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I ntroduction

Let § = {z € C|Im(z) > 0} be the upper half complex plane and let T' = PSL,(Z)
be the modular group. Then I' acts on $ by the fractional linear transformation :

a b az+b a b
(C d)(z)_cz—l—d where (C d)eF and z € 9.

The quotient /T isan open Riemann surface of genus zero. We compactify itby adding
the point at infinity, the cusp of I'. This compact Riemann surface will be denoted by
SH*/T.

Let j(z) be the elliptic modular function. Then j defines a complex analytic isomor-
phism of compact Riemann surfaces

jio* /)T =PHC), 2w j(2),

that is, j is the uniformizer of $*/T', and it generates the function field of $*/T" over
. Furthermore, at z = oo the function j(z) hasa ¢-expansion of the form

§(z) = 7' 4 744 + 1968844 + 21493760¢% + - - - where ¢ = ™%,
We normalize it by subtracting the constant term

J(z) = j(z —744_—(]_1—1— ci(n)g™ with ¢;(n) € Z forall n > 1.
J J Z
n>1

We may call J having the above properties a canonical Hauptmodul for the “genus zero
group” T.

More generally, let G be any discrete subgroup of PSZL,(R) such that H*/G =
$/G U {cusps of G} is a compact Riemann surface of genus zero. We may call such
a group GG a genus zero subgroup of PSLo(R). A Hauptmodul f for the genus zero
subgroup G is then:

(1) a meromorphic functionon $*/G,
(2) a generator of the function field of $*/G over C, or equivalently,
(2°) a uniformizer

f9 /G = PHT), 2w f(2).
In all cases considered in this paper, G contains the the transformation = — 2z +1 so

that f has a g-expansion in terms of ¢ = ¢>™*. Furthermore, if f has a ¢—expansion
of the following form with the constant term normalized to 0:

fz)=q¢ '+ Zcf(n)q" with c¢¢(n) € Z forall n > 1,
n>1

f is called a canonical Hauptmodul for a genus zero subgroup G.

(The reason for normalizing constant terms in the ¢ —expansion of Hauptmoduln to 0
is that constant terms are not a well-defined concept in Monstrous Moonshine, i.e., they
are not characters or even necessarily integers).
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Let N > 1 be an integer and let

MN):{(Z‘ Z)EF|CEO (mod N)}.

Then T'y(NV) isasubgroup of T' of finite index. The cusps of I'y (V) consist of the finite
set PY(Q)/To(N) and they are all defined over Q. Let

where < Wy > denotes the group of Atkin-Lehner involutions on X () (of order
2" if » distinct primes divide N'). Associated to X(/N)+ there is a subgroup G of
PSLy(R), which contains T'o(N) as a normal subgroup. We denote such a group by
To(N)+. (If N is prime, then T'o(N)+ = T'o(N) + wny where wy = (_ON é)
is the Fricke involution, and X¢(/) is a double covering of X(N)+.) There are only
finitely many values of N for which X(V) or Xo(N)+ has genus zero. Let & denote
the set of prime values for NV giving rise to genus zero Riemann surfaces X, (/N)+, then

& =1{2,3,5,7,11,13,17,19,23,29,31,41,47,59,71}  (Fricke [13,14]; Ogg [23]).

Suppose that ' is a subgroup of P.SL,(IR) which contains T'x(N) for some N. G is
said to have level NV if N is the smallest positive integer for which I'y(N) € G.

Now we bring in the Monster, M, into our consideration. The Monster M is the
largest of the sporadic simple groups, of order

216320597611213317.19-23-29-31-41 -47-59 - 71 ~ 8 - 10°3.

Ogg [23] noticed that the primes dividing the order of M are exactly those in the set
&. The monster M acts on a graded vector algebra V' = V_; &1 V,, constructed by
Frenkel, Lepowsky and Meurman [12]. It was first shown by the same team that for each
n # 0, the dimension of an M —module V;, is equal to the n-th coefficient ¢;(n) of the
g —expansion of .J, the characteristic defining property of V. For any element g € M,
let Tr(g|V;,) denote the trace of ¢ acting on V;, for each n. Then Tr(g|V_;) = 1 and
Tr(g|Vy,) € Z forevery n > 1. Packaging together all these data, the Thompson series
was defined:
Ty(z) =q¢ ' + ZTr(an)q" where ¢ = 27%
n>1

If ¢ = 1u is the identity element of M, then Tr(ls |V,) = dim(V;,) = ¢;(n), so one
gets T1(z) = J(z) = j(z) — 744, the canonical Hauptmodul for I'. Furthermore, it
was conjectured (Monstrous Moonshine) by Conway and Norton [8] on a suggestion of
Thompson that for any element ¢ € M the Thompson series 7,(z) is a Hauptmodul for
a genus zero subgroup of level N = N{(g) divisible by the order of g. Moreover, this
genus zero subgroup lies between T'y(/V) and its normalizer in PSL;(IR).

This conjecture has recently been proved by Borcherds [5] using generalized Kac-
Moody algebras and a no-ghost theorem from string theory.

The main purpose of this paper is to study Thompson series evaluated at imagi-
nary quadratic arguments (singular moduli), and the fields they generate over imaginary
quadratic fields, and Q.
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We shall first recall the classical results (Kronecker’s Jugendtraum) on singular moduli
of the elliptic modular function j for I evaluated at imaginary quadratic arguments. (The
standard references on this subject are “Complex Multiplication” by Borel, et al. [4], Cox
[9], Lang [19] and Shimura [25].)

Let K be an imaginary quadratic field over @@ of discriminant dx and let O C K
be an order of conductor f, discriminant f?dx and class number 2(0). Let 7 €
£ (N O be an imaginary quadratic argument. Then j(r) is an algebraic integer (singular
modulus). This was proved by constructing the modular equation. A singular modulus
J(7) generates over K the ring class field, L, of O (the Hilbert class field if O is
the maximal order of K'). The Galois group Gal(Z/Q) is isomorphic to a generalized
dihedral group Pic(Q) = C2, where Pic(0Q) is the ideal class group of O of order A(0)
(=the class number of ©O). Moreover, any generalized dihedral extension of (Q is obtained
in this way.

The ringclass field L can be constructively realized over @ as the splitting field of the
minimal polynomial of j(r), called a class polynomial of ©. Furthermore, discriminants
of class polynomials and resultants of two class polynomials are highly divisible numbers
and their decomposition laws were described by the formulae due to Gross and Zagier
[16].

A similar theory should exist for any Thompson series, and we shall specifically look
into the following questions:

(a) Thompson series evaluated at imaginary quadratic arguments (“singular moduli”
of Thompson series);

(b) Explicit construction of “modular equations” associated to Thompson series;

(c) Explicit description of the “class fields” generated by singular moduli of Thompson
series, e.g., Galois group structure, class field structure;

(d) Explicit construction of “class polynomials” satisfied by singular moduli of Thomp-
son series;

(e) Gross-Zagier type formulae for the discriminants of class polynomials (more
generally, for the resultants of two class polynomials) determined in (d);

(f) Singular moduli of “roots” of some Thompson series.

A Thompson series T, (z) is said to be fundamental if it is a Hauptmodul for a genus
zero subgroup of level N when N is exactly equal to the order, o(g), of ¢ € M. (This
corresponds to the condition ~ = 1 in Conway and Norton [8].)

Our results are formulated for fundamental Thompson series 7; for genus zero
subgroups T'o(N) +¢, f, g, .

The questions (a) and (c) may be answered if we work out the Shimura Reciprocity
Law (Shimura [25], Theorem (6.31)) explicitly in our context.

For (e) we simply observe that discriminants and resultants of class polynomials factor
very highly, and that they seem to be governed by Gross—Zagier type formulae.

For (f) we discuss the illuminating examples considered in Yui-Zagier [30], that is,
singular values of Weber functions, which are the 24—th roots of a Hauptmodul for T'¢(2),
and then formulate a conjecture for singular moduli of “roots” of some fundamental
Thompson series.

Now we are ready to state our main results.
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Theorem |. Let T, be a fundamental Thompson series of level N = o(g) with a fixing
group G of the form T'o(N) + e, f,---. Then for each imaginary quadratic number
T € § satisfying az? + bz + ¢ =0, (a, N) =1, T,(7) is an algebraic integer.

In order to prove Theorem I, we shall construct “modular equations” associated to
Thompson series. Our proof is a direct analogue of the classical proof for singular moduli
of j.

Theorem I1. For any positive integer m such that (m, N) = 1, there exists an irre-
ducible symmetric polynomial ®Z (X,Y) € Z[X,Y] intwo variables X,V satisfying
the following properties:
Q) @Z@(Tg,Tg om) =0, and
(2) @L (X, X) has leading coefficient +1 if m is square-free.

Here 7}, o m means the composition of 7}, and the multiplicationby = map.

The essential point of Theorem 11 is the construction of a modular equation enjoying
the property (2), from which the algebraic integrality of 7,(r) for = would be derived.

Our results on the algebraic structures of the fields generated by singular moduli
of Thompson series are formulated in the following theorem. We restrict ourselves to
those singular moduli of Thompson series evaluated at the imaginary quadratic arguments
specified in Theorem |.

Theorem|Il. Let 7, be afundamental Thompson series of level N = o(g). Let K bean
imaginary quadratic field of discriminant d x. Let O be an order of K of discriminant
N2dg and class number h(Q). Let Pic(O) be the ideal class group of O. There is a
bijection + : Pic(0) — Ik (N)/ Pk z(N) where the latter is the generalized ideal class
group of K with modulus . Then following assertions hold:

(1) Foranyideal class a € Pic(Q), T,(¥(a)) generates the ring class field, L, of O.
(2) Foranyideal classes a, b € Pic(Q), define (7, (¢ (a))) by

o5(Ty(¥(a))) = Ty (¥(ba)))

where ~ denotes complex conjugation. Then o isawell-defined element of the Ga-
loisgroup Gal(L/K), and ¢ — ¢ induces anisomorphism Pic(Q) = Gal(L/K).

A constructive version of Theorem 111 can be derived if we translate the ideal formu-
lation to quadratic forms. Let Qg (V)/To(N) denote the group of primitive positive
definite quadratic forms [a, b, ¢], @ > 0, (a, N) = 1 ofdiscriminant dx modulo T'q(N).
Then there is a bijection between Pic(O) and this group.

Theorem IV. Foreach @ € Qq, (N)/I's(V), let 7o denote the rootof Q(z,1) =0 in
O N $H. Define the polynomial

Then
(1) M(X) isthe minimal polynomial of 7'y(r¢g) over @,
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(2) M(X) € Z[X] and is irreducible over @,
(3) The splitting field of M (X)) over @ is the ring class field L of K, and
(4) Gal(M/Q) = Pic(0) x Cs.

Observation. The resultants and discriminants of class polynomials are highly divisible
numbers with small prime factors. There are conjectural Gross—Zagier type formulae
describing the decomposition law of discriminants and resultants.

Conjecture. Let 7, be a fundamental Thompson series for T'o(N) + ¢, f,---, which
has shape:

n(az)n(bz)" - -
n(ez)n(dz)° -
Then the assertions of Theorem I-1V hold true also for *“roots™ of 7},.

Ty(z) = } withsome r € ZT.

Yui-Zagier [30] discussed singular moduli of Weber functions, which are the 24 -th
roots of Hauptmoduln for T'o(2), in the context of Theorem I-IV, and the conjectural
Gross—Zagier type formulae for resultants and discriminants were described.

Similar results should also hold for any fundamental Thompson series having shape as
in Conjecture. For instance, consider 7, for I'o(N) with N — 1|24 and their N/m-th
roots where m = (N — 1,24), or Tsys(2) = {n(z)n(32)/n(22)n(6z)}° for [y(6)+
and its r-th roots where r» € {2,3,6}. However, we are not going into a detailed
discussion on singular moduli of “roots” of Thompson series here, but will study them in
a subsequent paper.

Previously, several authors (Fricke [13,14], Weber [29], Schertz [24], Birch [2, 3],
Cohn [7], and Cox [9], among others) considered singular moduli problem for a rather
limited class of modular functions such as j, v=,~s and for the Weber functions f, f1
and f>. The methods used were rather ad hoc and non-uniform.

In this paper, we have considered singular moduli problem for a large class of new
modular functions (Thompson series arising from the Monstrous Moonshine) in a unified
manner.
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1. Hauptmoduln
The full modular group PSLs(Z) is the most distinguished genus zero subgroup of
PSLy(R), andisdenoted by T'. T' isagroup generated by two elements 7' = (é D ,
and S = (_01 é with relations S? = (7'S)3 = 1.

Thompson [28] has shown that there are only finite number of conjugacy classes of
genus zero congruence subgroups of I' which are commensurable with T'.

In this section, we will be concerned with genus zero subgroups & of PSL,(R) of
the special form, and Hauptmoduln for G. We denote by 91,(() the complex vector
space consisting of all Hauptmoduln for G.

(1.1) Hauptmodul for I'. The most classical example of Hauptmoduln is the elliptic
modular j-functionfor G = T'. Itis a transcendental function defined as follows:

By (2)?
E3(z) — 2TE3(2)

j(z) =123 for z € 9

where
1
By (2) = > P
ezt MM
is the Eisenstein series of weight 2k (£ > 1). j is a modular function for T'. It has
simple pole at z = oo, and it has a ¢-expansion of the form:

, (142403, 50 03(n)q")° 5
j(z) = i where o3(n) = d’.
) ¢[T50(l —gm)* o) %:

a>0

Expanding it out, we obtain the well known series for j (and for J):
J(2) = j(2) — 744 = ¢~ ' 4+ 196884 4 21493760¢° + - - -

=q¢ 4 Z ci(n)g™  with ¢;(n) € Z.
n>1
The space 2, (T) is of dimension 1 and generated by j. Furthermore, any holomorphic
modular function for T' is a polynomial of j over Z.

