Mathematics 251-3 (Fall 1996)
Old Final Exam from Dr. Ryeburn

Final Examination Answers Thursday, December 5, 1996
1. Does ( !lg(]o 0)% exist? If it exists, what is its value?
X,y )

Do not give an e-d argument, but support your conclusions with convincing reasoning.
You may use any theorems discussed in the course.

. 4_ y4 . .
If ( |)IG£I‘(IOO));4—_&1 existed then along any line y = kx
X, ,
’ X4- K4x4

we would get the same value for Igrg TR -
But the latter limitis %Tl':—: dependent on k.

. X4-y4 .
So o yl)lg?o 0))«4—44 does not exist.
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2. The distance A between (2,1,1) and (5,-5,-1) isexactly 7.

Use differentials to give a close approximation to the distance D between

(2.011.02, 0.98) and (5.03,- 5.01 -1.02) involving indicated sums, differences,
products, or quotients but without using square roots. Your answer should be ready
for the use of a cheap calculator that can add, subtract, multiply, and divide, but you
should not make any actual arithmetical calculations you would ordinarily do on such a
calculator. Think! Don’t make this a six-variable question!

A=(5-22+(-5-1)2+(-1- 12=[3 +(- 6)2+(- 2)2 =\/49 = 7.

D = /(5.03- 2.01% +(- 5.01- 1.02)2 + (- 1.02- 0.98)2 =,/3.022 +(- 6.03)2 + (- 2)2.
Let f(x,y)=x2+y2+4, sotha A =f(3,-6) and D =f(3.02, - 6.03).

Since we want to approximate f(3.02, - 6.03), put x=3, y=- 6,

dx =0.02, and dy—- 0.03.

%:—,/m’ G- 6)=
— f —_ 6
l ./m %7(3"6)"7'

Thus df(3, - 6,0.02,- 0.03)=3>0.02- § x- 0.03)= 224
and D»7 +972£', giving the requested approximation.

My calculator approximates 7 +22% as 7.034285714.
3022+ (- 6.03)2 + (- 2 =/9.1204+ 36,3600 + 4 = /A94B13 » 7.034294563,

% » 0.000245421.

so the approximation is excellent. In fact
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3. Let T be the closed bounded triangular region in the xy-plane whose vertices
are (0,0), (-1,0), and (0,- 3). Let f(x,y)= x2- 2xy +y?2- 4x +4y +7.
Maximize and minimize f(x,y) throughout T. Make your reasoning clear!

fo_ f _
%-2x-2y-4 and %_-2x+2y+4 y

so to find the critical points we equate these
to zero and solvefor x and vy.

Unfortunately % =- %])i( so the resulting

system of two equationsin two unknowns

has infinitely many solutions! All x and y T Q

haveto doisto satisfy x- y=2. Thereare 04

infinitely many points in the plane where that K

condition holds; there are even infinitely many 4

of them inside our triangle, along the line (- 0.25 - 225\ (0, - 2)

segment between (- 1/4, - 9/4) and (0, - 2). ' ' '
2f _ 2f _ 2f _ 2 _

w2 572 gy 2 S ©, - 3)

2
%]f(—fz%]% - (%) =0, telling usnothing
about these points.

A bit of algebra can rescue us.

f(X,y) = (X- y)2- 4x-y)+7=((x-y)- 2)°+3 clealy hasan
absolute minimum value of 3 everywhereaongtheline x-y = 2.
The minimum value, 3, of f(x,y) withinthetriangular region T occurs
everywhere along the line segment between (- /4, - 9/4) and (O, - 2).
To find the maximum we must ook along the boundary of T.

On the segment between (-1,0) and (0, 0), wehave

f(x,0) =x2- 4x+7=(x- 2)2+ 3 sothe maximum value along this
segment is obtained by taking x asfar aspossiblefrom 2, andis
f(-1,0)=12.

On the segment between (0, 0) and (O, - 3), we have

f(O,y) =y2+4y +7=(y + 2)2+ 3 so the maximum value along this
segment isobtained by taking y asfar aspossiblefrom -2, andis
f(0, 0) =7.

On the segment between (-1,0) and (0, - 3), where y=- 3x- 3,
f(x,y)=((x- y)- 2)* +3=(x- (- 3x- 3)- 2)° +3=(4x +12 +3

so the maximum value along this segment is obtained by taking x asfar
aspossiblefrom -1/4, andis f(-1,0)=12.

The maximum value of f(x,y) withinthetriangular region T is
f(-1,0)=12.

