£(s) = 55(5 —1) /blah + 3

so e = ¢£(0) =1/2.

It turns out that

0% 1
B=—2—1+-log(4
5 — L+ 5 log(dm)

1
= - § O
p: non-trivial

zeros of ¢

where we interpret > as

Jm ¥

p: [ Im p| <T
. Explicit Formula :: (analogous to)

p
: =0 ,
A ¢'(0)/¢(0)

for z > 0.

. Riemann Hypothesis ...

Example of using Perron’s Formula ::

Determine ) _ 7(n)* asymptotically.

We saw that

f: 7(n)’n"% = @.

n=1
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Hence, by Perron’s formula :: for 1 < ¢ < 2,

Z/T(n)2 _ L[l ds+ O (%c i |7 (n)*[n~°
n=1

% c—iT g(QS)?

+ Y [r()?min {1, ﬁ} TP N>

x/2<n<3x/2
nF# L

In this example :: Use 7(n) < n¢, and we’ll allow all O— or << constants to depend

on €. Taking ¢ =14 1/logx as before, we get ::

The error term is

T z°
L L g min{l,—}—l——.
TC<2+ 2) Z Tz —nl T

logz x/2<n<3x/2

: 1
The sum is < *22* as before; also,

Gats) o
(@) " TO)

from Laurent expansion. Thus the error is

1+e€

T

T
<

for T < z.

(Lecture 29)

In the example started on Lecture 28, we have shown ::

1+$+iT C4(3)

- L x_s {EH_E
ZT(H)  2mi 1 C(28) s ds+0 T )’

n<zx 1+logzil

valid for 1 < T < x and any € > 0.
(Recall that in this example, all O— and <~ constants can depend on ¢)

Plan from here ::
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- Look at

4 xs
omi s

1
+47 and §+€:i:iT.

over the rectangle with vertices

1+

log x

e (G )

To do the first part, we need the following estimates ::

1 - /L(TL) - 723 1
‘§(25 :;ﬁ‘ Z:: | = ((20), fora>§.

In particular, for ¢ > 1/2 + €, we have

- Calculate

o We'll use the estimate :: for 1/2 <o <1,

s) K
L if [t] < 2.

(Also ((s) < log |t] for o0 > 1 (Lemma 8.4))

Horizontal sides

1 1+1/log x+iT C4< ) s ) /1+1/logz ’<4(8)‘ o1-2°
— < L
210 S o eqir ((2s) s 1/2+€ T

do
1 1 4 1+1/logx
< —/ (T"71og T)" a”do + —/ (log T)*2do. (T > 2)
T Jij24e T )
These integrals are

1 p 3 4 4o |1
T3 log4T/ (%) do = T log T(xéT )
j2re NI log(x/T*) 1/2+4¢

(T* < ).
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If T < z'/° say, then

So this is

1 1 1
< < .
log(z/T*) ~loga!/®> " logx

T3log'T [ = T\ 1/2+e
< (7 ()
log T T4

T31log T z pite
logz T* T

The second integral is

10g4 T 1 1+1/logx plte
T log o~ < T
For the left-hand side ::
L 1/2+e+iT 64(8) x_sds < $1/2+€ /T |C(1/2 +e+ Zt)|4
210 Sy jore—it C(2s) s _r o |1/24+ e+ it

Now we know

2 1 oodt T 4 dt
< + tl—(1/2+6)1 ) =
/0 (1—(1/2+e)) 1/2 +¢ /2 ( ogt)

T

< 1+ (log x)4/ thedt
2

T

xet2f4e
2 —4e |,

& rT* 4 <« T2,

<1+

B 1 4(8)1'3 .I1+E .

n<x

From Complex Analysis we conclude

S0 = Rescs ($055 ) w0 (o (5. 47))

n<x

The Laurent Expansions of




1 1 2
s T DA -

1) — $€(s 1)log z

S—l)k

=x+axlogx(s—1)+ :(;(10_{;:(;)2(5 — 1)+ M(s — 14+ 0((s = 1)%).

Multiplying these together yields
SO 1 1 (xlog?’x

47z log? x+72 log x—l—?) +0(1).