(1.2) Genus zero involutory subgroups of the normalizer of T'y(N). (For details
confer Conway and Norton [8], p. 311.) We now introduce a class of subgroups of the
normalizer of T'o(V) in PSL,(R), with the purpose of describing relevant genus zero
subgroups of PSL,(R).

Let h be the largest positive divisor of 24 for which 2?|N and put n = N/h. Let e
be a Hall divisor of n/h, thatis, e is a positive divisor of n/h for which (e, n/h) = 1.

remain = 68.1157pt
pagetotal=463.8843pt
pagegoal=540.0pt
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b

We denote by { i d

} a matrix of the form

(ae b/h) € PGL»(Q)*  with determinant ¢ .

en  de
Then the normalizer of T'o(N) in PSLy(R) is

Npsp,®)(Lo(N)) := {{i Z} la,b,¢,d, e € Zand e > 0 aHall divisor of n/h}.

With this description of the normalizer, we can now describe certain involutory sub-
groups of the normalizer. For any positive divisor & (not necessarily the largest) of 24
satisfying the above properties, we define the following subgroup of Npspr, &) (I'o(N)):

toult) = ({2 4} labedez)
1

An Atkin—Lehner involution of T'y(n|h) is a matrix of the form

e ul,

where a,b,¢,d,e € Z and e > 0 is a Hall divisor of n/h. Such an element normalizes
T'y(n|h), and the normalizer of I'y(N') can also be obtained by adjoining to I'y(n|h) all
its Atkin—Lehner involutions. If we let W, , denote the set of all such matrices with a
fixed e, then W, , formsa T'y(n|h) coset.

In particular, if 2~ = 1, we have that T'g(n|h) = T'q(N). The set W, ; of all Atkin—
Lehner involutions with fixed e shall be denoted simply by W.. These sets are T(N)
cosets and satisfy the multiplication rule:

€ f
1.2.1 WW; = WiW, = Wi(mod I'g(N where k := —— - .
N = H(mod Tol) (e.) ()
(Notice that % is a Hall divisor of V if ¢ and f are Hall divisors of N.)
The class of subgroups in question are then the groups T'o(n|h) + €, f, ..., where

e, f,... are Atkin—Lehner involutions of T'y(n|h). We shall adopt the convention that

T'y(n|h)+ isthe group obtained by adjoiningto I"(n|h) all its Atkin-Lehner involutions.
For a specific example, take N to be a prime. In this case, A = 1 and the only

non-trivial Atkin—Lehner involutions of T'o(N') lie in the coset of the Fricke involution,

0 1
=)

which (as a linear fractional transformation) sends = € $ to —1/Nz. The group
T'o(N)+ isthus the full normalizer of T'o(N) in PSLy(IR).

(1.2.2) Theorem. (Fricke [13,14]; Ogg [23])

(1) To(N) isagenuszerosubgroupof I' exactlyfor N =1,2,---,10,12,13,16,18,25.}}

(2) If N isprime, To(N)+ is of genus zero exactly for 15 values of N inthe set &
defined in the Introduction.
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(Incidentally, the set & is also the set of primes p for which supersingular elliptic
curves £ in characteristic p > 0 have the absolute j—invariants in the prime field I, .)

(1.3) The Monster M. Let M denote the Monster, the largest of the finite sporadic
simple groups. Its order, #M is about 8 x 10°3, but is highly factorizable. In fact, the
primes dividing #M are exactly those in the set & (cf. Introduction). The smallest
non-trivial representation of the Monster is of degree 196883. McKay first noticed that
the coefficient of ¢ inthe ¢—expansion of J(z) isexactly 1 more than this number, and
Thompson found that the next few coefficients of .J(z) were also linear combinations of
the character degrees of M. Based on these findings, Thompson conjectured that the
Monster M acts on a naturally defined infinite dimensional graded vector space

V=Va+)> Ve
n>1

where dimV_; = 1, and for each » > 1, V, is a M -module of dimension equal to
¢;(n), the coefficient of ¢ in the ¢—expansion of J(z) = j(z) — 744. Such a vector
space 1/ was constructed by Frenkel, Lepowsky and Meurman [12].

Noticing that the function J(z) corresponds to the identity 13y of M, Thompson
further proposed that if one replaces 1y and the coefficients ¢;(n), by an arbitrary
element ¢ € Ml and the corresponding characters of M, one should get a formal power
series having similar propertiesto .J(z). The exact conjecture was formulated by Conway
and Norton [8], based on experimental data.

(1.4) Monstrous Moonshine. (Conway and Norton [8]) For any element ¢ € M, let
Tr(g|Vy) bethe trace of ¢ in V], for each n. Define the Thompson series of g by

Ty(z) =q¢ ' + Z Tr(g|Va)q" where ¢ = 2%
n>1

Then we have the following assertions:

(1) Tr(g|V-1) = 1 and Tr(g|V,) € Z for any n > 1. (In fact, this is the character
value of the n-th head representation of M .)

(2) 1, is a canonical Hauptmodul for a certain genus zero subgroup G having level
N divisible by the order o(g) of g. This subgroup lies between T'y(N) and its
normalizer in PSL,(R).

(1.4.2) A description of the genus zero subgroups G. Conway and Norton [8] gave
more a specific description for this genus zero subgroup . First we need some def-
initions: The fixing group of T, is the subgroup of PSL,(IR) that fixes T, and the
eigengroup of Ty is the subgroup of PSL,(IR) which multiplies T, by a h-th root of
unity where h is a certain fixed positive integer. If we put N = h - o(g), then k|24,
h?|N and the eigengroup of 7, isequal to I'y(o(g)|h)+e, f, ... forsome Atkin-Lehner
involutions e, f,... of T'g(o(g)|k). The genus zero subgroup G' that we are after is the
fixing group of 77;, and itis a subgroup of index % in the eigengroup.

We call a Thompson series 7, fundamental if 2~ = 1. In this case, N = o(g), and
the fixing group which coincides with the eigengroup has the form ' = U.csW. where
8§ is a subset of the Hall divisors of N = o(g) closed under the multiplication rule of

remain = 128.2109pt
pagetotal=403.7891pt
pagegoal=540.0pt
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(1.2.1). In particular, G is equal to the group T'x(N) extended by some Atkin-Lehner
involutionsof I'o(N). (If N isprimeintheset &, then G =T'y(N)+ = ['o(N)4wn.)
(When h > 1, Conway and Norton [8] gave a description of the fixing group G for
T,. But we are not discussing these non-fundamental Thompson series in this paper.)
The Monstrous Moonshine (conjecture) has recently been proved by Borcherds using
generalized Kac—-Moody algebras and the no-ghost theorem from string theory.

(1.4.2) Theorem. (Borcherds [5]) Monstrous Moonshine holds true.

Remarks. (1) If ¢ has prime order N € &, and if 7; is a canonical Hauptmodul
for T'o(N)+, then Tr(g|V,) is always a positive integer for every n > 1. There is a
formula due to Reidemeister which describes the coefficient of ¢" in 7, as a sum of
the dominant term and the rest. 7;, has a simple pole at z = co. The Fricke involution
wy interchanges two cusps 0 and oo of T'o(N)+. So T, has also a simple pole at
z = 0. Inthis case, Borcherds shows that the sign of the coefficient of ¢ should be the
same as the sign of the dominant term, which is always positive when n is sufficiently
large (in fact » > 1 in this situation). However, if 7', is a canonical Hauptmodul for
T'y(NV), the coefficients of its ¢-expansion are not necessarily positive integers. Borcherds
has a conjectural interpretation for these negative coefficients in terms of dimensions of
supervector spaces associated to V,, for n > 1.

(2) Norton suggests that the coefficients of 7, (—1/z) are always non-negative and
correspond to character degrees of a cover of Ci(g) (=the centralizer of ¢ in M).
Furthermore, the corresponding character values give rise to modular functions 7 (%)
associated to a commuting pair (g, h) € Mix M, which are either (scaled) Hauptmoduln
or identically zero, and the action of T' on the pair (g, 2) and on z is equivalent up to
multiplication by a root of unity. For details, see Generalized Moonshine by Norton [22].

(1.5) Description of Hauptmoduln. Let GG denote a genus zero subgroup of PSLs(IR)
obtained by adjoining to I'¢(V) a certain number of Atkin—Lehner involutions. Let T},
be the Thompson series for ¢ € M. Then the validity of Monstrous Moonshine implies,
in particular, that 7}, has a ¢—expansion of the form

g 4 egtead®+-, e, €Z foralln>1

where ¢ = 2™, We may simply write [1,0, ¢y, ¢, - -] for this power series. The
constant terms are normalized to 0 as they are not characters (or, even necessarily integers).

(1.5.1) Examples. Many (but not all) of the canonical Hauptmoduln corresponding
to Thompson series can be expressed as products of eta-functions with constant terms
removed. First we recall the definition of the eta-function. The eta-function » is defined
by the ¢—expansion

H(l—q") where ¢ =¢€?"% e 9.

It satisfies the transformation formulae :

W)= F) (D) = Vo).
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Here are some examples. All Thompson series in these examples are fundamental, i.e.,
h=1.
(@) Let G =Tx(N) where N is a positive integer such that N — 1|24. Then

ﬂd:&ﬂ%PW”WMmm:W>LM)
n(¢™)
gives rise to a Hauptmodul for T'o(N). (cf. Fricke [13, 14], Gross [15] and Shimura

[25] )
(b) Let G = T'4(13)+. Then

2 13)2
(2) = n(?; - 137 g
n(q'?) 1(q)
is a Hauptmodul for T'y(13)+. f — 12 has a ¢-expansion of the form
[1,0,12,28, 66,132,258, 468,843, 1428, 2406, 3900, 6253, 9780, 15144, - - -].

This is the Thompson series 13A in Conway and Norton [8].
(c) Let GG = T'x(50) + 50. Then $*/T'y(50)+ is of genus zero. Construction of a
Hauptmodul for this group was illustrated by Birch [3]. Let

n()n(e®) _ i pp 1+d"
f(z) = 2,50 :qlnl 25n "
n(a)n*(¢>°) L 1l4g
Then the first 24 coefficients of its ¢-expansion are
[1,1,1,2,2,3,4,5,6,8,10,12, 15, 18,22, 27,32, 38,46, 54, 64, 76,89, 104,122 - - -].

Note that f — 1 corresponds to the Thompson series 50a in the table given in Ford,
McKay and Norton [11].
(d) Let G = T'x(71)+. Then the Thompson series (71A) is given by

0(4,2,18) — 6(6,2,12)

T.‘](Z) = 9 71
n(a)n(g™)
Here @ is the theta function defined by
0ab,6) = 3 e somvrer

where the sum runs over all pairs (z,y) € Z x Z. The constanttermis 1/3, and the first

24 terms of the ¢-expansion are
[1,0,1,1,1,1,2,2,3,3,4,4,6,6,7,8,10,11,13,14,17,19,22,24,29 .- .].

(e) Let G = T'y(6)+2 (resp. T'y(6)+6)), and we consider the fundamental Thompson
series 7542 (resp. Ts4+6). Itis expressed as a rational function of eta-functions:

-1 (cf. Conway and Norton [8]).

_ o nla)n(d?) |4 n(a*)n(¢”) 1o
T6+2(Z) - {n(qg)n(q6)} +4 (resp' T6+6( ) { ( ) ( ) } 12)

The first 10 coefficients of the ¢ —expansion are
Tot2(2) =[1,0,—2,28,—27,—-52,136,—108,—162, 620, —486, —760, - - -]
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(resp. Tsy6(2) =
— [1,0,78, 364, 1365, 4380, 12520, 32772, 80094, 185276, 409578, 871272, - - -].)

(1.5.2) Modular relations. There is a relation called modular relation between any
Hauptmodul f associated to a genus zero subgroup G C T' and j. Such a relation
describes j as a rational function of f of degree equal to the index [I' : G]. Itis
possible to obtain such relations explicitly for the subgroups T' (/) such that N — 1|24,
ie, N =2/3457,913 and 25. Put m = (N — 1,24). We tabulate modular
relations for these non-normalized Hauptmoduln f (cf. Table below). Under the remark,
we list the corresponding Thompson series from Conway and Norton [8], for instance, in
the first row, f + 24 is the canonical Thompson series 2B.

G Modular relation Remark
[o(2) j=Utzer 2B
['o(3) j= (f+27)§‘€+243)3 3B

. !f2+256f+4096)3
T'o(4) j= FrieF 4C
To(5) (24250 f+3125)° 5B
0] — f—5
To(7) = (f2+13f+49)(;j+245f+2401)3 7B
. (149)° (#4243 1242187 f+6561)°
o (9) — (FZH9 7 +27)7° 98
T'o(13) j= (f2+5f+13)(f4+247f3+3380f2+15379f+28561)3 13B
- f13
(F194-250 f° 44375 f8 435000 74178125 f©
+631250f5;|-1640625f“+3125000;;3
. 44296875 f2 43906250 f+1953125)
To(25) )= (7745 F7+15 F2 425 f+25) 155 25b

Remarks. (1) In each modular relation in the table, the numerator is a monic integral
polynomial which has an irreducible cubic factor over 7Z. The presence of an irreducible
factor to its cube power can be explained as follows: We know that the elliptic modular
j-function has a zero of order 3 at w := ‘1%“‘3 in the standard fundamental domain
for $/T. Now we determine the points in the fundamental domain for $/To(N) lying
above the point w. First we note that no ramified pointsin $*/T'o(V) over w are fixed
by T'y(N). Then the fact j has a triple zero at w implies that some of the points above
w have ramification index 3. Evaluating f at these points, and using Galois theory,
we obtain an integral irreducible polynomial to its cube power. (Integrality follows as
singular values of f at these points are algebraic integers.) For instance, take N = 7.
Then there are four pointsin $/T(7) above w: They are w (3); =5 (3); 795 (1) and
=L (1). (Here the number in parentheses denotes the ramification index of the preceding

w45

point.) Evaluate f at these points and form

(F = FEP( = H5)P = I

~1 ~1
e UL Al brorer

))-
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Then this gives the numerator of the modular relation for I'(7).
(2) A similar argument as above at the cusp oo gives information about the denomi-
nator of the modular relation.

