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Introduction

Let H � fz � C j Im�z� � �g be the upper half complex plane and let � � PSL��Z�
be the modular group. Then � acts on H by the fractional linear transformation :�

a b
c d

�
�z� �

az � b

cz � d
where

�
a b
c d

�
� � and z � H�

The quotient H�� is an open Riemann surface of genus zero. We compactify it by adding
the point at infinity, the cusp of �. This compact Riemann surface will be denoted by
H���.

Let j�z� be the elliptic modular function. Then j defines a complex analytic isomor-
phism of compact Riemann surfaces

j � H���� P��C �� z �� j�z��

that is, j is the uniformizer of H���, and it generates the function field of H��� over
C . Furthermore, at z �� the function j�z� has a q-expansion of the form

j�z� � q�� � ��� � 	
����q� 
	�
����q�� � � � where q � e��iz�

We normalize it by subtracting the constant term

J�z� �� j�z� � ��� � q�� �
X
n��

cj�n�q
n with cj�n� �Zfor all n � 	 �

We may call J having the above properties a canonical Hauptmodul for the “genus zero
group” �.

More generally, let G be any discrete subgroup of PSL��R� such that H��G �
H�G � fcusps of Gg is a compact Riemann surface of genus zero. We may call such
a group G a genus zero subgroup of PSL��R�. A Hauptmodul f for the genus zero
subgroup G is then:

(1) a meromorphic function on H��G,
(2) a generator of the function field of H��G over C , or equivalently,
(2’) a uniformizer

f � H��G� P��C �� z �� f�z��

In all cases considered in this paper, G contains the the transformation z � z�	 so
that f has a q-expansion in terms of q � e��iz . Furthermore, if f has a q –expansion
of the following form with the constant term normalized to �:

f�z� � q�� �
X
n��

cf �n�q
n with cf �n� �Zfor all n � 	 �

f is called a canonical Hauptmodul for a genus zero subgroup G.
(The reason for normalizing constant terms in the q –expansion of Hauptmoduln to �

is that constant terms are not a well-defined concept in Monstrous Moonshine, i.e., they
are not characters or even necessarily integers).
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Let N � 	 be an integer and let

���N � � f
�
a b
c d

�
� � j c � � �mod N �g�

Then ���N � is a subgroup of � of finite index. The cusps of ���N � consist of the finite
set P��Q�����N � and they are all defined over Q. Let

X��N � � H�����N � and X��N �� � X��N �� � WN �

where � WN � denotes the group of Atkin–Lehner involutions on X��N � (of order

r if r distinct primes divide N ). Associated to X��N �� there is a subgroup G of
PSL��R�, which contains ���N � as a normal subgroup. We denote such a group by

���N ��. (If N is prime, then ���N �� � ���N � � wN where wN �

�
� 	
�N �

�
is the Fricke involution, and X��N � is a double covering of X��N ��. ) There are only
finitely many values of N for which X��N � or X��N �� has genus zero. Let S denote
the set of prime values for N giving rise to genus zero Riemann surfaces X��N ��, then

S � f
� �� �� �� 		�	��	�� 	
� 
�� 

� �	� �	� ��� �
� �	g �Fricke [13,14]; Ogg [23]��

Suppose that G is a subgroup of PSL��R� which contains ���N � for some N . G is
said to have level N if N is the smallest positive integer for which ���N � j G.

Now we bring in the Monster, M , into our consideration. The Monster M is the
largest of the sporadic simple groups, of order


���������		�	��	� � 	
 � 
� � 

 � �	 � �	 � �� � �
 � �	 	 � � 	����
Ogg [23] noticed that the primes dividing the order of M are exactly those in the set
S. The monster M acts on a graded vector algebra V � V�� 
n�� Vn constructed by
Frenkel, Lepowsky and Meurman [12]. It was first shown by the same team that for each
n �� �, the dimension of an M –module Vn is equal to the n-th coefficient cj�n� of the
q –expansion of J , the characteristic defining property of V . For any element g � M ,
let Tr�gjVn� denote the trace of g acting on Vn for each n. Then Tr�gjV��� � 	 and
Tr�gjVn� �Zfor every n � 	. Packaging together all these data, the Thompson series
was defined:

Tg�z� � q�� �
X
n��

Tr�gjVn�qn where q � e��iz �

If g � 	M is the identity element of M , then Tr�	MjVn� � dim�Vn� � cj�n�, so one
gets T��z� � J�z� � j�z� � ���, the canonical Hauptmodul for �. Furthermore, it
was conjectured (Monstrous Moonshine) by Conway and Norton [8] on a suggestion of
Thompson that for any element g � M the Thompson series Tg�z� is a Hauptmodul for
a genus zero subgroup of level N � N �g� divisible by the order of g. Moreover, this
genus zero subgroup lies between ���N � and its normalizer in PSL��R�.

This conjecture has recently been proved by Borcherds [5] using generalized Kac-
Moody algebras and a no-ghost theorem from string theory.

The main purpose of this paper is to study Thompson series evaluated at imagi-
nary quadratic arguments (singular moduli), and the fields they generate over imaginary
quadratic fields, and Q.
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We shall first recall the classical results (Kronecker’s Jugendtraum) on singular moduli
of the elliptic modular function j for � evaluated at imaginary quadratic arguments. (The
standard references on this subject are “Complex Multiplication” by Borel, et al. [4], Cox
[9], Lang [19] and Shimura [25].)

Let K be an imaginary quadratic field over Q of discriminant dK and let O � K
be an order of conductor f , discriminant f�dK and class number h�O�. Let � �
H
T
O be an imaginary quadratic argument. Then j�� � is an algebraic integer (singular

modulus). This was proved by constructing the modular equation. A singular modulus
j�� � generates over K the ring class field, L, of O (the Hilbert class field if O is
the maximal order of K ). The Galois group Gal�L�Q� is isomorphic to a generalized
dihedral group Pic�O� oC�, where Pic�O� is the ideal class group of O of order h�O�
(=the class number of O ). Moreover, any generalized dihedral extension of Q is obtained
in this way.

The ring class field L can be constructively realized over Q as the splittingfield of the
minimal polynomial of j�� �, called a class polynomial of O. Furthermore, discriminants
of class polynomials and resultants of two class polynomials are highly divisible numbers
and their decomposition laws were described by the formulae due to Gross and Zagier
[16].

A similar theory should exist for any Thompson series, and we shall specifically look
into the following questions:

(a) Thompson series evaluated at imaginary quadratic arguments (“singular moduli”
of Thompson series);

(b) Explicit construction of “modular equations” associated to Thompson series;
(c) Explicit description of the “class fields” generated by singular moduli of Thompson

series, e.g., Galois group structure, class field structure;
(d) Explicit construction of “class polynomials” satisfied by singular moduli of Thomp-

son series;
(e) Gross-Zagier type formulae for the discriminants of class polynomials (more

generally, for the resultants of two class polynomials) determined in (d);
(f) Singular moduli of “roots” of some Thompson series.
A Thompson series Tg�z� is said to be fundamental if it is a Hauptmodul for a genus

zero subgroup of level N when N is exactly equal to the order, o�g�, of g � M . (This
corresponds to the condition h � 	 in Conway and Norton [8].)

Our results are formulated for fundamental Thompson series Tg for genus zero
subgroups ���N � � e� f� g� � � � .

The questions (a) and (c) may be answered if we work out the Shimura Reciprocity
Law (Shimura [25], Theorem (6.31)) explicitly in our context.

For (e) we simply observe that discriminants and resultants of class polynomials factor
very highly, and that they seem to be governed by Gross–Zagier type formulae.

For (f) we discuss the illuminating examples considered in Yui–Zagier [30], that is,
singular values of Weber functions, which are the 24–th roots of a Hauptmodul for ���
�,
and then formulate a conjecture for singular moduli of “roots” of some fundamental
Thompson series.

Now we are ready to state our main results.
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Theorem I. Let Tg be a fundamental Thompson series of level N � o�g� with a fixing
group G of the form ���N � � e� f� � � � . Then for each imaginary quadratic number
� � H satisfying az� � bz � c � �� �a�N � � 	, Tg�� � is an algebraic integer.

