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Introduction
Let r be a xed prime number 3. The aim of this lecture was to survey the works which
have been done on the diophantine equation

xr + y r = z p 

(1)

p being a prime number at least 5 other than r. So in the following the prime number p is
allowed to vary, and typically we will be faced with the problem where p is large relative
to the xed prime r.
We will say that an integral solution (a b c) to the equation (1) is primitive if we have
gcd(a b c) = 1, and is non trivial if abc is non zero. We will denote by S (r p) the set of
the non trivial primitive solutions of the equation (1).
The main problem related to this equation is the following :

Problem. Describe the set S (r p).
In light of the abc conjecture, it is tempting to make the following conjecture :

Conjecture 1. The set S (r p) is empty if p is large enough.
Let us de ne F (r) to be the set

F (r) =

p 5

S (r p):

Actually H. Darmon and A. Granville have shown that S (r p) is nite (cf. 2], p. 515,
th. 2). This implies that the previous conjecture is equivalent to the following :

Conjecture 2. The set F (r) is nite.
In fact there is no example of pair (r p) for which S (r p) is known to be non empty. The
most optimistic conjecture would then be (why not) :

Conjecture 3. The set F (r) is empty.
Let us see in the next section the known results in the direction of these conjectures.

I. The known results
They mainly concern the cases r = 3 and r = 5. They are all consequences of the proved
results on the Taniyama-Weil conjecture (cf. 14]). The last one has been recently obtained
by B. Conrad, F. Diamond and R. Taylor : they have shown that an elliptic curve de ned
over Q whose conductor is not divisible by 27 is modular. At rst H. Darmon and A.
Granville have proved in 1993 the result below (cf. 2], p. 530, prop. 4.4) :

Theorem 1. Let p be a prime number 17. An even pth power cannot be expressed as
a sum of two relatively prime cubes.

I proved in 1997 the following results (cf. 8]) :

Theorem 2. Let (a b c) be an element of S (3 p). The two-adic valuation of ab is one and
the three-adic valuation of c is at least one.

Theorem 3. a) Let p be a prime number such that 5  p < 104. The set S (3 p) is empty.

b) Suppose that p is a prime number 5 such that q = 2p + 1 is prime and that q is a
square modulo 107 and modulo 109. Then the set S (3 p) is empty.
Actually, if p is explicitly given, we dispose of an algorithm, which allows one often in
practice to prove that the set S (3 p) is empty. This is for instance the case if p = 479909,
which is the forty thousandth prime number.
With H. Darmon we have obtained the result below when r = 5 (cf. 6]) :

Theorem 4. Let p be a prime number 5. An even pth power cannot be expressed as a
sum of two relatively prime fth powers.

II. The method used to obtain these results
Let us describe the method which was used to get these results and which perhaps could be
used to obtain similar results for exponents r other than 3 and 5. At rst, we consider an
element (a b c) of S (r p). Then we construct an elliptic curve F = F (a b c) de ned over
Q , which we will call a Frey elliptic curve, such that the following conditions are satis ed :
(i) the curve F has semi-stable reduction at p, and the exponent at p in its
minimal discriminant is divisible by p 
 
(ii) the representation Fp : Gal(Q =Q ) ! Aut F p] of the Galois group Gal(Q =Q )
in the p-division points of F is irreducible  moreover Fp is unrami ed outside the set f2 rg  fpg 
(iii) there exists a prime number at which F has multiplicative reduction.
To such a representation Fp , J.-P. Serre associates two integers : a weight k which is 2
and a conductor N = N (Fp ) which is prime to p (cf. 12]). These invariants measure the
rami cation of Fp . In our situation we have k = 2 (condition (i)) and the prime numbers
which may divide N are 2 or r (condition (ii)). If F is modular, which appears to be the
case in our situation if r = 3 or r = 5, it is now proved that if p is greater than an explicit
constant C (N ), there exists a modular elliptic E de ned over Q , whose conductor is N ,
such that the Galois representations in the p-division points of F and E are isomorphic.
(cf. 13], 2.2, Remarques 2) and 7], th. 3).
Then by mean of arguments concerning the Galois properties of the division points of
elliptic curves, we are led to a contradiction for the existence of the solution (a b c) (cf.
4], 10] and 11]).

III. Description of the algorithm in the case r = 3
Let us describe now an algorithm which allows one often in practice to prove that the set
S (3 p) is empty.

We have to consider the elliptic curve E over Q given by the equation

y2 = x3 + 6x ; 7:
It is the curve numbered 72A in Cremona's tables (cf. 1]). Its conductor is 72. If l is a
prime number 5, let us denote by nl (E ) the number of points rational over the eld Fl
of the curve E~ deduced from E by mod l reduction. Let us then put

al (E ) = 1 + l ; nl (E ):
Three conditions must be ful lled in our algorithm. For the rst two we have to nd an
integer n 1 such that q = np + 1 is prime and p does not divide aq (E )2 ; 4. Suppose we
get such an integer n (which is easy to get)  then we have to consider the subset A(n q) of
the nth roots of unity in Fq of the elements  such that the following condition is satis ed :
; 31 + 36 is a square in Fq :
If  is an element in A(n q), let  be the least integer 0 such that
2 mod. q = ; 13 + 36:
We associate to  the Weierstrass ane equation over Fq :
(W )

Y2

= X3 +



!