For the genus zero subgroups T'o(N)+, there is a “quadratic” modular relation
between a Hauptmodul for T'y(N)+ and j. This follows from the following more
general fact.

(1.5.3) Remark. Let G be a genus zero congruence subgroup of level N with Haupt-
modul g. Then the minimal polynomial of j over 2ty () has the form

Ao(9)d" + A(9) T+ 4+ Ag) = 0
where ¢ = [G': To(N)], and A; is a polynomial of ¢ for each .

We apply thisto G = T'o(N)+ where N is a positive integer such that N — 1|24.
Then [[o(N)+ : To(N)] = 2. Let f and f+ denote, respectively, Hauptmoduln
correspondingto T'o(N) and T'o(N)+. Then foreach N, there isa “quadratic” modular
relation between f+ and j.

Examples of modular relations for I'y (V)+ with V— 1|24 are tabulated in Appendix
1.

2. Modular equations

The algebraic integrality of the elliptic modular j function at imaginary quadratic argu-
ments and Kronecker’s Jugendtraum were classically proved by showing the existence of
a modular equation ®,, (X,Y") giving the relation between j and j o m, where m isa
positive integer and j o m(z) = j(mz). This polynomial is symmetric, absolutely irre-
ducible, and has integer coefficients. Furthermore, the modular equation ®,,(X,Y) =0
is an affine singular model of the modular curve X, (m), thatis, there is a morphism over
Q:
Xo(m) — PHC) x PHC) : 2+ (j(2),j(m2))

whose image is the correspondence defined by the locus of the modular polynomial. The
affine curve ®,,(X,Y) = 0 is a singular curve having only ordinary double points as
singularities. (cf. Gross [15].)

The purpose of this section is to explicitly construct modular equations for fundamental
Thompson series in a manner which generalizes the classical derivation for j. Although
it is clear that there is some relation between 7;; and 7, o m (the composition of 7, and
the multiplication by m map), this explicit construction will allow us to deduce many
important properties. For instance, ®,,(X,Y) liesin Z[X,Y] and it is a symmetric
polynomial whose diagonalization ®(X, X') has leading coefficient +1 if m is non-
square.

Let m be a positive integer and define the set

Q(m):{<g Z) la,bye,d€ Z,ad =m,a>0,(a,b,d)=1,0< b < d}
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whose cardinality we shall denote by (im).

Recall from the construction of the modular equation for j (Yui [31]; cf. Lang [16],
p. 52) that the sets T'w, where w € Q(m), are disjoint. In the classical formulation of
this fact, one considers the group I' acting on the set

A;:{(i Z) la,bye,d € Z;(a,b,e,d)=1;ad — be =m }

and one shows that () contains a complete set of representatives for the T\ AY,.
The standard convention for describing Atkin-Lehner involutions involves working in
PGL2(Q)*. Here, an Atkin-Lehner involution has the form

ae b
cN de

where ¢||N. To generalize the classical derivation of modular equations for Thompson
series, we will regard Atkin-Lehner involutions as matrices in PSL2(IR), that is to say,
an Atkin-Lehner involution will have the form

(e )

where ¢||N. The main reason for normalizing Atkin-Lehner involutions to determinant
1 is to avoid having to consider equality of matrices up to scalar equivalence. The second
difference is that we will avoid considering group actions on A7 . We will simply view
Gw as a set of matrices in PG L(R)™ with determinant m.

Fromthe discussion in Section (1.2), we know that the fixing group ' of afundamental
Thompson series 7, has a special form

G=Jw
e€8

where W, is the set of all Atkin—Lehner involutions with a fixed Hall divisor ¢ of N,
and 8 is a subset of the Hall divisors of N closed under the multiplication rule given in
(1.2.1).

(2.1) Lemma. Let & be the fixing group of a fundamental Thompson series 7', of level
N =o(g). If (im,N) =1, then the sets Gw for w € Q(m) are all disjoint.

Proof. Suppose Gw; N Gws # () where

a; bl
w; = (0 di) € Q(m).

Then wy = wws for some Atkin-Lehner involution = € V., where e € &. So we have
wiwy ' = 7. Interms of matrices, this equation is read :

a0 )= (e )

By equating entries on both sides, we see that y = 0. Since the determinant of both
matrices is 1, we have wze = 1 and therefore e = 1 and wz = 1. Thus, aids = asd; =
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m and hence a; = a2, di = ds. Itthen follows that a2by — aibs = a1(by — b2). By
equating entries again, we see that a; (b; — b2)/m = « € Z. However, m is prime to
a1 so thisimpliesthat b1 = b2 (mod m) and therefore b, = b, by definition of Q(m).

O

Our next task is to show that multiplication on the right by a element in & induces
a permutation of the sets Gw where w € Q(m). For this, we first state the following
elementary fact. In what follows, the notation and the hypothesis of Lemma (2.1) remain
in force.

,
i
Suppose that (r, N) = 1 and ¢ is divisible by N. Then there exists a v € T'x(N) such
that p = yw for some w € Q(m).

(2.2) Lemma. Let p = ( z) € M>(7Z) be a primitive matrix with determinant .

Proof. The numbers —t/(r,t) and »/(r,t) are relatively prime. Choose z, y such that
xr/(r,t) 4+ yt/(r,t) = 1 and form the matrix

— x )
TEA/ ) /)
By the construction, v € T'x(/N) and the matrix ~p isboth upper triangularand primitive.

0 1
in Q(m) as desired. U

Multiplying vp onthe left by a matrix of the form (1 k) € T'y(V) we obtain a matrix

(2.3) Lemma. Multiplication on the right by an element = € G induces a permutation
of the sets Gw where w € Q(m).

Proof. We first show that if # € G and w € Q(m) then Gur = Guw' for some
w' € Q(m). Itsuffices to show that wm = myw’ forsome v € T'h(N) and o’ € Q(m).
This occurs if and only if 7= lwr = yw’. Write

7T_1w71'_r8
T\t u/C

Expanding the product #~'ws shows that r,s,t,u € Z, r = zawe + 2byN — xdyN /e
and t = —yNaw — y?bN?/e + dwyN.

A case by case analysis shows that » is relatively prime to N. Note also ¢ is
divisible by N. Thus m=—'wr satisfies the hypotheses of Lemma (2.2). Hence there
existsa v € [o(N) such that 7= twr = v’ for some o' € Q(m).

By disjointness of the sets Gw, we see that Gwr = Guw’n implies w = w’. There-
fore, multiplication on the right by a matrix = in G permutes the sets Gw. O

We are ready to define the modular equation for a fundamental Thompson series 7,
and prove some of its elementary properties.
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(2.4) Definition. Let 7}, be a fundamental Thompson series of level N = o(g). For m
prime to IV, we define the modular equation for 7}, by

ol ()= ] (X-1T,0w).
wEN(m)

Here 7, o w means the composition of 7, and w.
Remark. If ¢ = 1y, this just yields the classical modular equation for j.

Now we look into properties of the modular equations for Thompson series. They
share similar properties enjoyed by the classical modular equation.

(2.5) Proposition. ®% (X) € Z[X, T,].
The proof of Proposition (2.5) will be given by the following successive lemmas.

(2.5.1) Lemma. A Thompson series T}, is analytic everywhere on $* /G with the excep-
tion of a simple pole at the cusp =z = co.

Proof. This follows from 7}, being a Hauptmodul. O

The coefficients of ®Z (X), which we shall denote by E; for 0 < i < ¥(m),
are elementary symmetric polynomials in the functions 7, o w. By Lemma (2.3),
multiplication on the right by an element in ' induces a permutation of the sets Gw.
Hence, each FE; is invariant with respect to G and therefore each [£; is a modular
functionon $*/G.

The Riemann surface $*/G may have cusps other than co. In order to prove that
each L; is a polynomial in 7}, we will need to show that £; is holomorphic at cusps
different from co. To do this, let us first determine the G orbit of the cusp co.

(2.5.2) Lemma. Let W, be the set of Atkin-Lehner involutions of T'q(N) with a fixed
Hall divisor e of N. Then the images of co under W, are given by
S, = {L

N |w,y € Z and (we,yN/e) = 1}

Proof. Let € W.. Now m(c0) = s7e and (we,yN/e) = 1 since the determinant of
m is e. Hence 7(oc) € S. Conversely, let 5 be an element of S.. Choose z such
that wz = 1(mod yN/e) and z = 0(mod e). Choose x € 7 satisfying wze—zyN/e =
1, and form the matrix

By construction, = liesin W, and m(o0) = O

leVU/e'
Let Goo denote the G-orbit of the cusp co. From Lemma (2.5.2) we see that
Goo = UeegSe.

b

(25.3) Lemma. If w = (8 d) € Q(m), then w=(Goo) C Goo.
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Proof. By Lemma (2.5.2), a point u € Goo has the form yvaT where (we,yN/e) =1

and e € S. Now, w™lu = %_ Note that if p is a prime dividing (dw —

byN/e,mayN/e), then p cannot divide N/e. (For otherwise p would divide dw and
hence w, contradicting the fact that (we,yN/e) = 1.) Hence w~!u has the reduced
form # where (w', y'N/e) = 1. Inaddition, mayN/e isprimeto e sothat y'N/e
is also prime to e. Therefore (e,y/ N/e) = 1 and w~'u lies in the Goo. O

(2.5.4) Completing proof of (2.5). By Lemma (2.5.1), we see that 7; is analytic on
H* — Goo. Thus, T, ow is analytic on §* — w™!(Goo) and each E; is analytic on
H* — Uyeamw™ ! (Goo). By Lemma (2.5.3), w™!(Goo) liesinthe Goo so that each
E; is analytic on $1*/G with the exception of the point oc.

Consider the g-expansion of T, o w, w € Q(m). Write

Ty(z)= Y ciq" withe_y=1,co=0and ¢; € Z for i > 1.
i>—1

The g-expansion of 7 o w has the form

az +b i i
(Tyow)(z) = Ty( d ) = Z Cg ciq /4
i>—1

where (% = e?m@/d_ Let ¢ = ¢*>™/™ pe the principal m-th root of unity. Then the
g-coefficients of T, o w lie in the cyclotomic field Q(¢). Moreover, we see that there
exists a positive integer ¢; such that lim,_,o ¢**E; = 0. Hence the functions E; are
meromorphic at oo.

Write £; = > eijqj. We can find a polynomial A; () with coefficients in the ring
R; = Z[e;;; Tr(g|Vy)] such that the g-expansion of E; — A;(T}) has no negative
powers of ¢. This implies that E; — A;(T}) is holomorphic on all of $*/G and hence
isaconstant, say, B; € R;. Therefore E; = A;(T,)+ B; for some polynomial A4; with
coefficients in &;.

Finally, we claim that A; has integer coefficients and that B; € 7Z. As inthe classical
case, (cf. Shimura [25], p. 109), an element of the Galois group Gal(Q(¢)/Q) acts as a
permutation on the set 7}, o w. From this we may conclude the coefficients ¢;; and B;
arein factin Z. Therefore for each ¢, A; and hence FE; are integral polynomials. This
concludes the proof of Proposition (2.5). O

Remark. As Ty isanon-constantanalytic function, we see that ®Z (X) can be regarded
as a two variable polynomial by substituting Y for 7, which we denote by ®% (X,Y).
Mabhler [20] has considered the construction of modular equations for so-called formal
Sy -series where p is a prime. In his context, Proposition (2.5) asserts if (m, N) = 1,
then the functions 7}, are .5, -series. Hence, when m is a prime not dividing N, many
of his results can be applied toward fundamental Thompson series. In particular, we shall
have occasion to use his explicit description of the modular equation for S, series where
p = 2,3 to obtain our first examples of modular equations for Thompson series (See
Appendix A2).
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The most important properties (for the later applications) of the modular equations for
T, are formulated in the following theorem.

(2.6) Theorem. Let T, be a fundamental Thompson series of level N = o(g). Let m
be a positive integer such that (m, N) = 1. Let &L (X, Y) be the modular equation for
T, of level N. Then ®I (X,Y) satisfies the following properties:

(1) 7T (X,T,) (regarded as an element of C(7})[X]) is irreducible over C(Ty).

(2) @L (X, X) has leading coefficient +1 if m is square-free.

(3) oL (X,Y)=al(y,X).

(4) If m isaprime p, then <I>§ satisfies a generalized Kronecker congruence:

L (X,Y) = (X - Y)(X — Y?) (mod pZ[X, Y]).

Proof. The proofs are essentially the same as for the classical modular equation with 7,
in place of j (Cox [9], p.232).

(1) We need to show that & acts transitively on the sets Gw by multiplication on
the right. In fact, we shall show the stronger result that T'y(V) acts transitively on the

sets To(N)w. Let w = ( b) be an element of 2(m). Let « to be the product of

a
0 d
N 4

where 5 and d are chosen so that det(w) = «d — N3 = 1. Then it is easy to see that
(a + bN,dN) = 1. Now

_ [aa+bN af+b6
“TEA AN s )

the primes dividing d but neither a nor 6. Form the following matrix = = ( N ﬁ)

However, since (aa + bN,dN) = 1, we have by Lemma (2.2) wr = ~ (Tg ?) for

some v € I'y(V). Hence every element in §(m) can be sent to the set

neo (1)

by multiplication on the right with an element of T'o(V).