(@2)s @G- 5o
So
¢H(s) a*
Res,— =z P(l

Sl s " (log ),
where P(y) is a cubic polynomial with leading coefficient

11

6((2) w2

(Lecture 30)

[n|<T
We saw
1. |
- 1 1+1/log x+iT §4(S) e :L‘1+E
Z T(n) =3 —ds+ O )
n<z 2 1+1/log x—iT <(23) S T
2.

Fosm f Gy 5O ().
n<z

where the § is over the rectangle with vertices 1+ 1/logz +iT and 1/2 + e + T
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ZT(n)2 =zP(logx) + O <x€ (% + x1/2T2>> ;

n<x

where P(u) is a cubic polynomial with leading coefficient

1 1 1
S 2<T <V
e esT=srr)

We choose T so that
% _ 272

that is, T < z'/6. So
> 7(n)* = zP(logx) + O(a™*),

n<x
or
1
Z 7(n)? = — log® x + O(xlog” ).
n<x &
Notation ::

e (G is a finite abelian group
e Hom(G, C*) is the set of (group) homomorphim from G to C - itself a group.
o Z,=17/qZ for g € N.

o 7 = (Z/qZ)™ the multiplicative group of unites in Z/qZ / reduced residue classes
(mod q).

Given h : Z; — C*, define an arithmetic function
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Such x have the property ::
e Y is periodic with period g¢.
* x(n) #0 < (n,q) =1.
o x(mn) = x(m)x(n) for all m,n € Z.

Such an arithmetic function y is called a Dirichlet Character (mod ¢).

Example :: ¢ = 12.

Xo [1[0{0}0] 1|01 0|0} 0| 1]0

x1 [(1]0]0]0O}-1|0-1{0/0} O] 1|0

x2 [1[0]0J0}-1|0[1 0|0} O0|-1]0

xixza|1loflolol1lol-1]olo]o0|-1]0

In general, we let yo denote the principal character (mod ¢) ::

1if (n,q) =1,
0if (n,q) > 1.

Xo(n) =
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Examples ::
e (1) =1, and x(n) is a root of unity for (n,q) = 1.

e The set of { Dirichlet Characters (mod ¢) } is a group for all ¢ € N (for z € {|z] = 1},

271 =72).
In fact, this group is isomorphic to Z; itself.
Fundamental Theorem for Finitely Generated Abelian Groups :: Any G is
“isomorphic” to exactly one group of the form
Liyy X Liyy X =+ X Ly,
where rq|rg| - - - |rg.

Alternatively, of the form

bi o ... bi
Zm X X pr

where each pf is a prime power, not necessarily distinct.
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Example ::

3 is a primitive root (mod 7), its powers are 3,2,6,4,5,1 (mod 7). So we let a = e

q=1"1.

2 3 4 | 5|6

Xo 1 1 1111

X a? o o’ | a|-1

% ot — a2 o2 o2 la2 1

X3 1 aB==1111-1]|-1

» o2 2 21a2l 1
YP=x=x"! o’ o a?| a |-1
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Generality ::
- x(—1) is always -1, +1, we call y odd or even, respectively.
- If x* = xo (that is, x(n) € {—1,0,1} for all n), then y is called real or quadratic.

(Greg :: I guess we don’t call xo quadratic)
- Let g be prime, then
n
x(n) = (—) (Legendre Symbol)
q
is a quadratic character (mod q).

(Lecture 31)

Warm-up Question :: Describe the structure of Zjy.
- 1008 = 2% x 3% x 7.

So
Ligos = Ly X Ly X Ly
= (ZQ X Z4) X Z6 X Z6.

Standard Form 1 ::
%’ZQ X Z4 X (ZQ X Zg) X (ZQ X Zd)

Standard Form 2 ::
gZQXZQXZGXZlQ.