(-10 (0,0
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Use the method of Lagrange multipliers to find the absolute maximum and

minimum values of the function f(x,y)= x? +4x +y? + 6y subject to the constraint
x2- 4x +y2 =21. (The constraint condition defines a circle — a closed, bounded set.)

Note: There are many other ways to answer this question. No credit will be given unless

the method of Lagrange multipliers is used.

The constraint condition can be written as x2- 4x + 4+ y? =25, or
(x- 2)? +y? =52, acirclewith centre (2,0) andradius 5.

Since f(x,y)=x2+4x +y?+ 6y iscontinuous, it must have absolute
maximum and minimum values somewhere on this circle.

Let g(x,y) =x?- 4x +y? sothat our constraintis g(x,y) = 21.
Ng(x,y) = (2x - 4)i+2yj=2(x- 2)i+2yj* 0 onthecircle

(x- 2)2 +y2 =52, sowecheck Nf(x, y) =1 Ng(x,y).

Nf(x, y) = (2x + 4)i+(2y +6)j =1 ((2x - 4)i+2y]).

Wemust solve 2x+4=1(2x- 4) and 2y +6=1(2y),

subject to the condition x?- 4x +y? =21.

Multiplying the first equation by 2y andthe secondby 2x - 4,
(2x+4)(2y) =1 (2x- 4)(2y) =(2y + 6)(2x - 4).

Eliminating the middle expression, (2x +4)(2y) = (2y +6)(2x - 4).
Thissimplifiesto 8y =12x - 8y - 24, s0 y=0.75(x - 2).
Substituting thisinto the constraint equation (X - 2)? +y? =52,

we obtain %Syz +y2=25 s0 %—?yz =25 y?=9, and y=%3.
Since x=2+4y, ourpointsare (- 2,- 3) and (6,3).

f(- 2,- 3) =-13 givesthe minimum valueand f(6, 3)=87 givesthe
maximum val ue.

Actually the question can be answered (but not y

for credit!) geometrically.
f(X,y) =X +4x +y’ + 6y = (6,3)
= (x+2)% +(y +3)? - 13 is 13 lessthan the ’
sgquare of the distance from the point (- 2, - 3)
to the point (X, y).. _ (2', 0)
Thiswill be minimized by getting as close as
possibleto (- 2,- 3) and will be maximized -2,-3)
by getting as far as possible from (- 2, - 3). ’ s .
Thepoint (- 2,- 3) however is actually on (x-2)+y" =5
our congtraint circle (x - 2)?2 +y? =52, soweminimize f(x,y) by being there.
We maximize f(x,y) by being at the diametrically opposite point (6,3).
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If f(x,y)=2
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function f(x,y).

£ =4x+16y =4(x +4y) and {T =16x- 3y?+ 64y +300.

Equating %]—f( to zero, x =- 4y.

Substituting thisinto % and equating the result to zero,

-3y?+300=0, so y2=100 and y ==10.
Thecritical pointsare (40, -10) and (- 40,10).

T - = A .
L=a Il=-6y+64, and L =TT =16

0 1 Y O [
D=1 Ty? (ﬂxw) =-2dy.
D(40, - 10) = 240>0, ££(40,-10)=4>0, and 1Ty2(40 10) = 124 >0,

so f(40,-10) =- 2000 isalocal minimum value.
D(- 40,10) =- 240<0, sothereisasaddlepointat (- 40,10).

Algebraists can write f(x,y)=2(x +4y)2+ (20 - y)(y +10)?- 2000.
2(x +4y)? cannot ever be any smaller than its zero value at (40, - 10).
Near (40, -10) thefactor (20- y) stayspositive sotheterm

(20 - y)(y +10)? cannot be any smaller than its zero value at (40, - 10)
unless we move far enough away to make y > 20.

So the remaining term - 2000 provides the local minimum value there.

Likewise f(x,y)=2(x +4y)2- (20 +y)(y - 10)? + 2000.

Near (- 40,10) thefactor (20+y) stayspositive.

If we move away from (- 40,10) in either direction along the line

x+4y =0 thefirstterm 2(x +4y)? staysat zero but the second term

- (20 +y)(y - 10)? becomes more negative as we recede, for awhile.

(It will not do this forever; it will become positiveif y <- 20.)

If we move away from (- 40,10) in either direction along the line

y =10 thesecondterm - (20 +y)(y - 10)? staysat zero but the first term
2(x + 4y)?> becomes more positive as we recede.

The function value at this saddle point is the remaining term 2000.

X2+ 16xy- y* +32y2 +300y, find and classify all critical points of the
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6. (a) Inwhat direction does the function f(x,y)= 2x2+ 16xy- y* +32y2+300y of
Question 5 increase most rapidly at the point (0,10)?