(3) The same as the classical case; Mahler [20](p. 71) has shown in the case that m
is prime, (3) can be proved using only the fact that 7, isa 5y, -series.

(2) and (4) Also the same as the classical proofs (cf. Lang [19]). O

Remarks. (a) Though the existence of a modular relation between 7, and 7, o m is
clear, constructing modular equations explicitly in this way allows us to show the several
important properties listed in Theorem (2.6). These properties, especially (2), will be
used in the next section to show the algebraic integrality of singular moduli of Thompson
series.

(b) Even when m is not relatively prime to N, an explicit construction of the
modular equation for 73, may be also possible. In this case, the construction may involve
generalized Hecke operators (cf. Ferenbaugh [10] and Koike [17]).
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(c) As inthe classical case, the modular equation of a Thompson series 7, defines an
affine singular curve ® (X,Y) = 0 over Z. Natural geometric questions one may ask
are:

(1) Does it have only ordinary multiple points as singularities?
(2) What are the possible relations to the classical modular equation?

3. Classfidlds

In this section, we shall generalize the theory of complex multiplication for the singular
values of the elliptic modular function j to the singular values of fundamental Thompson
series 7. Explicit Shimura’s reciprocity law will be the main tool in this investigation.

(3.1) Lemma. For any ¢ € M, T,(z) is a transcendental function for any algebraic
number z € $ not belonging to an imaginary quadratic field.

Proof. We know by Siegel [26] that j is transcendental for any algebraic number z € $
which is not imaginary quadratic. As j(z) isan algebraic function of 7, (z), thisimplies
T,(z) cannot be algebraic for z € $ not imaginary quadratic. 0O

We can show, as an application of the existence of the “modular equation” for Thomp-
son series, that Thompson series 7, evaluated at imaginary quadratic arguments are
algebraic integers.

First we state the following well known but rather useful fact (cf. Cox [9], p. 188).

(3.2) Lemma. Let Q = [a,b, ] be a primitive positive definite quadratic form. Then
Q(z,y) = ax? + bay + cy? with =, y € Z represents infinitely many primes.

(3.3) Proposition. Let T, be a fundamental Thompson series of level N = o(g). Let
K be an imaginary quadratic field of discriminant dx. Let my € Og be a root of a
quadratic equation z* + T(7)z + N(70) = 0 with T(7)? — 4N(7y) = dx. Then
T,(m) is an algebraic integer.

(Here T and N denote, respectively, the trace and the norm from K to @Q.)
Proof. Let 1y € Ok, and consider the quadratic form
Q = [N(r0)N? T(r) N, 1]

of discriminant N?(T(7)? — 4N(79)) = N2dx. Then Lemma (3.2) guarantees that
there exist integers ¢, d € 7 such that ¢ is divisible by N and A = ¢z + d has norm
Q)(c, d) which is equal to a prime ¢ not dividing . We also see that ¢ must be prime
to ¢ insuch acase. Now z = (¢T(m) + d)my — ¢N (), so that 7y = pry where

([ cT(rm)+d —cN(m)

- ( c d )
has determinant £. Since p satisfies the conditions of Lemma (2.2), it can be written as
yw forsome v € T'o(N) and w € Q(¢). Whence, T;(m) = (I, o w)(7) and T,(mo)
satisfies the equation ®,(X, X) = 0, which by virtue of Proposition (2.5) and Theorem
(2.6) is a monic integral polynomial. Thus T, () is an algebraic integer. O
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More generally, we have the following result for imaginary quadratic numbers which
are not necessarily algebraic integers, and which therefore supersedes Proposition (3.3).

(3.4) Theorem. Let T, be a fundamental Thompson series of level N = o(g). Let
Q = [a, b, c] be a primitive positive definite quadratic form of discriminant d = N 2dx
and (a, N)=1. Let 7 arootof Q(z,1) = az? +bz+c=0in H. Then T,(r) isan
algebraic integer.

Proof. Notethat 7 is not necessarily an algebraic integer, but ar liesin O, sothat r =
worp for wy = (é 2) € Q(a) and 79 € Og. Since (a, N) = 1, there is a modular
equation ®,(X) which is monic and has roots 7, o w for w € Q(a). It has coefficients
in Z[T,]. Thus (T, o wo)(m) is integral over Z[Ty(m)], S0 Z[T,(70)][(Ty o wo)(m0)]
is finitely generated as a Z[T,(m)]-module. But Theorem (3.3) asserts that Z[T,(m)]
is finitely generated as a Z-module, and hence so is Z[T,(7)][Ty o wo(70)]. Since
the property “finitely generated” is transitive, Z[T}, o wy(7)] is finitely generated as a
Z-module. Therefore, T, (7) = (T, o wo)(70) is integral over Z. O

Remark. Proposition (3.3) and Theorem (3.4) are the complement of Siegel’s theorem:
Lemma (3.1). We may call algebraic integers T () “singular moduli” of 7.

Let A be an imaginary quadratic field of discriminant dx, and let O be an order of
K. The results in Proposition (3.3) and Theorem (3.4) were stated without reference to
the ideal class group Pic(Q) of O. Now we will discuss this point of view.

In the classical case, singular moduli of the elliptic modular j function generate
Hilbert class fields of O over Q. In our situation, we will show that singular moduli
of fundamental Thompson series 7}, will generate certain class fields of /.

First we recall some facts from the class field theory of imaginary quadratic fields. Let
I(O) denote the group of proper fractional O —ideals, and P(O) the group of principal
O—ideals. Then O-ideals prime to f form a subgroup of I(O) denoted by I(O, f).
There is the subgroup, P (O, f), of I(O, f) generated by the principal ideals (o) where
a € O hasnorm N(«) primeto f. If O isthe maximal order O, we write Ix (f) and
Px z(f) for I(Ok, f) and P(Ok, f), respectively. The ideals in I(O, f) are nicely
related to ideals in Ix (f). If a isan O-ideal primeto f, then aOx isanidealin Ik (f)
with the same norm. This extends to ideal class groups Pic(O) and Ik (f)/Px z(f) (cf.
Cox [9], p. 143).

(3.5) Lemma. Let O C O be an imaginary quadratic order of conductor f in K.
Then

Pic(0) = 1(0, 1)/ P(O, /) = Ik ()] Prc ().

Here the first isomorphism is induced from the inclusion map I(O, f) — I(0), and the
second isomorphism ¢ is induced from the map a — aOk.

Class field theory asserts that there exists a unique abelian extension, L, of K having
Pic(0) as its Galois group Gal(Z/K'), and with the property that all primes of K that
ramify in L divide fOg . Such afield L is called the ring class field of O.
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Now we consider the fields over K (and also over @ ) generated by singular moduli
of fundamental Thompson series 7, evaluated at the imaginary quadratic arguments as
in Theorem (3.4).

(3.6) Theorem. Let N be a positive integer listed in Theorem (1.2.2). Let 7, be a
fundamental Thompson series of level N = o(g). Let K be an imaginary quadratic
field of discriminant dx. Let O be an order of K of discriminant N?dx and class
number £(0). Let Pic(O) be the ideal class group of O. Then the following assertions
hold:

(1) Foranyideal class a € Pic(0), T,(¥(a)) generates the ring class field L of O.
(2) Foranyideal classes a, b € Pic(Q), define (T, (¢ (a)) by

7o(Ty((w)) = Ty(1(ba))

where ~ denotes complex conjugation. Then o isawell-defined element of the Ga-
loisgroup Gal(L/K), and ¢ — ¢ induces anisomorphism Pic(Q) = Gal(L/K).

A proof of assertion (2) will be given in section 4 (see the proof of Theorem (4.5)).

(3.7) Proof of Theorem (3.6)(1). Let L = Z + Z  be a lattice in C with 7 € §.
Let K = Q(r) be an imaginary quadratic field. Let N be a positive integer and let
T'(N) be the principal congruence subgroup of T which is defined as the kernel of the
reduction map mod N. The field of modular functions for T'(N) is denoted by Fx,
and its structure is well understood: Fn = Q(j, fa,p) Where for a, b € Z with «, b
(mod N) notboth 0, f,, denotes the Fricke function:

EQ(T)EQ,(T) (ClT—i'b.
B — 21820 TN
Here g isthe Weierstrass p function with respect to L.

fap(r) = —273> 7).

(3.7.1) Lemma. (Shongen [27]; cf. Birch [2]) Let f € F~. Suppose that the coefficients
of the Fourier expansion of f at every cusp of T'(V) all lie in the cyclotomic field
Q(e?*m/Ny, Then the value f(r) belongs to the ray class field of K with modulus .

(By the ray class field with modulus N over K, we mean the class field corresponding
to the ideal class group generated by principal ideals (a) where a« = 1 (mod N). This
ideal class group is called the ray class group and denoted by J&.)

In our situation, Lemma (3.7.1) already implies that for any genus zero subgroup G
of level N the values of modular functions at = will belong to the ray class field of A
of modulus N. Furthermore we know that such values lie in smaller fields than the ray
class field of /. Our purpose here is to determine such fields explicitly.

Theorem (3.6) should follow from working out the Shimura reciprocity law (Theorem
(6.31) in Shimura [25]) explicitly in our context. This program is indeed carried out
in depth by one of the authors, Imin Chen. A proof of Theorem (3.6) in full detail
can be found in his Oxford “dissertation” Shimura Reciprocity and Singular Values of
Modular Functions. The standard references on Shimura’s reciprocity law are Shimura
[25] (and also Lang [19]); confer also Laing [18] for an explicit description of the Shimura
reciprocity law for modular functions with rational Fourier coefficients.
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We now recall the statement of the Shimura reciprocity law. Let £, = and K be
as above. Let K, denote the maximal abelian extension of K, and let Gal(K../K)
denote its Galois group. Class field theory provides the Artin reciprocity map to describe
this Galois group, via the following exact sequence:

L8 Gal(Kan /) — 1
where Cx = Agx /K* isthe idéle class group of K, Dg the norm group,and [ , K]
the Artin reciprocity map.

Shimura considers the field, § = Unx>18~, of modular functions of all levels. He
shows using the theory of complex multiplication that the field F(r) =: {f(7)| f € 3}
is indeed isomorphic to K.,. Consequently, the Galois group Gal(K,,/K) can be
described in terms of the automorphisms of §. Now the automorphism group Aut(g) is
determined by the Shimura exact sequence

0 — Q* — GLa(4;) = Aut(F) — 0.
Here A; denotes the finite adeles. One can write GL2(A;) = U - GLT (Q) where
U =1imGLy(Z/NZ) = [ [ GLa(Z,),
P

and GL (Q) denotes the group of 2 x 2 rational matrices with positive determinant (cf.
Shimura (6.16) [25]). Hence, we see that every automorphism of F is represented by
matrices of the form w - A where u € U and A € GLT (Q).

The essential point of the Shimura reciprocity law is to represent the action of the
idéle class group Cg, or rather just the action of ideals in /A, on singular values of
modular functions by rational matrices. In our context, we know the level of modular
functions, so by Lemma (3.7.1), we may just consider the action of ideals in the ray class
group on singular values of modular functions. Furthermore, since all modular functions
that concern us have rational Fourier coefficients, the Shimura reciprocity law will take a
simpler form. However, we first state the full-fledged version of the Shimura reciprocity
law. We need to embed Ax into GLo(Af) = []' GL4(Q,), where ] means the
restricted product. We first define the embedding locally, and then extend it by continuity
to the idéles. Locally, this embedding is given by a rational matrix ¢, , € GL2(Q))

which gives multiplicationin K, =: K* ® Q, under the Q, basis

i) , specifically,

for p=r+1tz € K,

g: (1) = (”ttT(Z) —tlj(z))

where T and N denote, respectively, the trace and the norm of » from K to @. We
can extend this to ideles as follows: For anidéle ¢t = (--- , ¢,, ---) € Ax, we define

¢:(t) = (-, gz p(lp), --) € GLa(dy),
ignoring the infinite components. Since ¢, is an automorphism of §, we may write
. =u-A withuelU and A € GLT(Q).
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(3.7.2) The Shimura reciprocity law. Let K be an imaginary quadratic field, and let
7€ KN$H. Let 5 beanidele of K, and let [s, K] denote the Artin map on K,},. Then
for every modular function f which is finite at =, f(r) belongs to K. Furthermore,
we have

FEEE = g (),

where o = (g, (57 1)) = o(u)o(A). Here o(u) is the automorphism of ¥ induced by
permuting the Fricke functions f,, and o(A) is the composition f — f o A.

(3.7.3) A digression: The Shimura reciprocity law. Let f be a modular function of
level N with rational Fourier coefficients. Let = € $ be an imaginary quadratic and
let K = Q(r). Then for any ideal a in the ray class group J& with modulus N, there
exists a rational matrix A € GL3 (Q) such that

F(m)* = f(AT).
Proof. See Laing [18] for an alternative proof. Let s be the idele associated to a. Write
q(s') =u-g where u€ U and g € GLI(Q).

To obtain the action of a on f(r), we first reduce « modulo N and get a matrix

Un € GL3(Z/NZ). Then the action is given by fUN(r). But we know that every
element of the Galois group Gal(Fn/Q(j)) = GL2(Z/NZ)/{£1} which is of the form
(é 2) acts on f by the action of oy € Gal(Q(e*"/N)/Q) sending ¢*™/N to its
d—th power on the Fourier coefficients of f. In our case, the Fourier coefficients of f
are all rational, so these matrices fix f. Hence, writing

-~ 1 0 _ o
Uy = (0 det(ﬁN)) ~uy  with ay € SLQ(Z/NZ),

we can find a lifting «x € SL2(Z) which gives the same action as @x on f(7):

FON(r) = [ () = () = FlunT).

