DEPARTMENT OF MATHEMATICS AND STATISTICS

Final Exam Key

MATH 232

Spring Semester, 1999

[4] 1. (a) Define the term “reduced row-echelon matrix”.

ANSWER BOX

A matrix is a reduced row-echelon matrix if it has the following properties:

1. any zero row lies below all nonzero rows

2. all pivots are equal to 1

3. every other entry in the same column as a pivot is equal to 0

4. each pivot lies to the right of all pivots above it.

3] (b) Find a reduced row-
echelon matrix row-
equivalent to

0 2 1 -1

11 =2 1

-1 1 3 -1

[7] 2. Let

0
1
A= 0
1

Find the general solution of the
system Ax = b.

= N O N

ANSWER
10 =5/2 0
01 1/2 0
0 0 0 1
2
-1 b=1[1,-2,1,0]
2 3 — y T Ay
3
ANSWER
-2 1 1
L _1 -1
— 2 2
S T R T B
0 0 1
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[2]

[3]

[3]

[2]

[2]

3. Let V denote the subspace of R® spanned by

ay
as

2,4,6,5,2,1]

asz —

ay
as
Qg

=[3,0,0,2,1,5]

[
[
[
[1,-1,1,-1,2,2]
[
[

=[2,-1,3,4,1,2]
~2,5,3,2,1,—4]

1,8,10,2,5, —1]
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and A = [al a; asz as as a6] be the 6 x 6 matrix whose columns are a1, as, as, a4, as, ag.

By elementary row operations A is converted to

What is the dimension of VV?

Write down a basis for V.

Write down a basis for
the nullspace of A.

OO OO o=
[l alal =
[l allall
OO O = OO
OO = O oo

-1
-1
-1

ANSWER

4

ANSWER

{ala Az, Ay, a5}

ANSWER

{[_3a _1a 1a Oa OaO]a [L 1a Oa 1a0a 1]}

4, Let 7 :R*— 23 be a linear transformation.

(a)

(b)

Define ker(T).

ANSWER

ker(T) = {a cRr*: T(a)

0}

Define range (7).

ANSWER

range(T)

= {T(a) e = R4}
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(c) Itis given that

T([1,0,0,0]) =11,2,3], T([1,1,0,0]) = [2,3,4]
T([1,1,1,0]) = [3,4, 5], T([1,1,1,1]) =[4,5,6] ..
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Find the standard matrix ANSWER
representation of 7.

[T1e = [T(e1) T(es) T(es) T(ea)]

Let V' be a vector space over R.

From the axioms listed on the sheet, prove that, for all vectors a, in V,

—a=(-1)a.

5. On a separate sheet circulated with the exam you have the definition of a vector space over R.

ANSWER

Il
—
+
—_
+
|
=
+
|
£
+
|
2

by A3
by A4

by S4

by Al,

by S2
by S4
by Al

by A3

by A4.

A2




MATH 232 Page 4 of 10

[4] 6. Let R denote the vector space of all functions f : R — R and

V= {f e BB (Va, y € R) (xy > 0 implies f(x) = f(y))} )

Find a basis of |/ as a subspace of *I2.

ANSWER
One basis is {f_, fo, f+}, where

f_(x):{ 1 fz<0

1 ife=0 {1 ifz>0
0 ifz>0 fo(l’)—{o if o #0 f+("”)—{o if2<0.

[6] 7. Let A€ R™ " and p be an elementary row operation.

Describe how det p(A) depends on p and det(A).

ANSWER
det(A) if pis Ry = Ri + cR;
detp(A) = 4 cdet(A) ifpis Ry — cR;
—det(4) ifpis R; & R;
[4] 8. Evaluate the determinant ANSWER
11 2 0 3 1
00 -1 1 2
11 -2 1 0
0 1 1 0 2
1 0 2 0 3

EXPLANATION

Applying the row operations R5 — R5 + R4, R2 <+ Ra, R3 — Rs — R1, Rs — Rs — R1, we get the matrix

11 2 0 3
01 10 2
00 -4 1 =3
0 0 1 2
0 0 0 2

Note that because of the row swap, the determinant of the new matrix is minus the determinant of the original.
Expanding by the first column, the determinant of the latter matrix is

1
1 2| = —4 -3
0
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9. Let A denote the matrix

[4] (a)
[4] (b)
[2] ()

Find the eigenvalues of A.