In order to prove Theorem I, we shall construct “modular equations” associated to
Thompson series. Our proof is a direct analogue of the classical proof for singular moduli
of j .

Theorem II. For any positive integer m such that �m�N � � 	, there exists an irre-
ducible symmetric polynomial �T

m�X�Y � � Z�X�Y � in two variables X�Y satisfying
the following properties:
(1) �T

m�Tg � Tg 
m� � �, and
(2) �T

m�X�X� has leading coefficient �	 if m is square-free.
Here Tg 
m means the composition of Tg and the multiplication by m map.

The essential point of Theorem II is the construction of a modular equation enjoying
the property (2), from which the algebraic integrality of Tg�� � for � would be derived.

Our results on the algebraic structures of the fields generated by singular moduli
of Thompson series are formulated in the following theorem. We restrict ourselves to
those singular moduli of Thompson series evaluated at the imaginary quadratic arguments
specified in Theorem I.

Theorem III. Let Tg be a fundamental Thompson series of level N � o�g�. Let K be an
imaginary quadratic field of discriminant dK . Let O be an order of K of discriminant
N�dK and class number h�O�. Let Pic�O� be the ideal class group of O. There is a
bijection � � Pic�O�� IK �N ��PK�Z�N � where the latter is the generalized ideal class
group of K with modulus N . Then following assertions hold:
(1) For any ideal class a � Pic�O�, Tg���a�� generates the ring class field, L, of O.
(2) For any ideal classes a� b � Pic�O�, define �b�Tg���a��� by

�b�Tg���a��� � Tg����ba���

where � denotes complex conjugation. Then �b is a well-defined element of the Ga-
lois group Gal�L�K�, and � �� �b induces an isomorphism Pic�O� 	� Gal�L�K�.

A constructive version of Theorem III can be derived if we translate the ideal formu-
lation to quadratic forms. Let QdK �N �����N � denote the group of primitive positive
definite quadratic forms �a� b� c�� a � �� �a�N � � 	 of discriminant dK modulo ���N �.
Then there is a bijection between Pic�O� and this group.

Theorem IV. For each Q � QdK �N �����N �, let �Q denote the root of Q�z� 	� � � in
O �H. Define the polynomial

M �X� �

h�O	Y
i
�

�X � Tg��Q���

Then
(1) M �X� is the minimal polynomial of Tg��Q� over Q,
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(2) M �X� �Z�X� and is irreducible over Q,
(3) The splitting field of M �X� over Q is the ring class field L of K , and
(4) Gal�M�Q� 	� Pic�O�o C�.

Observation. The resultants and discriminants of class polynomials are highly divisible
numbers with small prime factors. There are conjectural Gross–Zagier type formulae
describing the decomposition law of discriminants and resultants.

Conjecture. Let Tg be a fundamental Thompson series for ���N � � e� f� � � � , which
has shape:

Tg�z� � f��az�
���bz�� � � �

��cz����dz�� � � � g
r with some r �Z� �

Then the assertions of Theorem I–IV hold true also for “roots” of Tg .

Yui–Zagier [30] discussed singular moduli of Weber functions, which are the 
�–th
roots of Hauptmoduln for ���
�, in the context of Theorem I–IV, and the conjectural
Gross–Zagier type formulae for resultants and discriminants were described.

Similar results should also hold for any fundamental Thompson series having shape as
in Conjecture. For instance, consider Tg for ���N � with N � 	j
� and their N�m-th
roots where m � �N � 	� 
��, or T����z� � f��z����z����
z����z�g� for ������
and its r-th roots where r � f
� �� �g. However, we are not going into a detailed
discussion on singular moduli of “roots” of Thompson series here, but will study them in
a subsequent paper.

Previously, several authors (Fricke [13,14], Weber [29], Schertz [24], Birch [2, 3],
Cohn [7], and Cox [9], among others) considered singular moduli problem for a rather
limited class of modular functions such as j� 	�� 	� and for the Weber functions f� f�
and f�. The methods used were rather ad hoc and non-uniform.