Therefore the matrix A = ux - g € GLT (Q) represents the Galois action of a on f(r).
U

(3.7.4) Remark. A useful fact which we will use isthat if f isaHauptmodul for a genus
zero group G then f(Ar) = f(r) ifand only if A € G- GLT(Q),, where GLI (Q),
denotes the isotropy subgroup at . In particular, we will take A to be a rational matrix
associated to an automorphism of Gal(K,,/K) as obtained by Shimura reciprocity and
use this criterion to check whether the automorphism fixes a particular singular value

f(7).

(3.7.5) Theorem. Let 7, be afundamental Thompson series for a genus zero subgroup &
of the form T'o(N) +e, f,---. Let 7 be a root of a quadratic equation az? +bz+c¢ =0
such that @ > 0, (a,b,¢) =1 and b* — 4ac = m*dx < 0. Let K = Q(r) and let O
be an order in K of discriminant m?dx . Then the following assertions hold:
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(1) Supposethat G = T'¢(NN) where N takes values in Theorem (1.2.2)(1). Then T, (7)
generates the ring class field . of an imaginary quadratic order ' of discriminant
f?dx where f =m - N/(a, N), thatis, L = K(T,(7)).

(2) Suppose that G = T'x(N)+ where N takes values in Theorem (1.2.2)(2). Assume
that («, N) = 1. Then T,(7) generates the ring class field L of an imaginary
quadratic order O’ of discriminant f%dx where f = mN, thatis, L = K (Ty(7)).

Inbothcases, if m =1, K(T,(7)) istheringclassfield L of animaginary quadratic
order @ of discriminant N 2dx.

(In case (2), the condition (a, N) = 1 is rather essential. If we ease this condition,
the assertion no longer holds true. In fact, if (a, N) > 1, K(T4(7)) is strictly smaller
than the ring class field L of ©’.)

Proof. (1): G =To(V). Since j is arational function of 7, with rational coefficients,
K(f(r)) is a finite extension of the ring class field K (j(7)) of O. Thus, it follows that
the fixing group of 7y (7) is contained in the principal ideal group P(0O). Let («) be
a principal ideal of O relatively prime to V. The discriminant of («) is of the form
M?dgk with some M divisible by m, say, M/m = n. The action of (a) on f(r) is
represented by a matrix of the form

( T(oc)2+bn en
—a nN(oz)_1 WN(@)_1

where N(a)~! istheinverse of N(«) modulo N, which iswell defined since (N(a), N)
1. (We will prove thisin (3.7.6).)

Now by Lemma (3.7.4), A fixes T,(r) ifandonlyif A € T'y(N)-GL2(Q);. Butthe
product decomposition of a matrix in T'- GL (Q), is determined up to multiplication by
I';, and we know that I, is trivial unless 7 is I'—equivalent to e ™/ with r € {4,6}.
Assuming that T'; is trivial, A € T'o(V) if and only if N divides an. Therefore,
the principal ideals in O which fix T, () are of the form (a) with disc(«) dividing
((m - N/(a, N))*dk . Butthese principal ideals are all in P(Q).

(The cases 7 ~r e2™/" with » = 4 or 6 can be done similarly, but greater care must
be taken.)

(2): G =Ty(N)+. We first describe the action of an arbitrary prime ideal p of Ox
on T,(r). Take a rational prime p not dividing 2abcm N. Suppose that p splits in
K: (p) = pp’ where p = [p, %\/d"'], and s := 7“24‘% € Z with (s, N) = 1. Then
a matrix representing the action of p on Tj(7) has the form

rm+b
4 (1 T+Nk£)
0 P

) € SLy(Z/N7Z)

where k& (resp. ¢) is a solution of the congruence ak = 1 (mod p) (resp. N¢ =1
(mod p).) (Again we will prove this in (3.7.6).) Then the following holds true:

(*). Assume that (a, N) = 1. Then A does not belong to any coset W, - GLT (Q), of
non-trivial Atkin-Lehner involutions W, of T'g(N). However, if e = 1, (i.e. W, =
['g(N))and A € Wy - GLT (Q), then p is a principal ideal () of O.
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(These two assertions are critical for our conclusion, and the proof will be given in (3.7.7)
below. The condition (a, N) = 1 is very subtle as if (a, N) > 1 there may be a
non-trivial coset which contains A.)

Now we are ready to prove the assertion of Theorem (3.6)(1) in the case (2). From the
case (1), we know that P(Q') fixes T,(r). Let a be an ideal in J¥ that fixes T,(r).
Choose a prime p such that p t 2abc¢m N. Suppose that p splitsin K as pp’ so that
p belongs to the same ray class as a. Then a matrix A giving the action of p on T, (7)
must lie in one of the cosets 1V, - GLT (Q),. Butas we noted above (*), no non-trivial
Atkin-Lehner involutions 1. contains this matrix, so it must lie in 1/; - GLT (Q). But
then it follows that p is a principal ideal of O with a generator «. The same argument
as in the case (1) then shows that o € O and the fixing group of T,(7) is P(0'). O

(3.7.6) Completing the proof of Theorem (3.7.5)(1). In order to complete our proof,
we ought to show how we obtained matrices representing the action of principal ideals,
and prime ideals on singular values of 7;,. The procedure is rather computational, but is
the essential point in our explicit realization of the Shimura reciprocity law. Here is an
algorithm for finding such a matrix :

Step 1: Let s € Ag .

Step 2: Find the image of s~! under the embedding ¢.

Step 3: Find a product decomposition ¢(s~') = u-g where v € U and g € GL} (Q).

Step 4: Find Uy := u (mod N) € GLy(Z/NZ) and define

1 0 -
Un = (0 det(UN)—l) Un-

Step 5: Find a lifting « of uy to SL2(Z). Then uy - ¢ is the matrix A we want.

Case (1): G =To(N). Lets = (1,---,;c,---) € Ag be an idéle where we put
1 on each place dividing ~, and « on other places. Under the embedding ¢ : Ax —
GL2(Ar), s issentto

T(a)m+bM oM
g(s) = (To, - - ; 2 )’..
=i (T2 mp )

2
where T, stands for the 2 x 2 identity matrix. So we get
X L T(a)m—bM oM
q 5 = HZ; HR Nl m 2 ¢ ) 5o .
e =i (L e )

2
Further the latter matrix may be written as

T(a)—bn
1 - a5 —Ccn H _
(o) ( jﬂ T:oc:+bn) with n = M/m.
2
Next we decompose ¢(s~!) intoa product « - ¢ where w € U and g € GLT(Q):

T(a)+bn T(a)—bn
(](5_1):(< 9 cn )’. ;Hz, );< 5 —cn )
T(a)—bn N(«) T(a)+bn
2

—an an
2

=u-g.
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T(a)+bn

cn
T(a)—bn

—an

(Note that det ( ) = N(«) and hence the u we have chosen is

indeed in U as its determinant i25 prime to N and its entries have no denominators in
N.)
Now we reduce « modulo N to obtain Uy, and then multiply it on the left by

(é det((?N)‘l) = (é N(S)—l)'

The resulting matrix is

T(a)+bn
iy = ( 2 T(Q)_;: ) € SL»(Z/NZ).
—anN(a)~?t fN(O{)_l

(Here N(«a)~! isthe inverse of N(«) modulo N.) Lift uy toamatrix uy € SL2(Z).
Then the matrix representing the Galois action of («) on T,(r) is given by ux - g.
Notice however that ¢ is in the isotropy group GL7 (Q). of 7, so we finally have

PO = pv9(r) = fluw -g7) = flunT).
Case (2): G = T'y(N)+. In this case, we take an idéle s associated to the ideal
— [, —rtVdx].
p=[p, 755
s=(1,... ;e
where we put 1 at all places but the place corresponding to p. Its image under the

embedding ¢ is
rm+b
2

q(ﬁ)Z(Hz,m;ﬁ( @))

where s = ’“24‘%. We now decompose ¢(s~!) as a product u - ¢ where v € U and
g € GLT(Q). We rewrite

1 _Ml rm—>b sm?2 rm-4b
-1y _ B} 1 —_— _— 1 —
q(5 )—( 1(1 p Y m 2 a ,) 2a .
0 P a 0 0 P

rm-—>b sm?
ere note that — 2 T isin 9 as it contains no denominators in
H te that - GL»(Zy) as it cont d t
a 0]

p and has determinant prime to p.)

Let p; 1, k € Z be such that ak = 1 —pp; 1. We further rewrite ¢(s~!) by factoring
_rm+4b _,

out the matrix (; Zi Pa ) from each place. We obtain ¢(s~!) =

rm+b k _ 2 b b

1 —_rmTos rm—=b __ sm rm+b _4 rm+

y Top ) (TR ) T TR,
0 > sm a 0 0 1 0 1

_rmtbk rm4b
(Here again we note that (1 2 P) liesin G'L2(Z,) forany ¢ # p and (; 2a1 Pa )I
0

isin GLy(Z,) sothatthe u we have chosen is indeed in U.)
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Now we want to find a matrix uy € SL»(Z). Let py',¢ € Z be such that N¢ =

1 —ppy', and put
_rm4b, _1
UuN = (; 21 kpN ) ESLQ(Z)

Then the final matrix we want is

rm+b, _1 rm-4b rm-4b
1 ——=kp 1 ——k 1 —5—Nk¢
un - g = 2w 2 = 2 :
0 1 0 1 0 p

(3.7.7) Completing the proof of Theorem (3.7.5)(1) continued. Now we will give a
proof of the statement (*).

Recall that any Atkin-Lehner involution in W, is of the form ( Ae B ) €

CN De
GL,(Q) of determinant ¢ where N =ef (cf. (1.2)).
(@) Let A= (é ;) be a matrix representing the action of the prime ideal p where

t = b Nk(. Suppose that A € W, - GL3 (Q),. Then we can write

1ty de — b —cA
0 p) 7 & d

. . A B
where ~ isa matrix of the form (Cf De

that e must divide «. But this cannot happenas (a, N) = 1.

(b) Now we have to show that if a matrix A belongs to the trivial involutory subgroup
Wy = T'o(N), then p is indeed a principal ideal in O. Repeating the argument of (a)
with e = 1, f = N, we see that @ cA\? — bAd + d? = p forsome A, d € Z. Hence, p is
a principal ideal generated by o’ = (d — zg\) where z, isaroot of 22 — bz + ac = 0
in $. Notice that o' is relatively primeto N.

(c) Finally we show that a matrix A representing the action of a principal ideal («)
on T,(r) does not lie in W, - GL2(Q)*, provided K # Q(e?™/") with r € {4,6}
and (a, N) = 1. Assume that A € W, - GL,(Q)* for some non-trivial Atkin-Lehner
involution /.. Applying the same arguments as in (a), we can write

de — b —cA
A= (5" )

for some ~ of the form described in (a). This again leads us to the fact that ¢ must divide
a, but this is not possible as (a, N) = 1.

) with ef = N and A, d € Z. Thisimplies

(3.7.8) Remark. InTheorem (3.7.5)(2), the fact that the Shimura reciprocity law is totally
disjoint from any non-trivial Atkin—Lehner involutions of T'¢(N) when (e, N) = 1 has
the consequence:

Let O be an order in an imaginary quadratic field K. Then singular moduli of
Thompson series for genus zero subgroups T'y(N) + e, f,--- generate the same ring
class field of O as singular moduli of Thompson series for I'o(N).

Forinstance, let G = T'o(NV)+ with N —1|24. Aswe noted in (1.5.1), a fundamental
Thompson series for ' is of the form 7}, (z)+ N'2/™ /T, (z) where T,(z) isa Thompson
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series for ¢ = T'o(V). Then the fact that the Atkin—-Lehner involution T is totally
disjoint from the Galois action on singular moduli guarantees that singular moduli 7'y (7)
and T,(r) + N'?/™T,(r) at 7 € O N $H do generate the same ring class field of O.

4. Class polynomials

The purpose of this section is to prove explicit class field theory by constructing the
minimal polynomials of singular moduli of fundamental Thompson series. In order to do
this, we will rephrase the ideal formulation of the previous chapter in terms of equivalent
objects which are suitable for computation. This will be accommodated by rephrasing
everything in terms quadratic forms. In particular, we will describe the function
introduced in Lemma (3.5) as a map on quadratic forms. This will give an algorithm for
constructing “class polynomials” of singular moduli of 77,.

Let /A be an imaginary quadratic field with discriminant dx and let O be the order
of discriminant N2dx. Consider the map

¥ 1(0)/P(O) — Ik (N)/ Pk z(N)

defined in Lemma (3.5). It is a well-known fact that the form class group Qnz4, /T (i.e.
the group of positive definite primitive quadratic forms of discriminant N 2dx modulo
') and the ideal class group 7(0)/P(0Q) are isomorphic through the map

_ /N2d
[Cl, ba C] = [Cl, #]

This correspondence between quadratic forms and ideals suggests there may also be a
form class group (in some general sense) which corresponds to the generalized ideal
class group Ix(N)/Pgz(N). This is indeed the case. We can describe an object
corresponding to Ix (N)/ Pk z(N) as follows. Let Qq, (V) denote the set of primitive
quadratic forms [a, b, ¢] having discriminant dx with the property that « > 0 and
(a, N) = 1. Transforming a quadratic form in Qg, (N) by a matrix in I'q(NV) yields
another quadratic form in Qg (). Hence, the quotient Q4. (N)/T's(N) makes sense.
We shall see in Proposition (4.1) that the usual correspondence between quadratic forms
and ideals induces a bijection between this setand Ix (N)/Pxk z(N). As it stands, there
is no group structure on Q4. (N)/T'o(N). It may be possible to define a group structure
on Qq, (N)/To(N) by a composition law. (However, we shall not need an intrinsic
group structure on Qq, (N)/T'y(N) for our purposes and so we will not pursue this
aspect any further.)