Find the eigenspaces of A.

Is A diagonalizable?

Justify your answer.
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3 1 -1
1 3 -1
2 -1 2
ANSWER
2,3
ANSWER
Ey=sp([1,2,3
Fs=sp([1,1,1
ANSWER
No, because the sum of the dimensions of the
eigenspaces is less than the size of the matrix.

EXPLANATION

A—3 —1 1
|)\]—A|: A—3 A=3 1 Cl—>01—|—02701—>01+03
A—3 -1 A=2
1 —1 1
:()\—3) 1 A-3 1 Cl—>()\—3)01
1 -1 A=2
1 —1 0
=(A=-3)| 1 x-3 0 Cs > G =y
1 -1 A-3
=(A=3°(1-2) expansion by column 3
[0 —1 17
Fs = nullspace (37 — A) = nullspace -1 0 1 =sp([1,1,1]).
-2 11|
[ —1 —1 1]
F5 = nullspace (27 — A) = nullspace -1 -1 1 =sp([1,2,3]).
-2 1 0
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3/10 4/10 3/10
10. Let A denote the matrix | 1/10 2/10 1/10 |.
6/10 4/10 6/10

It is given that the eigenvalues of A are 0, 1, 1/10.

[4] (a) Find C such that C~'AC ANSWER
is a diagonal matrix.
14 1 1
C= 5 1 0
26 -2 -1
(4] (b) Compute lim,_,, A”. ANSWER
1 14
lim A"=—1| 5 |[1 1 1]
n—co 45 2%
EXPLANATION
3 43
FEy = nullspace(07 — A) = nullspace(10A4) = nullspace 1 2 1 =sp([1,0,-1])
6 4 6

-7 4 3
F1 = nullspace(I — A) = nullspace(10A — 107) = nullspace ( [ 1 -8 1 ]) =sp([14,5, 26])
6 4 —4

2 4 3
E1 /10 = nullspace((1/10)1 — A) = nullspace(10A — I) = nullspace ( [ 11 1 ]) =sp([1,1,-2])
6 4 5

Let C' be the matrix displayed in the answer box above. Then C~'AC = D, where D is the diagonal entry with
diagonal entries 1, 1/10, and 0 respectively. Therefore A" = CD"C~1. Now

10 0
0 0 0.
0 0 0

10 0 L[
0 0 0 CHZE 50[1 1 17].
00 0 26

Note that [14,5,26] is the first column of C, while (1/45)[1,1,1] is the first row of C~1. Note that det(C') = —45
and that we can compute the first row of C'=! from the formula C =1 = (1/det(C)) adj(C'), obtaining

" 0 0
lim D" = lim 0 1/10™ 0

Therefore

lim A" :C(lim D”) cl=C

n—o0 n—o0

(1/det(C)) H B ‘_‘ B H L H — (—1/45)[~1,~1,~1].
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11. Let W denote the subspace of R* defined by W = sp([1,1,—1,1],[1,1,0,0]).
Let b = [by, bo, b3, by] be a general vector in R*.

[3] (a) Find the orthogonal ANSWER

complement WL of V.
Wt =sp([1,-1,0,0],[0,0,1,1])

[3] (b) Find an orthogonal ANSWER
basis for V. {[1,1,0,0],[0,0,—1,1]}

3] (c) Find by the projection of b ANSWER
on . Your answer should 1
give the components of by, = [b1 + b2, by + ba,bg — by, by — b3]

s 2
explicitly in terms of b1, b5,
b3, by.