Nf(x, y) = (4x +16y)i + (16x - 3y2+ 64y +300)j so

Nf(0,10) = 160i +640j = 160(i +4]).

A unit vector inthisdirectionis u = ml +EJ
Thisisthedirectionin which f(x,y) increases most rapidly at (0,10).

(b) How rapidly does f(x,y) = 2x?+ 16xy- y® +32y? +300y increase in its
direction of most rapid increase, at (0,10)?

[N (0,10)| =[160i +640j| =|160(i +4j)| =160v/12 + 42 =160./17
istherate of increase of f(x,y) inthedirection of most rapid increase,
at the point (0,10).

(c) How rapidly does f(x,y) = 2x?+ 16xy- y3 +32y2? +300y increase in the
direction towards (- 3,14) at (0,10)?
The direction in question is that of the vector (- 3i +14j)- 10j = - 3i + 4j.
A unit vector in thisdirectionis v = - 2’| +Z 5]

D, (0,10) = Kif(0,10) %/ = (160|+6401)>( 3j+4 ) 416 givesthe
rate of increase of f(x,y) inthedirection towards (-3,24) a (0,10).
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7. |l want to make a box, with bottom but no top, in the shape of a rectangular
parallelepiped. The box is to have volume 375m3. The material used for the bottom
costs $12 per square metre and the material used for the four vertical faces costs $2
per square metre. What dimensions give the cheapest box?

(You should find only one critical point; you need not verify that it provides a minimum.)

Let the box have width x, length y, and height z, each measured in

metres. Then xyz =375 so0 z = §x7y5 and the cost of the material is

C(X,y) =12 xxy + 22 X7 + 2 X2 xyz = 12xy +1—5y09 +£3x09.
Ic _ - 1500 IC _ - 1500

T 12y - =% and Ty 12x V-

Equating these partial derivativesto zero, x2%y = 125=y?x.
Consequently (xy)3 =x3%y3® =125> =253, so xy =25
andfinally x=5=y.

The box should have a square base 5 metres on aside,

and should be 15 metres high.

Itis clear that very high, or very wide, or very long boxes will be very
expensive, so this unique critical point must give an absolute minimum.

Note that the base of our cheapest box will then cost $300, and each
vertical face will cost $150 so that each pair of parallel vertical faceswill
together also cost $300. We are being dimensionally fair in our allocation
of money.

One could alternatively eliminate y infavour of x and z (or X in
favour of y and z), but the algebrawould be uglier.

Another way to answer this question isto use Lagrange multipliers.
Wewishto minimize K(X,y, z) =12xy + 4xz + 4yz subject to the
constraint G(x, y, z) = xyz = 375.

First notethat NG(x,y, z) = yzi + xzj + xyk * 0 if xyz =375.

NK(X, y,2) = (12y +42) i + (12x +42) j +(4x + 4y) k.

Tohave NK(x, y,2)=1NG(x,y, z) and G(x,V, z) =375 we solve
12y +4z=1yz, 12x +4z=1xz, 4x+4y =1xy, xyz =375.
Multiplying the first equation by x, the second by y, and thethird by z
and then comparing, we seethat 12xy + 4xz = 12xy +4yz = 4xz + 4yz.
Sincenoneof X, y, or z can be zero (their product is 375),

it followsthat x =y and z =3x = 3y.

Substituting into xyz =375, 3x3=375 so x=y=5 and z =15.
Again the box height should be 15 metres and its square base should be
5 metreson aside.
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8. Find the surface area of the portion of the paraboloid z =20- x2 - y? between the
planes z =4 and z =11.

The paraboloid meetsthe plane z =4 where x2+y2=16 and z =4.
The paraboloid meetsthe plane z =11 where x?+y?2=9 and z =11.

2 2
%]f=-2x and %Z:-Zy S0 1+(—11%) +(—11%/) = J1+ 4x2+ ay2 =(1+4r9)".

. _\2p A » _ 3% q wel4, _
The surface areais S= () Q) (1+4r2) rdrdg= 5 (1+4r2) ]sdQ—
_ 2P 65J65- 3W37
-Q 12

_ 65J65- 3737 PP _ 65J65- 37/37
=" 9, =— & P
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- N 5100
9. Evaluate the integral (), () —— (x* +y?J" dydx.
Theregion of integration isacircular disk of radius 4 with centre the
origin.
4 JB% 2P

2)' dy dx = (‘ip(‘i(rz)100 rdrda= ¢ (‘Srmldrdq:

N

o
5

—

X
N}

+
<

2p 4202 _ 4202 _J2p _ geoe

P24
=Q Lm]Od(F Q mdq—mq]o =To1P
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10. Evaluate the integral QB QGX xycos(y“)dy dx.