(4.1) Proposition. The map

—b++/d
O: [Cl,b,C] — [Cl, %]
induces a bijection

Qay (N)/To(N) «— Ik (N)/ Pk z(N).



Singular Values of Thompson Series 277

Proof. Let < 7" > be the infinite cyclic group generated by 7' = (é i) el Itis

well-known that © gives a bijection between Q,,./ < T > and Ix. On the other hand,
observe that

N([a, (=b+V/dx)/2]) = N([a,a7]) = [[1,a7] : [a,a7]] = a

where 7 € § isarootof az? + bz + ¢ = 0. Hence, if [a,b,¢] € Qu, (N) then the

corresponding ideal [a, (—b++/dk)/2] has norm a (which is prime to V') and therefore

liesin Ix (N). Thus, © actually gives a bijection between Qq, (N)/T and Ix(N).
We claim that © extends to an injective map

Qap (N)/To(N) = Ik (N)/Pg z(N).
Let f=a,b,c],f =[d,b,c] € Qqy (N) and let 7,7 be their respective roots in .
Then

it (5 )0 e (5 2o

S S
<—[1,7] = (rN7+3s)[1,7]
< afl, 7] = A [1,7] where A = a (rN7+s)/d
< (a[l,7]) (d'[1,7]) " = A0k .
Since A is congruent to an integer prime to N modulo NOg, we finally have
[ ~rony I 0()O(f")~" € Pk z(N)

as desired.
The surjectivity of © follows from the fact that itis surjective as a map from Qg4, (N)
to Ix (N) O

We now construct a map
¢ : QNQdK/F — QdK(N)/FQ(N)

which corresponds to the map «. This map will be described entirely interms of quadratic
forms. Before we do this, we require some preliminary Lemmas.

(4.2.1) Lemma. Let @ = [a, b, ¢] be a primitive positive definite quadratic form and N
an arbitrary integer. There exists a v € T' such that

[a b, ] = ~'[a,b,c]y satisfies (', N) = 1.

Proof. There exists x,y € Z such that Q(z,y) = ax? + bxy + cy® is prime to N
and (z,y) = 1. Let w,z be integers such that wx — zy = 1. Form the matrix

T (; Z:;) Then ~ transforms [a, b, ¢] into the desired form. O

(4.2.2) Lemma. Let Q = [a, b, c] be a primitive quadratic form of discriminant N 2dy .
Then there exists a v € I" such that

[a b '] = ~'[a,b,c]y satisfies b’ =0 (mod N) and ¢/ =0 (mod N?).
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Proof. By Lemma (4.2.1), we can assume that (a,2/N) = 1. Consider the following
system of congruences in the variable %,

b+2ak =0 (mod N')
*) 0 (mod 2°?) if N?dg =0 (mod 4)
b+ 2ak =
N (mod 2“’2) ifdg =1 (mod 4)

where N = 2N’ and (N’;2) = 1. Itis easy to see that this system is always solvable
in k.
Then by the Chinese Remainder Theorem, (*) is solvable in k. Let & be a solution

to (*) and put v = (é ]f) Let

[a, b, ] =~ a,b,cly = [a, b+ 2ak, ak?® + bk + ¢].
Since k is a solution to (*), we see that N|o’. Further, we claim that N2|¢’. For this,
first note that (b'/N)* — dx =0 (mod 4),
and write (b'/N)? — dx = 4¢ with some integer ¢. Then 4¢tN? = 4a/c’ so that
tN?=d'c’. But (a/, N) =1 sowe musthave N?|c. 0
(4.3) Definition. We define a map
¢ : Onzay /T — Qape (N)/To(N)

as follows. Let [a, b, c] be a quadratic form in Qnz4,.. By Lemma (4.2.2), [a,b,¢] is
I'-equivalent to a quadratic form [a’, ¥’ N, ¢’ N?]. Put

é([a,b,c]) = [a', V', ].
(4.3.1) Lemma. The description of ¢ above is a well-defined map.

Proof. To show ¢ is a well-defined map from Qyz4, (N)/T to Qq, (N)/To(N), it
suffices to show if

[a1,b1N, 1 N?] ~r [as, baN,eoN?] then  [ay, by, e1] ~ry(w) [az, bo, ca].
Suppose that

Clz,sz,CzNz = @ 6 o al,blN,clNz for some @ 6 erl.
v 4 gl

By multiplying out the above matrices, we obtain the system of equations,
as = a1+ b Nay+ 61N272
(4.3.1) byN = b1 N (ad + f7) + 2(ar1a + 1 N?d)
coN? = a1 32 + b1 NBs + ¢y N262
The last equation in (4.3.1) gives B(a13 + b1 N&) = ca N? — ¢; N25. Consequently, we
have N?|3(a1f + by NJ).

Let p be aprime and let p” be the highest power of p dividing N. Then either p”|3
or p”|(a18 4+ b1 Nd). Inthe latter case, p”|N sothat p”|a; 3. But (a1, N) =1 implies
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that p”|5. Thus, N|3. We may rearrange (4.3.1) as follows,
as = ajo + bia(Nvy) + cl(N'y)2
by = by(ad + (B/N)(N7)) + 2(ara(B/N) + c1(N7)d)
co = al(ﬁ/]\f)2 +b1(B/N)§ + 162

From this set of equations, we see that

[as, bo, e0] = (]\?fy ﬁ{SN) olai,by,c1] with (J\?’Y ﬁ{SN) e To(N).

This proves the assertion. O

(4.4) Theorem. The following diagram is commutative:

vz /T —2—  I(0)/P(0)

o] [
Qu,e (N)/To(N) —2— Ik (N)/Pgz(N)

Proof. From the I'-invariance of © and ¢, we may assume that quadratic forms in
Qnz24, /T have the form [a,bN, cN?] where (a, N) = 1. On the one hand, we have

(©0¢)([a,bN,eN?]) = [a, (—b+ \/dk)/2].
On the other hand, by the description of the map ¢ given in Lemma (3.5) we have
1/)0@:{ [a, N(b+\/dg)/2)[1,\/dg /2]  ifdg =0 (mod 4)}
[a, N(=b+ /dx) /21, (-1 +dx)/2]  ifdg =1 (mod4)]

The proof can be completed by verifying the images of these two maps coincide in
Ik (N)/Px z(N) (in fact, they coincide in Ix (N)). O

The map &, when applied to our situation, gives us an explicit way of constructing
class polynomials.

(4.5) Theorem. Let T, be afundamental Thompson series of level N = o(g). Let K be
animaginary quadratic field with discriminant d x and let O be the order of discriminant

N2?dg. For i = 1,...,h(0), let {Q;} form a complete set of representatives for
QNQdK/F-
Define the polynomial
h(0)
M(X) = (X = Ty(rore,)
i=1

where the notation 7¢ stands for the root in § of the equation Q(z,1) = 0. Then

(1) M(X) is the minimal polynomial of T';(7,) over @ where m € O N $H is a root
of 224+ 2+ (1—dg)/4=0if dg =1 (mod 4) or arootof z? —dg/4 =0 if
dg =0 (mod 4).
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(2) M(X) € Z[X], and is irreducible over Q.
(3) M(X) generates the ring class field of O over K.
(4) Gal(M/Q) = Pic(Q) x Cs.

Proof. (1) First note that if @ is in the identity class of Qnzg4, /I' then Ty(r4q)) =
Ty(m) S0 M(X) certainly has T,(m) as aroot. By Theorem (3.6)(1), L = K (Ty(m0))
is the ring class field of the order O. The conjugates in L of T, () over K must have
the form T,(7') where 7 € § is a root of a quadratic form [a’, ', ¢/] of discriminant
dr satisfying (a/, N) = 1. By Lemma (4.3.1) the conjugates of T; () do arise from
quadratic forms in Qq, /To(N). As the cardinality of Qg, (N)/To(N) is R(O) and
there are exactly ~(0O) conjugates of T (m), we see that each class in Qg (N)/T'o(N)
gives rise to a conjugate of T, (o). Hence, M (X) is the minimal polynomial of T ()
over K. Note however that under complex conjugation, we have

Ty(16(Q)) = Ty(74(Q))
where @ = [a,b,c] = [a,—b,c]. Thus, complex conjugation stabilizes the roots of
M (X) and hence M (X) isin fact the minimal polynomial of 7,(z) over Q.
(2) This follows from T, (m) being an algebraic integer. Since all conjugates of
T,(m) are distinct, M (X) is separable over (§ and hence irreducible over Q.
(3) The splitting field of A (X)) over @ is nothing but the ring class field 7 over K.
(4) This follows as for the elliptic modular function ;. O

Selected examples of class polynomials are tabulated in Appendix 3.

5. Gross—Zagier type formulae for resultants and discriminants of
class polynomialsfor singular moduli of Thompson series

We observe based on extensive computational data that

(@) The discriminants of class polynomials for singular moduli of Thompson series
are highly divisible numbers;

(b) The resultants of two class polynomials for singular moduli of Thompson series
are also very highly divisible;

(c) The constant terms of class polynomials for singular moduli of Thompson series
are also highly factorizable, and

(d) Almost all coefficients of class polynomials for singular modular of Thompson
series of T'y(N) are divisible by N.

The observations (a),(b) and perhaps (c) suggest the existence of Gross—Zagier type
formulae describing the primes and their exponents in discriminants and resultants of
class polynomials. Here we shall discuss selected examples.

(5.1) Discriminants. (1) Let G = ['o(5). Then T,(z) = n(z)®/n(52)° + 6 is a
canonical Hauptmodul for GG. Let dx = —7, and take an order O C Qg ofdiscriminant
—7-5% and class number 6. Then the class polynomial of 7, is

M(X)=X°+3-5 - 11X°+3%.5° . 7X* + 22 . 5% . 13X° + 3% . 510 . 7X?
+2-3-52X 5.

remain = 62.0119pt
pagetotal=469.9881pt
pagegoal=540.0pt
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The discriminant of A (X) is disc(M) = 32457772, Now let G = ['o(5)+. Then
Ty(2) = 1(¢)®/n(¢%)° + 1255(¢%)® /n(q)° + 6 is a canonical Hauptmodul for G'. With
O as above, a class polynomial for 7} is:

M(X)=X°43.5-277X°4+2-3-5-13-821X* +2.5%.151-3301X3
+22.3.5%.509 - 7411X% 4 2% .3 .5% . 7482317.X + 5% - 821 - 1537681.
The discriminant of M (X)) over Q is computed to be
disc(M) = 35 .517. 78 . 134 . 172 . 19* . 312

In both cases, the Galois group Gal(A//Q) is isomorphic to the generalized dihedral
group Dg = Pic(Q) x Cs.

(2) Let G = I'o(13)+. Then T,(z) = n(2)?/n(132)* + 13n(132)?/n(z)* + 2 isa
canonical Hauptmodul for . Let dxg = —19, and take an imaginary quadratic order
O C Ok of discriminant —19 - 13% and class number 14. Then a class polynomial for
Ty is

M(X)=X"42.3.19-863X"3 —3.5.13-37-4759X"?
+2%.3%.13-101-3511X" —3-13-829-72931X*°
+2-3%.13-983-2663X° +13-1019 - 3370151X°®
—2%.35.13.307-1117X" —2%.3.7.13-29-397-1013X°
+211.3%.5.11-13-857X° + 2% . 3. 13- 419 - 7043 X"
+219.3%.5.13.17-157X% — 2'8 . 13 . 3719X?
—2%.3%.5.7X +2°0.3°.

The discriminant of M is given by

disc(M) = 237°3142131319829°31437241%53*59*6 7771210711677 1797227°.
With O as above, the discriminant of a class polynomial of 7} (z) = n(¢)*/n(¢'*)* for
G =To(13) is: disc(M) = 2155 . 35013159 195,

(3) Let G = ['g(16)+. Then T,(z) = n(22)°n(82)°/n(z)*n(42)*n(162)* — 4 is
a canonical Hauptmodul for . Let dxg = —7, and take an imaginary quadratic order

O C Ok of discriminant —7 - 162 and class number 8. Then a class polynomial of 7,
is

M(X)=X®42%.127X7 - 27 .53X° 4+ 27.3.37X° 4+ 2* . 383X
—2%.3.11X% +210.5X% — 210X + 1.
The discriminant of M is given by
disc(M) = 2%*320537°13241%592837892101%.
Its Galois group Gal(M/Q) is Dg = Pic(Q) x Cs.
(4)Let G =Ty(6)+2,T'o(6)+3 and I'y(6) + 6. Then the canonical Hauptmoduln

are expressed in terms of eta-functions, and they are denoted, respectively by 7512, T5+3
and 7546 (cf. Conway and Norton [8]). Now let dx = —11 and take an imaginary
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quadratic order © C Ox of discriminant —11 - 62 and class number 6. We denote by
Ms45(X) the corresponding class polynomial of 75, evaluated at O.

Meyo(X) = X®+2.3%.23X° +3%.127X* + 22 . 312 . 13 . 417
+31%.5.83X2+2.3%0.23X 4 3%,

Msia(X) = X°4+2°.1049X° +2%.5.7-11-19X* +215787X3

+ 21077 .43X% 4221 . 3X 4 274,

and
Meys(X) = X°+2-3-5581X% —37-73.101X*+2% .5 11-3347X3
+ 23 -1433X —2X 4+ 1.
The discriminant of each class polynomial is computed as follows:
disc(Msy0) = 2*°31237411%13%19%,
disc(Mets) = 2'923%7°11°13°17%29%

disc(Mers) = 2%6337511713719729%41243%61°.
The Galois groups of Me,; over @ are all isomorphic to the generalized dihedral group
Dgs = Pic(0) x Cs.