In this paper, we have considered singular moduli problem for a large class of new
modular functions (Thompson series arising from the Monstrous Moonshine) in a unified
manner.
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1. Hauptmoduln

The full modular group PSL��Z� is the most distinguished genus zero subgroup of

PSL��R�, and is denoted by �. � is a group generated by two elements T �

�
	 	
� 	

�
,

and S �

�
� 	
�	 �

�
with relations S� � �TS�� � 	.

Thompson [28] has shown that there are only finite number of conjugacy classes of
genus zero congruence subgroups of � which are commensurable with �.

In this section, we will be concerned with genus zero subgroups G of PSL��R� of
the special form, and Hauptmoduln for G. We denote by M��G� the complex vector
space consisting of all Hauptmoduln for G.

(1.1) Hauptmodul for � . The most classical example of Hauptmoduln is the elliptic
modular j-function for G � �. It is a transcendental function defined as follows:

j�z� � 	
�
E��z�

�

E�
��z� � 
�E�

��z�
for z � H

where

Ek�z� ��
X

�m�n	�Z��f����	g

	

�mz � n��k

is the Eisenstein series of weight 
k �k � 	�. j is a modular function for �. It has
simple pole at z ��, and it has a q-expansion of the form:

j�z� �
�	 � 
��

P
n�� ���n�q

n��

q
Q

n���	� qn���
where ���n� �

X
djn
d��

d��

Expanding it out, we obtain the well known series for j (and for J ):

J�z� � j�z� � ��� � q�� � 	
����q� 
	�
����q�� � � �

� q�� �
X
n��

cj�n�q
n with cj�n� �Z�

The space M���� is of dimension 	 and generated by j . Furthermore, any holomorphic
modular function for � is a polynomial of j over Z.

(1.2) Genus zero involutory subgroups of the normalizer of ���N � . (For details
confer Conway and Norton [8], p. 311.) We now introduce a class of subgroups of the
normalizer of ���N � in PSL��R�, with the purpose of describing relevant genus zero
subgroups of PSL��R�.

Let h be the largest positive divisor of 
� for which h�jN and put n � N�h. Let e
be a Hall divisor of n�h, that is, e is a positive divisor of n�h for which �e� n�h� � 	.
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We denote by
�
a b
c d

�
e

a matrix of the form

�
ae b�h
cn de

�
� PGL��Q�� with determinant e �

Then the normalizer of ���N � in PSL��R� is

NPSL��R	����N �� �� f
�
a b
c d

�
e

ja� b� c� d� e �Zand e � � a Hall divisor of n�hg�

With this description of the normalizer, we can now describe certain involutory sub-
groups of the normalizer. For any positive divisor h (not necessarily the largest) of 
�
satisfying the above properties, we define the following subgroup of NPSL��R	����N ��:

���njh� � f
�
a b
c d

�
�

ja� b� c� d �Zg

An Atkin–Lehner involution of ���njh� is a matrix of the form�
a b
c d

�
e

where a� b� c� d� e �Zand e � � is a Hall divisor of n�h. Such an element normalizes
���njh�, and the normalizer of ���N � can also be obtained by adjoining to ���njh� all
its Atkin–Lehner involutions. If we let We�h denote the set of all such matrices with a
fixed e, then We�h forms a ���njh� coset.

In particular, if h � 	, we have that ���njh� � ���N �. The set We�� of all Atkin–
Lehner involutions with fixed e shall be denoted simply by We. These sets are ���N �
cosets and satisfy the multiplication rule:

(1.2.1) WeWf � WfWe � Wk�mod ���N �� where k ��
e

�e� f�
� f

�e� f�
�

(Notice that k is a Hall divisor of N if e and f are Hall divisors of N . )
The class of subgroups in question are then the groups ���njh� � e� f� � � � , where

e� f� � � � are Atkin–Lehner involutions of ���njh�. We shall adopt the convention that
���njh�� is the group obtained by adjoining to ���njh� all its Atkin–Lehner involutions.

For a specific example, take N to be a prime. In this case, h � 	 and the only
non-trivial Atkin–Lehner involutions of ���N � lie in the coset of the Fricke involution,

wN �

�
� 	
�N �

�

which (as a linear fractional transformation) sends z � H to �	�Nz. The group
���N �� is thus the full normalizer of ���N � in PSL��R�.