1 ; 27 X +  2 + 27 :

9
81

The discriminant of (W ) is ;24 :33: 2. It is in particular non zero, and (W ) is an elliptic
curve de ned over Fq  let nq ( ) the number of its rational points over Fq . We put

aq ( ) = q + 1 ; nq ( ):
Then the statement of the algorithm is the following :

Theorem 5. Let p be a prime number 5. Suppose there exists an integer n 1 such

that the following conditions are satised :
a) the number q = np + 1 is prime 
b) we have aq (E )2 6 4 mod. p 

c) for all element  belonging to A(n q ), we have aq ( )2 6 aq (E )2 mod. p:

Then the set S (3 p) is empty.
For instance, with the software calculus PARI, we see that the set S (3 479909) is empty
by applying the above theorem with n = 14 (it is the least possible integer n).

IV. The Frey-Mazur Conjecture
Actually it would be very interesting to construct Frey elliptic curves corresponding to
many exponents r because of the following conjecture on elliptic curves which I will call
the Frey-Mazur conjecture (cf. 9], p. 133 and 3], p. 148) :

Conjecture 4. Let E be an elliptic curve dened over Q . Let AE be the set of the prime

numbers p such that the condition below is realised :
there exists an elliptic curve E (p) over Q , non isogenous to E , such that the Galois modules
of the p-division points of E and E (p) are isomorphic.
Then the set AE is nite.
It is a consequence of the abc conjecture. We do not know any elliptic curve E satisfying
(or not) the conjecture 4. Let r be a prime number 3. Suppose that for all prime p 5
there exists a Frey elliptic curve associated to each element (a b c) of S (r p) as indicated
in the section II. Then if the Frey-Mazur conjecture is true, one can show that the set F (r)
is nite. In particular we have the following result (cf. 2], p. 530 et 6]) :

Theorem 6. If the Frey-Mazur conjecture is true, the sets F (3), F (5) and F (7) are nite.
In fact the possible existence of a Frey elliptic curve corresponding to an exponent r is
more or less equivalent to answer in the armative to the following question (cf. 6]) :

Question. Let r be a prime number n3 and T be ano indeterminate. Let r (T ) be the
rth cyclotomic polynomial and S be set T ; 1 r (T ) . Does there exist an elliptic curve

dened over Q (T ) with good reduction outside S , and with multiplicative reduction at
r (T ) and possibly at T ; 1 ?
The answer is positive if r = 3, r = 5 and r = 7. In these cases we give below such an
elliptic curve E (T ) answering positively to the above question : 1) for r = 3 :

E (T ) :

y2 = x3 ; 3T x + 1 + T 3:

2) For r = 5 :
3) For r = 7 :
with

E (T ) :

y2 = x3 + 5(T 2 + 1) x2 + 55(T ) x:

E (T ) : y2 = x3 + a2 x2 + a4 x + a6 
a2 = ;(T + 1)2 a4 = ;(2T 4 + T 3 + 5T 2 + T + 2)
a6 = T 6 + 6T 5 + 8T 4 + 13T 3 + 8T 2 + 6T + 1:

When r is 11 it seems not quite promising to get such an elliptic curve E (T ) because of
some reasons linked to the abc conjecture which is known to be true in the function eld
case. This shows in some sense the limit of the method, if we wish to stay in the setting
of elliptic curves, in order to get informations towards the conjecture 2. As H. Darmon
pointed out in his lecture (cf. 5]) it seems now suitable to try to introduce the notion of
hyperelliptic Frey curve.

V. The hyperelliptic Frey curve
Actually for all prime number r 3, there exists an hyperelliptic curve de ned over Q
which generalises the situation already encounted in the case r = 3. Let (a b c) be an
element of S (r p). Then there exists C = C (a b c) an hyperelliptic curve de ned over Q ,
of genus (r ; 1)=2, whose jacobian has real multiplications by the totally real sub eld of
the rth roots of unity. The receipt to get an equation of C is the following : let  be a
primitive rth root of unity and g(T ) be the irreducible polynomial over Q of  +  ;1. Then
an equation of C is
 x2 !
r ;1
2
C : y = (ab) 2 x g + 2 + br ; ar :

ab

The discriminant  of this equation is
r ;1
 = (;1) 2 :22(r;1) :rr :cp(r;1) :
If r = 3 we recover the elliptic curve considered in 2] and in 8] given by the equation
y2 = x3 + 3ab x + b3 ; a3 :
In order to show that S (r p) is empty one can try then to adapt the arguments used in
the setting of elliptics curves to the hyperelliptic situation. Of course we do not dispose of
many results about Galois modular representations in dimension 2. But as H. Darmon
has shown in his preprint 5], the consideration of hyperelliptic Frey curves seems really
now a new direction to study generalised Fermat equations.
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