(5.2) Resultants. Let G = T'y(7)+ (resp. T'x(7)). Let d; and ds be two fundamental
field discriminants. Let A7 (X) and M>(X) denote the minimal polynomials of the
singular values of the Thompson series 7, (z) = n(z)*/n(72)* +49n(72)* /n(2)* (resp.
n(2)*/n(72)*) at imaginary quadratic orders of discriminants d,7* and d»77, respec-
tively. Then the resultants of A/, and M, are computed for several values of d; and
ds.

(@) Let dy = —3 and ds = —7. Then

resultant( M, M) = 319511747 - 101 - 167 - 227 - 251 - 257.

(resp. resultant(My, Ms) = 35 . 55.726))
(b) Let d; = —7 and d; = —11. Then

resultant( My, M) = —7%131*1713191141%61%73 - 837 - 131 - 241 - 293 - 523 - 563
-601-733-761-787-811-853 - 887 -937 - 941.

(resp. resultant(M;, Ms) = —7°8 - 137 . 177 . 197.)
(c) Let dy = —11 and d» = —15. Then

resultant( M, M) = —72911181332291441134357321011277131*193%2777373%4577

<461 - 547261326732 - 761 - 1091 - 1151 - 1319 - 1559 - 1601
1811 - 1889 - 1931 - 1979.

(resp. resultant(My, Ms) = —7728 . 118 . 1316. 298 . 418))
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(5.3) Remarks. (1) For class polynomials of Thompson series associated to G' = T'y (),
the largest prime factor for discriminant is bounded above by |dx|. This is no longer
the case for discriminants of class polynomials of Thompson series corresponding to

(2) Foreach N, primes dividing discriminants (resp. resultants) of class polynomials
of Thompson series associated to TI'x(N) forms a subset of those corresponding to
To(N)+.

(3) The Galois group over @ of class polynomials M (X) of degree up to 8 are
computed using MAPLE. In all cases we obtain generalized dihedral group Do) =
PlC(O) X Cy.

Further examples of discriminants, resultants and constant terms are computed and
tabulated in Appendix A4 and Appendix Ab.

6. Postscript
This section collects open problems for further discussions.

(6.1) Singular moduli of “roots’ of Thompson series. Let 7, be a fundamental
Thompson series of level N, which has shape

() n(b)" -
ez (@)

For instance, take Thompson series for I'g(N) with N — 1|24, orfor To(N) +e, f, - --
take, for example, T4 with s € {2,3,6}, or Tha4s With s € {3,4,12}.

We consider an r-th root of T,(z), denoted by t,(z), for instance, if N = 7 and
Ty(z) = n(2)*/n(72), take t4(2) = {n(z)/n(7z)}" where r € {1,2,4}.

Let K be an imaginary quadratic field and let © be an order of discriminant N2dg .
We evaluate ¢,(z) atthe same imaginary quadratic arguments = € O N $ as for T;(z).

With an appropriate choice of £(O) such roots representing Pic(O), we form

Ty(z2) = } where r € Z7T.

h(0)

m(X) = [T (X ~ty(rq.))-

i=1

(6.1.1) Conjecture.

(1) m(X) isaclass polynomial;

(2) m(X) € Z[X] and irreducible over @;

(3) t4(r) generates over K the same ring class field as the original singular value
Ty(1);

(4) there are Gross—Zagier type formulae for the discriminant of m(X), and for the
resultants of two such polynomials.

(6.2) Example. Yui and Zagier [30] considered the group I'o(2) and the Weber func-
tions, which are the 24 —th roots of a Hauptmodul for I'g(2). For z € §, set ¢ = e*™*.
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The classical Weber functions are defined by

F) =% [[(+e"7%), fi(z) = a7 [ (1=¢"72), fo(z) = V2¢7 [ (1+¢").

The 24 -th powers of these functions are Hauptmoduln for T'y(2), and should correspond
to some translate of the Thompson series listed in the table 3 in [10].

The main observation in Yui—Zagier [30] was that singular values of Weber functions
at imaginary quadratic arguments are algebraic integers, and that they generate the same
ring class fields as the corresponding singular values of Thompson series for T'5(2).
Moreover, a construction of Weber class polynomials was discussed and a conjectural
description of Gross—Zagier type formulae for the resultants and discriminants of Weber
class polynomials was given.

(6.3) A generic construction of classfields. Norton [21], and Norton, et al. ([1], [10])
introduced and studied replicable and completely replicable functions. Conway raised a
question of a “generic” construction of the ring class field of O:

Do the singular moduli of a Thompson series 7, and those of the replicates of 7,
generate the same ring class field of O?

For example, for the group T';(2), Norton explained to us the following procedure of
getting replicable functions:

Step 1: Take a Thompson series n(q)?*/n(q?)** (2B)

Step 2: Apply a dash operator, that is, change variables from z — z +1/2. Then one
gets

n(a®)"®/n(@)**n(g")** (14 = 247).
Step 3: Now take the 24 —th root of the function in (2). Then one gets

n(4*)?/n(a**)n(¢"°) (96a),

which is a non-monstrous Hauptmodul.

What Yui-Zagier [30] implicitly proved for Weber functions is that singular moduli of
the replicates of a Hauptmodul for T'y(2) generate the same ring class field as the original
Hauptmodul for T'o(2).
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Appendix 1: Modular relationsfor T'o(N)+

Modular Relations for T'o(N)+

285

Modular Relation

Class

G2 (—t2—49 146656 j+1>+816 +2 4221952 £+20123648

2A

32+ (=13 =36 t% +1916 ¢ + 50976)5 + t* + 792 ¢3

+ 221400 £2 + 24690528 ¢ + 803894544

3A

(t+32)5% + (—t° — 64 t* — 304 3 + 46847 7
+ 784880 ¢ + 737792)5 + t° + 816 t° 4 245040 t*
+ 32683520 3 + 1885827840 2 4 48330387456 ¢
+ 455821889536

4A

F0(5)—|—

32+ (=15 —30t* + 3103 + 13700 ¢2 + 38424 ¢

— 614000)5 4 t° 4 780 ¢° + 218940 t* 4 25968800 >
+ 1177897200 % + 22576632000 ¢ + 155720872000

5A

F0(7)—|—

G2 4 (=7 — 2815 +21¢° + 6328 t1 + 39361 3 — 240492 ¢

— 2176581 t — 1711008)5 + t° 4+ 776 t7 + 217756 t°
+ 26195512 7 + 1276406726 t* + 31050881848 ¢3
1404938789276 2 4-2721214073864 t 4 7427483226241

TA

F0(13)—|—

32+ (=13 — 26412 — 156 t11 + 1508 10 4 21658 ¢°

+ 396243 — 612742t — 3355976 t° + 454779 ¢°
+ 43741490 t* 4 95939974 ¢3 — 41335164 ¢

— 291162600 ¢ — 174668400)5 + t** + 772 ¢13

+ 216424 ¢'2 + 26333528 11 + 1359640022 ¢1°
+ 39120460496 ¢° + 716780223796 >

+ 8956723925032 ¢ + 79070093432161 ¢°

+ 500196729175884 £° + 2260671730897788 ¢
+ 7142292018579744 3 + 15009662255513328 ¢°
+ 18874201488396480 ¢ 4+ 10755802087387200

13A
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Modular Relations for I'y(N )+ continued

F0(25)—|—

(t* +106% + 3567 4+ 50t + 25)5% + (— t*°

— 3528 — 485477 — 2800 ¢5 + 4225 t%° + 161845 %4
+864725 +23 — 22850 %2 — 20887250 t2! — 90547750 ¢20
— 11474690 t'° 4 1222969000 ¢'® + 4238808800 ¢'7
+1045637500 ¢ — 32518637000 ¢'° — 95458801300 ¢'*
— 48963635375 '3 + 356022802375 ¢12

+ 986319593125 ¢11 4 832448067500 ¢1°

— 1088678257825 ¢” — 3689606848625 t°

— 4032794243125 7 — 1080734391250 ¢°

+ 2331719776874 ¢° + 3136801920370 ¢*

+ 1758792060010 > + 420820525700 ¢

— 1059621800 ¢ — 14445350000)5 + 30 4 780 ¢°

+ 223440 £*8 4+ 28551800 ¢>7 + +1665256050 t2°

+ 57545141280 ¢2° 4 1350792437500 ¢2*

+ 23276229621000 23 + 309068256159375 ¢22

+ 3266996305387500 2! + 28127903370740940 ¢2°
+200553915290998800 ¢ + 1198800119579065900 ¢'3
+ 6061981238068524000 ¢'7

+ 26103417401070507000 ¢'°

+ 96159940538465958800 ¢'°

+ 303926662237029171375 14

+ 825324094220824558500 ¢'3

+ 1925470951829505205000 ¢2

+ 3853445000148849135000 ¢!

+ 6595196414635487298450 ¢10

+ 9606667551869790072000 ¢

+ 11826745812811382023500 ¢

+ 12187709498718981825000 ¢

+ 10375322758438101630625 ¢°

+ 7163889745680371494500 ¢°

+ 3908812977514032097500 *

+ 1621074253736945180000 3

+ 479923748121571350000 ¢2

+ 90307158983082600000 ¢ + 8113088731693672000

25A
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Appendix 2: Modular equations

This appendix contains a sample of modular equations for a fundamental Thompson series
T, for G =Ty(N) or T'o(N)+ oforder 2 and 3. They were computed using Mahler’s
explicit description of modular equations for “basic” S, -series (Mahler [20], p.90/93).
(By a “basic” S, -series we mean one which has constant term 0.)

(We note that Mahler’s description of an order 3 modular equation is slightly in error:
one should exclude 5, from the constant term (Mahler [20], p.93).)

Modular Equations of Order 2

G ol (x,v)

I'o(3) X34 (=Y24108) X2 + (—153Y +2268)X + (Y3 + 108y 2 +
2268Y — 46224)

Io(3)+ X34 (=2 41566) X2 + (17343Y + 741474)X + (Y3 +1566Y 2 +
741474Y + 28166076)

I'o(5) X34 (=Y2418)X% 4+ (19Y —6)X + (Y2 4+ 18Y2 — 6Y — 1044)

Io(5)+ X3 4 (=2 4268) X% + (1519Y + 24244) X + (Y3 4268V % +
24244Y + 323456)

Io(7) X34 (=Y 4+ 9)X2 4 (15Y — 12)X 4+ (Y3 +4Y2 — 12Y — 144)

Do (7)+ X3 4 (=Y?4102)X? + (407Y +3810) X + (Y3 4+ 102Y? 4 3810Y +
27100)

Modular Equations of Order 3

G T (x,v)

I'5) X4 (—Y3427Y +30) X3 4+ (—90Y 2 4 288Y + 1728) X2 4 (27Y3 +
(
288Y 2 —3745Y +5406) X +(Y 4430V 3 4+1728Y 2 +5406Y —101124)

Io(5)+ X4 4 (—Y3 4402 4 2280) X3 + (10035Y 2 + 342288Y +
2911728) X 2 4 (4023 4 342288Y% 4 10954880Y + 89206656) X +
(Y% 4 2280Y3 + 2911728Y 2 4 89206656Y + 693893376)

Io(7) XU (=v3 46y +24) X3 4+ (—15Y2 +36Y 4 192) X2 + (6Y> +
36Y7% — 289Y —60)X + (Y +24Y3 4 192Y? — 60Y — 4368)

Do (7)+ X4 4 (=Y3 4153V 4+ 612) X2 4 (2043Y 2 + 37080Y + 168507) X ? +
(153Y3 + 37080Y 2 4 652391Y + 2982276) X + (Y* 4+ 612Y> +
168507Y 2 + 2982276Y + 13600629)
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Appendix 3: Class polynomials

We have constructed class polynomials for most of the fundamental Thompson series
listed in Conway and Norton [8], p. 331. These computations were performed for several
field discriminants dx up to —95. Here is an algorithm for the construction of class
polynomials.

Input: The discriminant dx of an imaginary quadratic field X and a fundamental
Thompson series 7, of level V.

Output: A class polynomial for 7, and an imaginary quadratic order O C Og of
discriminant N 2dg .

Process:

(1) Find the primitive positive definite reduced quadratic forms @ = [a,b,¢] €
Q(N?dg) of discriminant dx N2.

(2) Transform each @; by ¢ and let Q' = [d/, ¥, ¢'] = ¢(Q) € Qup (N)/To(N)
with (¢’, N) = 1.

(3) For each @', let ¢ be the root of the quadratic equation a’z? 4+ b’z + ¢’ = 0 in
HNO.

(4) Construct the class polynomial:

M(X) = [T(X = Ty(re)
where the product runs over A(O) quadratic formsin Qg (N)/To(N).

(Alternatively, one can directly find the representatives @' = [a’, ¥, ¢/] € Qq, (N)/To(N)}
with (a’, N) = 1 using an explicit description of the T'y(/N) cosets of T'. This would
in principle yield another algorithm for the construction of monstrous class equations,
although we have not yet implemented this on computer.)

The construction was done with a program written in C using the PARI library
package. The floating point precision used was adjusted so that the resulting polynomials
had coefficients whose roundoff errors were less than 10~1°.

We observe that the constant terms of class polynomials are very highly factorizable.
Indeed, for T'y(/V), the constant terms are divisible by high powers of N.