Orthogonality Relations for Characters

For any finite Abelian group G, any x € Hom(G,C*),

> xlg) =

Pre. 0 otherwise.

|G| if x is trivial,
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Proof. If  is nontrivial, choose h € G with y(h) # 1. Then
X)) " xlg) = xthg) =D x(9)-
geG geG geG

So since x(h) # 1, we get

> x(g) =0.

geG
More generaly, for any y,® € Hom(G,C*),

Glif x =
> x(9)xlg) = GHx=v.

geG 0 if X 75 ’lb
For any h, g € G,
— ) IGlitg=nh,
Yo xlox(h) = ‘
x€Hom(G,CX) 0 otherwise.

“Proof.” Choose x € Hom(G, C*) such that

x(g) # x(h) -

(Reality Check Problem...why does such a v exist?)

Given g € N, this means :

e For any a,b, € N,
¢(q) if a=b (mod q) and (a,q) = 1,

X (mod q) 0  otherwise.

e For any x (mod gq),

n (mod q) 0 if X 7é Xo-
Note :: The last fact can be restated if x # xo. Then for any k£ € N,
k+q—1
> x(n)=0.
n=k

So what can we say about

5

B
n=1



(Homework #2 implies converges for 3 > 0)

Therefore, if we define the Dirichlet L-function

— x(n)

)
ns
n=1

L(s,x) =

x(n)

then L(s, x) converges for Re(s) > 0 (x # xo). In fact, 0. = 0 (for Re(s) < 0,

—> O)7

we still have o, = 1.

Remark :: If xq is the principal character (mod ¢), then

Lis,x0) = Y _xo(mn™ = > n=*=((s) [J(=p7).
n=1 n=1 plg
(n,q)=1
Note that, for any (a,q) = 1,
Yo x@Ls) = Y, X(@)d xmn
X (mod q) x (mod q) n=1

n=1  x (mod q)

—6() 3. n. (Re(s)> 1)

n=1
n=a (mod q)

In fact, for Re(s) > 1,

L(s,x) = [J(1 = xp)p~)~".
p
Thus, taking logarithmic derivatives,

B s = =3 Ayt

Therefore,
L =
> @ (-Fev) =0 X A
X (mod q) nEan(r:n%)d q)
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(Lecture 32)

General Fact :: If y; and x, are characters modulo ¢; and go, x1X2 is a character modulo

LCM(QI: 92)-

Special Case :: ¢* = ¢, any x* (mod ¢q), xo (mod ¢). Then x*x is a character modulo
LCM(q*,q) = q. This new character x*xo has the same values as the old character y*,

except its zero when it has to be.
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Example :: ¢ = 12.

xo [1]0]0(0{ 1|02 (010] 0|10

x2 [1]0]0(0{-1]0}1(00]O0/|-1]0

xix2|1/10(0]0[1]0|-1]0]0}O0]-1]0

Xo is induced by y (mod 1),
X2 is induced by x (mod 4),
X1X2 is induced by x # xo (mod 3).

Definition :: Given a character x (mod ¢), let ¢* denote the smallest modulus for which

there exists a character y* satisfying

X* Xo = X -
~
q* q q

We say
e \* induces Y.

e \* is a primitive character modulo ¢*.
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In particular, x is primitive if and only if ¢* = ¢, ¢* is called the conductor of y*.

Important Fact ::

{character modulo ¢} < U{primitive characters modulo ¢*}.

a*lq
Plan :: For

L(s,x) = Zx(n)n_s *

Analytic Continuation / Functional Equation.

Number of Zeros in Critical Strip.

Zero-free Region.

Asymptotic / Explicit formula for ::

viga) = > An),

n<x
n=a (mod q)

O(x;q,a) = Y, logp,

p<z
p=a (mod q)

mvga)= Y, l=#{p<z:p=a (modq)}.

p<z
p=a (mod q)

- Functional Equation :: Let

0 if x is even,
a =
1 if x is odd.

so that x(—1) = (—=1)*
Define, for a primitive character x(mod q) ::

(s, x) = (g>(s+a)/2f (S J; a) L(s, x)-

T
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Then
Z'aql/Q

(1 —5,X) = =)

£(s,%),

where 7(x) is the Gauss sum

It turns out that |7(n)| = ¢*/2, so that
Z'aql/Z

7(n)

=1.