Interchanging the order of integration, y
\3 \6 4 \6 \y,2 4 y = 6
O Q, xycos(y*)dydx = ¢ xycos(y*)dxdy= 0,6~ (36)
G w2 6

=0 %xzycos(y“)]o dy=Q) 3y’ cos(y*)dy=

. 6 . &
=§1zsm(y4)]0:-§129n1296. © _\:;\’

X
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Let C be the closed curve consisting of the line segment from (0,0, 0) to
(11, 5), followed by the line segment from (11, 5) to (0,1 5), followed by the portion
of the parabola r(t) =(1- t)j+(5- 5t?)k from (0,1, 5) to (0,0, 0).

Evaluate the line integral Q ez dx +xzeY* dy + xye¥* dz.

Onthesegment C, from (0,0,0) to (1,1,5 we canwrite
Xx=t, y=t, z=5t, O£t£1.

1 2 2 2
Q ez dx +xzeY?dy + xye”? dz= Q[é‘ A + 5t2e 1 +t2%e™ >6] dt=

a0tz +1)e di=te’]} = &.

Onthesegment C, from (1,1,5) to (0,1,5) we canwrite
=1-t y=1, z=5 0£t£L

Q. e dx +xze"dy +xye” dz = 6[e5 M- 1)+ 5x1- t)e>x0 +1x1- t)e®0|dt =

x

=- e5t]10: -es.
On the parabola portion C; from (0,1,5) to (0, 0,0) we canwrite
x=0, y=1-t, z=5-5t?, 0£t£1L

Q. ©”" dx + xze¥*dy + xye"? dz=

- ql[e(l- 0(5- 5t2) %) 4 () xell- D6 5¢) X~ 1)+0xet 06 5t2) (- 10t)]dt =0.
Summing the contributionsover C,, C,, and C;,
Q ev2dx +xze¥?dy + xye?dz=0.

Thisisthe hard way to answer the question.
Instead, observethat eY?dx +xzeY* dy + xye’” dz = d(xe"?).
Since C beginsandendsat (0, 0,0) we have

(0,0,0)
=0.

A ez yzZ z = x@aYz =
Qe dx +xze¥*dy + xye* dz = xe ©0.0)
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12. Let C be the closed curve consisting of the line segment from (0,0) to (5,0),
followed by the quarter of the circle x?+y? =25 from (5,0) to (0,5), followed by the
line segment from (0,5) to (0,0).

Evaluate the line integral ¢) (2xy? +y) dx +(2x2y - x)dy.

On the segment C, from (0, 0) to (5,0)
wecanwrite x=t, y=0, OE£t£5. (0, 5 +o

Ql (2xy? + y)dx +(2¢y - x)dy = £

= (04~ t0) dt= §0dt = 0. 5
Onthearc C, from (5,0) to (O, 5)
we canwrite x =5cost, y=>5sint, 0£t£ p/2.

Q2 (2xy2 + y)dx + (2x2y - x)dy = C, (5,0)

= (‘QFJ'Z[(ZSOcostsinzt+ 5sint) (- 5sint) + (250cos’tsint - 5C°St)’(5C°St)] dt=

\PI2 .3 .2 3, 2
=Q [ 1250costsin’t - 25sin“t + 1250cos’tsint - 25cos t] dt =

= Qm2[1250005tsi nt(cos’t - sin’t)- 25(cos’t +sin? t)] dt=
=) [625sin(2t)cos(2t) - 28]t = (156.255in (21) - 25t)|"" = - 12.5p.

Onthesegment C, from (0, 5) to (0,0) wecanwrite
x=0, y=5-1t 0£t£5.

O (2072 +y)dx+(2x%y - x)dy = [(5- 1) 20+ 0x- 1) ct = § Oclt = 0.
Summing the contributionsover C,, C,, and C;,
Q (2xy® +y)dx +(2x%y - x)dy =-12.5p.

Thisisthe hard way to answer the question.
Using Green’s Theorem instead, let D be the sector inside C.

Since %(szy- x)- ﬁ1]>;(2xy2 +y) =(4xy - 1)- (4xy +1)=- 2,
O (27 +y)d+ (2xy - X)dy = ) (- 2dA =& (- Drdrdg=
=8"( rz)]jdq = & 25)dg=(- 25q)] "= 125p.