This appendix contains examples of class polynomials for Thompson series

T3a T5a T6a T6-|—2; T6-|—6a T7+a T13a T13 +.
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00€ T X G988V T8LESTGVEFSLLIVTICSLTONE
— ¢ X9996TF896ELEITTTOSTVEFITOLEEE + o X 9GSG8TESGSTT0EI0STTFLOSESLFTY + X OFFSE0T6FS60ETF0089ES68TEET
T (X L0TPECFRGEISLL0TETE0CS6E — o X LOSEFTETSI09LTOTEITHIL — , X FLGTLESSSTEECLSTOFITT

T X8TES60FFTECTIETTESET + X TISSFOETETETET660T + (1 X FSS06905€08 + [ X T6SEESTEE + -1 X 6e—
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»z5 T X 00SCT8ZEISTELO6T + X 00ST9STSE0TISTI
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Singular Values of Thompson Series
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Singular Values of Thompson Series
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Singular Values of Thompson Series
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Singular Values of Thompson Series
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Appendix 4: Discriminants of class polynomials

This appendix contains the discriminants of selected class polynomials with degree 30
or less. The discriminants were factored into primes less than 2,000, 000.
We can make several observations.

(1) For Thompson series for T'o(N), the absolute values of the discriminants of class
polynomials are bounded by |dx|.

(2) For Thompson series for I'y(N)+, the absolute values of the discriminants of class
polynomials are bounded by |N dk|.

(3) For Thompson series for T'y(N) + ¢, f, g, - -, the absolute values of the discrimi-
nants of class polynomials are bounded by |dx ¢ - f -g---|.
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Discriminants of class polynomials for 13
dg Degree Discriminant
—4 2 2139
-7 4 —3%75672
-8 2 25313
11 2 2031311
-15 6 31565971211413%
—19 4 —24235T197
—20 4 22637455112172
—23 6 3183520712114172933
—24 6 2693156131172191232
—-31 12 —36511130132417149314998316
-35 4 2503745472932
-39 12 —3699760131417141916938999318374
—40 8 213232785181 78996314
—43 4 —2483615674432
—47 10 37455501126131619823629641%47°
-51 6 211031567121 73314472
—52 8 21283274536 13493641843%
—55 16 311965921130192893329914378 41144716538
—56 8 2130334071271167176996412474532
—59 6 2114318311413%23%472593
—67 4 —2423575674116314672
—68 8 21323340536 17819409415 472594
-71 14 310997841144133617309312318416476535595717
_79 20 _318937180175429223716411643124722531459226187116
7910
—-83 6 211631835207 34474712833
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Discriminants of class polynomials for 7§

307

dg Degree Discriminant

-3 2 2155

—4 2 2257

_7 6 32457772

_8 6 23857774

11 4 —22853911

—15 10 3485247720110 38

—19 4 —2283853919

—20 10 212652471110138178192

—23 18 5789784114417241916938

—24 8 2803305174134 174195

—-31 12 —312454057118131617893899431°

—35 10 22285247712192938312

-39 16 314257327641316172019189389912318374

—40 10 213638852471 78998312

—43 6 2843285774432

—51 8 21403305174712174316

_59 12 21883124534013623124112434

—55 20 —33885104411331926932899163784116 4716538

—56 16 2364573273811381720998318374411243%47453%

—59 12 —233251051120431693431 4474595

—67 6 272324577 741112314672
—68 24 2856514241 73619409924371241 2443472459161 12674
-7 28 _522897228111281310417722344313241244716531259126112

g7t71!3

—79 20 —3388511557108173299203712,41843147125385918611718

79°
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Discriminants of class polynomials for 7§
dg Degree Discriminant
_3 3 _214311
_4 4 _230319
_7 4 _23631972
_8 4 23232652
—11 6 276363113
-15 6 2903525374112
—19 12 —23323213196
—20 8 2144311658114172
—23 6 29036356112933
—24 12 2348323013%17419%932
—-31 12 —23963217718938316
_35 12 2350327051876236
-39 12 —23963233716 36194936374
—40 16 264033965241 78998314
—43 12 _23563225524712436
—47 10 2270318551811613493%475
—51 18 27923534736 1793112476
—52 16 2632339254813893841843%
—55 16 272033965241 11619%9316478
—56 16 26363148871671120178096414474532
—59 18 27983621111813129312476 597
—67 12 _2332321352471211243112676
—68 16 264034885481 71219%99%41547%59%
71 14 254633T1724111013817693547459%717
—79 20 —114036237521 78434 4716598718710
—-83 18 2816362156613124712716839
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Discriminants of class polynomials for Tg. 9

309

dg Degree Discriminant

-3 3 —28321

_4 4 _212339 72

-7 4 —3395276132

-8 4 014350527232

—11 6 046312374113 132192

15 6 310857712116134

—-19 12 —9200343773101g10992318372

—20 8 260322851211813617219%31237?

—-23 6 31235127411619%233372432

—24 12 0150346813161 7819893637441443%

—-31 12 —3%49112413191782383110371043853%612

—-35 12 2183534536718 98936314374435612672

-39 12 — 3465740 3141710 1g89318318374534g74734

—40 16 928037965601 7169083114438418¢78712738792

—43 12 — 2243449554732 98372 4310512738

—47 10 33655361110131419%93%09431843%475675 734

—51 18 9486310807841 71737 20378 4714504514734 794g34g9% 974

—52 16 9272380051047 3249310378 4116 4312738792978 32

—55 16 379656071132192093169923784716611067879897%1012103°
1092

—56 16 927639687421 14017249103110376 414434474 532678734 g7*
10321092

—59 18 0492312331 (50133893203183710,436 176 509G 14674738974
103*1092

—67 12 —9200343755673211247310372053241857109781092

—68 16 0280396851041 7121920998378411043847459%61 2674738974

103*10961272
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Discriminants of class polynomials for Ti, ¢

dg Degree Discriminant

-3 3 —283352112

4 4 9123772112192

-7 4 —375%7213219%2312

-8 4 214325472992312372

—11 6 246337611713219229241243%612

—15 6 312577611%292372432 592672712732

—-19 12 —2003811310191099431 2374412532 509%672 712794892972
103210721092

—20 8 260345121110136178192312372532592 712732797977 1132

—-23 6 33516761142333726727929721077 109>

—24 12 0180354 3141714191693837241243247%61%67471%89% 109*
113%137%139°2

—-31 12 —38%112213191782318296311937253%61%73%792832892
127%137%139%151% 167217971812

-35 12 221836540718196931031637241443253259%6126748921012
107%113%127%131%137%139%163% 18121932 19721992

-39 12 —3577361310171019169389983183725326729721072109%
113%1312151%163%173%179*191% 193222322292

—40 16 02803156564 172299183112,3261267271273%79%83%9741012
107*1092113%137%149*1512163* 18121917 193219922272
22922332

—43 12 — 224393560736 19699237443561271489%131% 1372 149>
15121572179219121992211222722412

—47 10 3°5441110131419%23829%31241243%475107%109%151% 163*
179%1812193%19922112223%22922337

—51 18 04863126790 17193122376 471053859861273279283%974101%
109%1372139%149%163*1792181*191%193% 19972114239
2414251%263%277% 281228372932
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Discriminants of class polynomials for 7%

311

dg Degree Discriminant

-3 2 28337

—4 4 —2%631273112932

-7 7 —3565227913517619%312414472

-8 8 — 2130530715 136934994372 472532

—11 8 — 2107151 1813617619%997412

—15 16 3216586766158 34499143710411043859%67471473589%974
10121032

-19 6 2114338751341932924125328921132

—20 12 0318550710130 3301722 19l4316376 5345947 (4732792972
113*131%1372

93 24 _ 538671531146 7786893324524 ,3205316451105712708
83%891297%1034107%109%113'7137% 14951572

—24 12 03223118710 132417221 gl49316376 41643247461 267271289
109%113*137%139% 1572163

—31 18 34747151 1761360174893369928311737184314531261873879%
83489%127413719167%179*181%197° 1992

—-35 14 9708568773219209322318378 418435535 50067480941012113%
1374193219722332

—40 12 2322320855671017229912318434714732832101%107% 1097
113%137%149%163%1812191%227%233%239% 25722692

—43 8 —022438253271519%9923724347128921132137223322572

-51 16 2926321676617223118371047105310596616736 792834892
9741374149%1812193%241%2572277%2812313%337°

—52 12 3183200592510 3189314376 1114439732894 103210771312

13721912193%197%21122512263%2812293%311%3172347°
3532
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Discriminants of class polynomials for 7175
dg Degree Discriminant
-3 4 —231131%
—4 6 210361335
-7 14 3605247613169
_8 14 29052471213169
11 14 215671211613169
—15 28 3168566780113613704
—19 14 215636013169195
—20 28 94445661136137041 7281912
—924 28 2446316813704172419282312
-35 24 25445487301 35741¢89320318
—40 24 233832285481357417202916318
—43 12 —21283525167813143435
—51 24 254031227561357417123120478
_59 26 23823258511213637232041244310
—67 14 21563605247121124131693112676
88 24 233632265100756113013574171641165920798
—9] 26 2652325673611681363717207124
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Discriminants of class polynomials for 773

313

dg Degree Discriminant

-3 4 —2203752112133

—4 6 03431876 114135937472

-7 14 31425607201313171019831441247559673283%592

-8 14 0214560740131393899631637247453%6127141012

—11 14 937074011161313171019899%41443283%10721312

—15 28 3384515871921110413562924371441184318591267127110734
89%9721014103%127%1315149%* 157*1635179% 1917193

-19 14 23703142131319899631437241253459%672712 107216721792
2272

—20 28 0986516211 1041356 1768194831 223714531459127112734796
972113%131*137%151%2 1572 173*179*191% 1932 1975 1992
211%233%239%251% 2572

—24 28 9972338413561 7641 9609344371447144318471651657107710
89%1004113%137%139% 157 163216741812 191221172292
233%239%2574263%277% 281728323072

—35 24 21186512278013221936234231243710418431453105910618
67°891%101*107%113%131%137* 13921632 251426323112
347441974437

—40 24 9740349051207 3221 7489323118 431451 26787110794 g38976
101%21078113%137% 149*1512191%2272 233423922572 269
311%3132347234923532359%38924212431%2443%457%24612
46724797 509>

—43 12 —92943114544530131119699243771211321312137%1632
191%2272347%383% 46724912

_51 24 21186328671421322172831323710472653105910612796836

89%97%1092137%139%149%163°179%199%211%2512 263
283435923797443%487%4912499%5472563%571%5872619°2
6432
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Appendix 5: Resultants of class polynomials

This appendix contains some resultants of the class polynomials for 75, 77, T7+. We
note that the resultants are highly factorizable numbers.

Resultants of class polynomials for 75

dy ds Resultant of A1 (X) and Ma(X)
-3 -4 —28.3
-7 28.3.5
_8 216 . 52
11 —231
-15 —216.32.5.11
—4 -7 29 .32
-8 —219.7
11 —2% .72 11
—15 218 .32 .72
-7 -8 218 .52 7
11 —22%.7.14.17 .19
-15 —22%.32 .5
-8 11 218 . 74132
-15 236 .52 .72 . 132
11 -15 —2*® .74 .11.13% .29 .41
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Resultants of class polynomials for 7%
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dy ds Resultant of A;(X) and M2(X)
-3 —4 —26.33. 714

_7 35 . 55 . 726

_8 212 . 56 . 728

—11 230 . 728

—15 312.55.756. 116
_4 _7 321 . 749

_3 _928 57

—11 —2%4 . 757 1t

—15 324 . 7114118
-7 -8 521798 137

—11 —798.137.177 . 197

15 _342 521 7196 gl4
-8 —11 248 711438

—15 5247228 1316 . 998
—11 —15 7228118 1316 . 298 . 418
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Resultants of class polynomials 77

dy ds Resultant of A;(X) and M2(X)
-3 —4 —212.36. 112 .47.83. 131
-7 3.5 17.47.101 - 167 - 227 - 251 - 257
-8 224 513 232 .71%. 173 . 269 - 293
—11 264 112 .17.29% . 41 .83 . 101
—15 3%4.512.1119.29%.41%.59%.89.131.311-419-461-479-509-521
—4 -7 346 .74 .19%.31.59% . 1317 . 1672 . 199 - 307
-8 —256.79.932.31%.47% . 103167223 - 271 - 311 - 367 - 383
—11 —2%8 .79 115 .193.43%.79% . 107% . 139- 283 - 439 - 503 - 523
—15 348 . 718 118 .43% . 59.67% . 71% . 1037 - 1277 - 2237 . 251 -
283%.307% . 367% . 479 - 719
-7 -8 542 .78 .13%.31% . 477 .61 - 1012 - 157 - 1812 - 271% . 2937 .
3117 - 397 - 461 - 661 - 677
—11 —78 13141713 191 L 412 617 .73.83% . 131 - 241 - 293 -
523 - 563 - 601 - 733 - 761 - 787 - 811 - 853 - 887 - 937 - 941
—15 —384.542.716 1328 . 413 . 595 .73%.893.103% . 157%. 2693 .
3113 - 3672 . 4337 . 5232 . 5772 . 6077 - 6432
-8 —11 296 . 718 1316 . 99%.613.792. 1013 . 1517 - 2392 . 2637 . 349 -
3597 . 853 - 997 - 1069
—15 548 . 736 1332 . 2916 . 375 . 712 . 101 - 1277 . 149 . 1572 .
191%.223%.239% . 3977 . 4637 . 4877 . 509 - 6077 - 7277 . 7332
941 - 1109 - 1181 - 1301
—11 —15 —736 11181332 . 2014 . 4113 . 435 . 73% . 101% - 1277 - 1312 -

1932 .2772.373%2 . 4572 . 461 - 547% . 613% . 673% . 761 - 1091 -
1151 - 1319 - 1559 - 1601 - 1811 - 1889 - 1931 - 1949 - 1979
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