(1.2.2) Theorem. (Fricke [13,14]; Ogg [23])
(1) ���N � is a genus zero subgroup of � exactly for N � 	� 
� � � � � 	�� 	
� 	��	��	��
�.
(2) If N is prime, ���N �� is of genus zero exactly for 	� values of N in the set S

defined in the Introduction.
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(Incidentally, the set S is also the set of primes p for which supersingular elliptic
curves E in characteristic p � � have the absolute j –invariants in the prime field Fp . )

(1.3) The Monster M . Let M denote the Monster, the largest of the finite sporadic
simple groups. Its order, �M is about �� 	���, but is highly factorizable. In fact, the
primes dividing �M are exactly those in the set S (cf. Introduction). The smallest
non-trivial representation of the Monster is of degree 	
����. McKay first noticed that
the coefficient of q in the q –expansion of J�z� is exactly 	 more than this number, and
Thompson found that the next few coefficients of J�z� were also linear combinations of
the character degrees of M . Based on these findings, Thompson conjectured that the
Monster M acts on a naturally defined infinite dimensional graded vector space

V � V�� �
X
n��

Vn

where dimV�� � 	, and for each n � 	, Vn is a M -module of dimension equal to
cj�n�, the coefficient of qn in the q –expansion of J�z� � j�z� � ���. Such a vector
space V was constructed by Frenkel, Lepowsky and Meurman [12].

Noticing that the function J�z� corresponds to the identity 	M of M , Thompson
further proposed that if one replaces 	M and the coefficients cj�n�, by an arbitrary
element g � M and the corresponding characters of M , one should get a formal power
series having similar properties to J�z�. The exact conjecture was formulated by Conway
and Norton [8], based on experimental data.

(1.4) Monstrous Moonshine. (Conway and Norton [8]) For any element g � M , let
Tr�gjVn� be the trace of g in Vn for each n. Define the Thompson series of g by

Tg�z� � q�� �
X
n��

Tr�gjVn�qn where q � e��iz �

Then we have the following assertions:
(1) Tr�gjV��� � 	 and Tr�gjVn� � Z for any n � 	. (In fact, this is the character

value of the n-th head representation of M . )
(2) Tg is a canonical Hauptmodul for a certain genus zero subgroup G having level

N divisible by the order o�g� of g. This subgroup lies between ���N � and its
normalizer in PSL��R�.

(1.4.1) A description of the genus zero subgroups G . Conway and Norton [8] gave
more a specific description for this genus zero subgroup G. First we need some def-
initions: The fixing group of Tg is the subgroup of PSL��R� that fixes Tg , and the
eigengroup of Tg is the subgroup of PSL��R� which multiplies Tg by a h–th root of
unity where h is a certain fixed positive integer. If we put N � h � o�g�, then hj
�,
h�jN and the eigengroup of Tg is equal to ���o�g�jh��e� f� � � � for some Atkin–Lehner
involutions e� f� � � � of ���o�g�jh�. The genus zero subgroup G that we are after is the
fixing group of Tg , and it is a subgroup of index h in the eigengroup.

We call a Thompson series Tg fundamental if h � 	. In this case, N � o�g�, and
the fixing group which coincides with the eigengroup has the form G � �e�SWe where
S is a subset of the Hall divisors of N � o�g� closed under the multiplication rule of
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(1.2.1). In particular, G is equal to the group ���N � extended by some Atkin–Lehner
involutions of ���N �. (If N is prime in the set S, then G � ���N �� � ���N ��wN . )

(When h � 	, Conway and Norton [8] gave a description of the fixing group G for
Tg . But we are not discussing these non-fundamental Thompson series in this paper.)

The Monstrous Moonshine (conjecture) has recently been proved by Borcherds using
generalized Kac–Moody algebras and the no-ghost theorem from string theory.

(1.4.2) Theorem. (Borcherds [5]) Monstrous Moonshine holds true.