EXPLANATION

(a) WL:nullspace<[} 1 _(1) é]):nullspace([é é ? _(1)])

(b) Let vy, vy denote [1,1,0,0], [1,1, —1, 1] respectively. Applying the Gram-Schmidt method we get

. /
0/1:1;1’ 1;/2:”2_<v2 v/l)vllz[oaoa_lal]'

/
vl-vl

(c) There are three ways to compute by . Since we have already computed an orthogonal basis for 1, it is most
convenient to use the formula found in §6.2 of Fraleigh and Beauregard.

b v b-v!

1 / 2 /

bW:( Iy oyl v+ Iy oyl Uy
R Uyt Uy
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1 0 1
01 -1
-1 1 -1

MATH 232
12, Let
1 -1 0 0 10
R R N S
1 0 0 -1 0 1
s=lo ] e[V S] w0 ]
and
B:<Bl,BZ,BS> B/:<B4a B5aB6>~
Let V denote the subspace of IR?*? of which B and B’ are ordered bases.
Let 7': V — V be the linear operator defined by
2 1
T(X):X[1 2] (X eV).
(5] (a) Compute the change of ANSWER
basis matrix C3 5.
CB,B’ =
[5] (b) Compute the matrix [7], ANSWER
which represents 7 with
respect to 5.
[T = [

EXPLANATION

(a) By =Bj]—Bjandso (B1)g =[1,0,—1]
By = By + Bf and so (By)z = [0,1,1]
B3z = B — By — B and so (By); =1[0,1,1]

(b) T(By)= By and so T(B1)s =[1,0,0]
T(Bz2) = Bz and so T(B2)s = [0, 1, 0]
T(Bg) = —Bl + Bz + 333 and so T(Bg)B = [—1, 1, 3]
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[6] 13. Find a rotation of R3 ANSWER
which diagonalizes the
quadratic form

I e

no@ R
|
SILSFSIL
SIS~
wl @ =

207+ 3y° + 227 + 2wy +2yz.

EXPLANATION

Let A denote the symmetric matrix

2 10

1 3 1

0 1 2
Note that the given quadratic form can be written in terms of A as

T

z z z
[x Y z] Alyl =yl Aly
z z z
To find the eigenvalues we solve
A—2 -1 0
A\ — A| = -1 x-=3 -1 |=0.
0 -1 A=-2

It turns out that the eigenvalues are A = 1, 2, 4. Next we compute
Ey =sp([1,—1,1]), FEy =sp([—1,0,1]), Ey=sp([1,2,1]).

Now we choose (' so that its columns are eigenvectors of A which form an orthonormal basis of R? and so that |C'| = 1.
The substitution [z, y, z] = C[Z,7, Z] converts the given quadratic form to
T
C AlC

Ty zCTAC |g| =7 +25° +47°.

n| @ x|
| @ &
[l
=
n| @ x|

Note that [z, y, z] = C[Z,7,Z] is a rotation because C' is orthogonal and |C| = 1.
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6 14. Explain briefly the role of diagonalization of 2 x 2 matrices in classifying curves in R? whose
g g
equations have the form
ar? +2bxy+ ey’ +de4+ey+f=0

with a, b, ¢, d, e, f € R.

ANSWER

Diagonalization of the quadratic form az? + 2bxy + cy? by a rotation of axes, followed by a translation of axes, allows
us to find a rectangular coordinate system, with the same scale, with respect to which the equation of the curve has

one of the ‘standard’ forms:
a7+ c’?z + f =0 (with a’d’ #£0), T+ ey =0, T+ F=0.

From the standard form the nature of the curve is immediately clear. Thus in this context diagonalization should be
seen as the first step in a two-step process.

Diagonalization of the quadratic form az? 4 2bxy + cy? is the same as diagonalization of the symmetric 2 x 2 matrix

The mechanics of diagonalization are exactly as illustrated for a 3 x 3 matrix in the answer to the previous question.

The immediate purpose of the diagonalization of A is to give a rotation [z,y, z] = C[Z,7,Z] of axes which converts
the given equation to a similar equation in Z, ¥ in which the coefficient of Z7 is 0.