< One example of a Gauss sum :: Take ¢ = prime,

Then

— zq: 627rib2/q.)

From the functional equation (together with the Euler product)
L(s,x) = [[@ = xp™) " foro>1,
p

we see that the only zeros of L(s,y) outside the critical strip {s:0 <o <1} are

when

5+a . o, .
— =5~ 1S a non-positive integer.
—0,-2,-4, ... for x even.
—-1,-3,-5, ... for x odd.

— Number of zeros
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Define
N(T,x) =#{p:0 < Re(p) <1,[Im(p)| <T, L(s, x) = 0},

counted with multiplicity. Then

1 T qT
§N(T7 X) = o5, log (ﬁ) + O(log(¢T))

if y is primitive modulo q.

Note :: If x* (mod ¢*) induces x (mod ¢), then

L(s,x) = L(s,x") [T 0 =x"(0)p™).
o)

(Lecture 32)
If |z] = 1, then 0 < Re(3 + 4z + 2%) > 8.

1. Zero-free region for L(s, x)

We start from

L(s,x) = [ [0 = xp~) ",

Then
0 < Re i k(n)n~7(3 + 4x(n)n~" + x*(n)n~*")
= Re(%zllog ((0) +4log L(o +it, x) + log L(o + 2it, x?)).
Exponentiating,

1< ((0)*|L(o +it, x)" L(o + 2it, x*)| .

Since L(o + 2it,x?) isn’t approaching a pole as o — 17, unless x*> = xo and ¢ = 0,

the same argument as for ((s) yields L(1 + it, x) # 0 and in fact.
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Let x be a character (mod ¢). Then L(s, x) has no zeros in the region
o>1———  (somec>0)

with the possible exception of a single real zero ¢ for a quadratic character x.

A real number

1>ﬁ>1—L

log g
for which L(8,x) = 0 is called an exceptional zero, or Siegel zero the (quadratic)

character y is called an exceptional character.

We do know :: If L(o, x) = 0, then

2. Formulas for

(Lets assume (a,q) = 1).

- Explicit Formula

1

U(z;q,a W Z ;A
1 _ c+i00 L/ 8
o 2 T 2m/c_m gl

baga)= - — 3 @ Y ; O/,

X (mod ¢) non-trivial zeros p of L(s, x)
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If we use the zero-free region, we get ::

Prime Number Theorem for Arithmetic Progressions

Let ¢ < exp(cy/logx). If there’s no exceptional character (mod ¢), then

U(xiq,a) = @ + O(z - exp(—cy/log z)).
If, however, there’s an exceptional zero p corresponding to an exceptional character y,
then
T x1(a) z°
Y(x;q,a) = — — — 4+ O(z - exp(—cy/logx)).
B0 =50 " eg p O ewevioss)

(X1(a) = x1(a) since x; is real)

Note :: If ¢ < logz, then

c c
p>1——>1-— :
NG Viogx

Corollary :: If ¢ <logx, then

X

2 + O(z - exp(—cy/log z)).

U(x3q,a) =
< By comparison, if Generalized Riemann Hypothesis (GRH) is true, then
Y(z;q,a) = % + O(z?log*x) for all ¢ < z.
q

Note that even this isn’t good when ¢ > \/5>

Facts to tick off

1.
1 logl
Z S os08Y O(1), forq<uz.
~ r 9
p=a (mod q)

(partial summation from Corollary)
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. Brun-Titchmarsh Inequality

2x

¢(q)log(z/q)’ frlsgse

m(z;q,a) =#{p <z :p=a (mod q)} <

. Bombieri-Vinogradov Inequality

“GRH is true on average, for ¢ < z'/2-¢”

. Siegel-Walfisz Theorem
There exists an ineffective constant C'(€) for any € > 0 such that L(53, x1) = 0, then

co

B<1-
qe

. There exists an ineffective constant H such that if ((s) has non-trivial zeros up to
height H, then RH is true.

Proof. 1f RH is false, let (0 +it) = 0 with o > 1/2, and take H = ¢. If RH is true,
take H = 1. -

The End.... =)
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