Remarks. (1) If g has prime order N � S, and if Tg is a canonical Hauptmodul
for ���N ��, then Tr�gjVn� is always a positive integer for every n � 	. There is a
formula due to Reidemeister which describes the coefficient of qn in Tg , as a sum of
the dominant term and the rest. Tg has a simple pole at z � �. The Fricke involution
wN interchanges two cusps � and � of ���N ��. So Tg has also a simple pole at
z � �. In this case, Borcherds shows that the sign of the coefficient of qn should be the
same as the sign of the dominant term, which is always positive when n is sufficiently
large (in fact n � 	 in this situation). However, if Tg is a canonical Hauptmodul for
���N �, the coefficients of its q-expansion are not necessarily positive integers. Borcherds
has a conjectural interpretation for these negative coefficients in terms of dimensions of
supervector spaces associated to Vn for n � 	.

(2) Norton suggests that the coefficients of Tg��	�z� are always non–negative and
correspond to character degrees of a cover of CM�g� (=the centralizer of g in M ).
Furthermore, the corresponding character values give rise to modular functions Tg�h�z�
associated to a commuting pair �g� h� � M �M , which are either (scaled) Hauptmoduln
or identically zero, and the action of � on the pair �g� h� and on z is equivalent up to
multiplication by a root of unity. For details, see Generalized Moonshine by Norton [22].

(1.5) Description of Hauptmoduln. Let G denote a genus zero subgroup of PSL��R�
obtained by adjoining to ���N � a certain number of Atkin–Lehner involutions. Let Tg
be the Thompson series for g � M . Then the validity of Monstrous Moonshine implies,
in particular, that Tg has a q –expansion of the form

q�� � c�q � c�q
� � � � � � cn �Z for all n � 	

where q � e��iz . We may simply write �	� �� c�� c�� � � � � for this power series. The
constant terms are normalized to 0 as they are not characters (or, even necessarily integers).

(1.5.1) Examples. Many (but not all) of the canonical Hauptmoduln corresponding
to Thompson series can be expressed as products of eta-functions with constant terms
removed. First we recall the definition of the eta-function. The eta-function � is defined
by the q –expansion

��q� � q
�

��

�Y
n
�

�	� qn� where q � e��iz� z � H�

It satisfies the transformation formulae :

��z � 	� � e
��i

�� ��z� � ���	

z
� �

p�iz��z��
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Here are some examples. All Thompson series in these examples are fundamental, i.e.,
h � 	.

(a) Let G � ���N � where N is a positive integer such that N � 	j
�. Then

f�z� � f ��q�

��qN �
g���m where m � �N � 	� 
��

gives rise to a Hauptmodul for ���N �. (cf. Fricke [13, 14], Gross [15] and Shimura
[25].)

(b) Let G � ���	���. Then

f�z� �
��q��

��q����
� 	�

��q����

��q��

is a Hauptmodul for ���	���. f � 	
 has a q-expansion of the form

�	� �� 	
� 
�����	�
�
��� ��������	�
�� 
�����
��� �
���
���� 	�	��� � � ���
This is the Thompson series 13A in Conway and Norton [8].

(c) Let G � ������ � ��. Then H��������� is of genus zero. Construction of a
Hauptmodul for this group was illustrated by Birch [3]. Let

f�z� �
��q����q���

��q����q���
� q��

�Y
n
�

	 � qn

	 � q��n
�

Then the first 
� coefficients of its q-expansion are

�	� 	� 	� 
�
� �� ������ �� 	�� 	
� 	�� 	�� 

� 
���
�����������������
�	��� 	

 � � ���
Note that f � 	 corresponds to the Thompson series ��a in the table given in Ford,
McKay and Norton [11].

(d) Let G � ����	��. Then the Thompson series (71A) is given by

Tg�z� �

��� 
� 	��� 
��� 
� 	
�


��q���q���
� 	 (cf. Conway and Norton [8])�

Here 
 is the theta function defined by


�a� b� c� �
X

q�ax
��bxy�cy�	��

where the sum runs over all pairs �x� y� �Z�Z. The constant term is 	��, and the first

� terms of the q-expansion are

�	� �� 	� 	� 	� 	� 
�
��� �� �� ������ �� ��	�� 		� 	�� 	�� 	�� 	
� 

� 
�� 

 � � ���
(e) Let G � ������
 (resp. �������� ), and we consider the fundamental Thompson

series T��� (resp. T��� ). It is expressed as a rational function of eta-functions:

T����z� � f ��q���q
��

��q����q��
g� � � (resp. T����z� � f��q

����q��

��q���q��
g�� � 	
)�

The first 	� coefficients of the q –expansion are

T����z� � �	� ���
� 
���
����
�	����	����	�
��
������������ � � ��
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(resp. T����z� �

� �	� �� ��� ����	���� �����	
�
�� �
��
� ���
��	��
�����
������	
�
� � � ����
(1.5.2) Modular relations. There is a relation called modular relation between any
Hauptmodul f associated to a genus zero subgroup G � � and j . Such a relation
describes j as a rational function of f of degree equal to the index �� � G�. It is
possible to obtain such relations explicitly for the subgroups ���N � such that N � 	j
�,
i.e., N � 
� �� �� �� ��
�	� and 
�. Put m � �N � 	� 
��. We tabulate modular
relations for these non-normalized Hauptmoduln f (cf. Table below). Under the remark,
we list the corresponding Thompson series from Conway and Norton [8], for instance, in
the first row, f � 
� is the canonical Thompson series 2B.

G Modular relation Remark

���
� j � �f����	�

f�
2B

����� j � �f���	�f����	�

f� 3B

����� j �
�f����� f�������

�f���	f� 4C

����� j �
�f����� f�������

f� 5B

����� j �
�f���� f�����f����� f�������

f�
7B

���
� j �
�f��	��f����� f����
�f�������

�f��� f���	f� 9B

���	�� j �
�f��� f�����f����� f����
�f�������f��
�����

f�� 13B

���
�� j �

�f������ f������f�������f����
���f	

�������f���������f���������f�

�����
��f���������f��������	�

�f��� f���� f���� f����f��
25b

Remarks. (1) In each modular relation in the table, the numerator is a monic integral
polynomial which has an irreducible cubic factor over Z. The presence of an irreducible
factor to its cube power can be explained as follows: We know that the elliptic modular
j-function has a zero of order � at � �� ���p��

� in the standard fundamental domain
for H��. Now we determine the points in the fundamental domain for H����N � lying
above the point �. First we note that no ramified points in H�����N � over � are fixed
by ���N �. Then the fact j has a triple zero at � implies that some of the points above
� have ramification index �. Evaluating f at these points, and using Galois theory,
we obtain an integral irreducible polynomial to its cube power. (Integrality follows as
singular values of f at these points are algebraic integers.) For instance, take N � �.
Then there are four points in H������ above �: They are � ���� ��

��� ����
��
��� �	� and

��
��� �	�. (Here the number in parentheses denotes the ramification index of the preceding
point.) Evaluate f at these points and form

�f � f������f � f�
�	
� � 


����f � f�
�	
� � �

���f � f�
�	
� � �

���
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Then this gives the numerator of the modular relation for �����.
(2) A similar argument as above at the cusp � gives information about the denomi-

nator of the modular relation.

For the genus zero subgroups ���N ��, there is a “quadratic” modular relation
between a Hauptmodul for ���N �� and j . This follows from the following more
general fact.

(1.5.3) Remark. Let G be a genus zero congruence subgroup of level N with Haupt-
modul g. Then the minimal polynomial of j over M��G� has the form

A��g�j
t �A��g�j

t�� � � � ��At�g� � �

where t � �G � ���N ��, and Ai is a polynomial of g for each i.

We apply this to G � ���N �� where N is a positive integer such that N � 	j
�.
Then ����N �� � ���N �� � 
. Let f and f� denote, respectively, Hauptmoduln
corresponding to ���N � and ���N ��. Then for each N , there is a “quadratic” modular
relation between f� and j .

Examples of modular relations for ���N �� with N�	j
� are tabulated in Appendix
1.

2. Modular equations

The algebraic integrality of the elliptic modular j function at imaginary quadratic argu-
ments and Kronecker’s Jugendtraum were classically proved by showing the existence of
a modular equation �m�X�Y � giving the relation between j and j 
m, where m is a
positive integer and j 
m�z� � j�mz�. This polynomial is symmetric, absolutely irre-
ducible, and has integer coefficients. Furthermore, the modular equation �m�X�Y � � �
is an affine singular model of the modular curve X��m�, that is, there is a morphism over
Q:

X��m� �� P��C � �P��C � � z �� �j�z�� j�mz��

whose image is the correspondence defined by the locus of the modular polynomial. The
affine curve �m�X�Y � � � is a singular curve having only ordinary double points as
singularities. (cf. Gross [15].)

The purpose of this section is to explicitly construct modular equations for fundamental
Thompson series in a manner which generalizes the classical derivation for j . Although
it is clear that there is some relation between Tg and Tg 
m (the composition of Tg and
the multiplication by m map), this explicit construction will allow us to deduce many
important properties. For instance, �m�X�Y � lies in Z�X�Y � and it is a symmetric
polynomial whose diagonalization ��X�X� has leading coefficient �	 if m is non-
square.

Let m be a positive integer and define the set

��m� � f
�
a b
� d

�
j a� b� c� d�Z� ad � m� a � �� �a� b� d� � 	� � � b � d g
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whose cardinality we shall denote by ��m�.
Recall from the construction of the modular equation for j (Yui [31]; cf. Lang [16],

p. 52) that the sets ��, where � � ��m�, are disjoint. In the classical formulation of
this fact, one considers the group � acting on the set

��
m � f

�
a b
c d

�
j a� b� c� d �Z� �a� b� c� d� � 	� ad� bc � m g

and one shows that ��m� contains a complete set of representatives for the �n��
m.

The standard convention for describing Atkin-Lehner involutions involves working in
PGL��Q��. Here, an Atkin-Lehner involution has the form�

ae b
cN de

�

where ekN . To generalize the classical derivation of modular equations for Thompson
series, we will regard Atkin-Lehner involutions as matrices in PSL��R�, that is to say,
an Atkin-Lehner involution will have the form�

a
p
e b�

p
e

cN�
p
e d

p
e

�

where ekN . The main reason for normalizing Atkin-Lehner involutions to determinant
	 is to avoid having to consider equality of matrices up to scalar equivalence. The second
difference is that we will avoid considering group actions on ��

m. We will simply view
G� as a set of matrices in PGL�R�� with determinant m.

From the discussion in Section (1.2), we know that the fixing group G of a fundamental
Thompson series Tg has a special form

G �
�
e�S

We

where We is the set of all Atkin–Lehner involutions with a fixed Hall divisor e of N ,
and S is a subset of the Hall divisors of N closed under the multiplication rule given in
(1.2.1).

(2.1) Lemma. Let G be the fixing group of a fundamental Thompson series Tg of level
N � o�g�. If �m�N � � 	, then the sets G� for � � ��m� are all disjoint.

Proof. Suppose G�� �G�� �� � where

�i �

�
ai bi
� di

�
� ��m��

Then �� � ��� for some Atkin-Lehner involution � �We , where e � S. So we have
���

��
� � �. In terms of matrices, this equation is read :

	

m

�
a�d� a�b� � a�b�
� a�d�

�
�

�
w
p
e x�

p
e

yN�
p
e z

p
e

�
�

By equating entries on both sides, we see that y � �. Since the determinant of both
matrices is 1, we have wze � 	 and therefore e � 	 and wz � 	. Thus, a�d� � a�d� �
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m and hence a� � a�, d� � d�. It then follows that a�b� � a�b� � a��b� � b��. By
equating entries again, we see that a��b� � b���m � x � Z. However, m is prime to
a� so this implies that b� � b� �mod m� and therefore b� � b� by definition of ��m�.

Our next task is to show that multiplication on the right by a element in G induces
a permutation of the sets G� where � � ��m�. For this, we first state the following
elementary fact. In what follows, the notation and the hypothesis of Lemma (2.1) remain
in force.

(2.2) Lemma. Let 
 �

�
r s
t u

�
�M��Z� be a primitive matrix with determinant m.

Suppose that �r�N � � 	 and t is divisible by N . Then there exists a 	 � ���N � such
that 
 � 	� for some � � ��m�.

Proof. The numbers �t��r� t� and r��r� t� are relatively prime. Choose x, y such that
xr��r� t� � yt��r� t� � 	 and form the matrix

	 �

�
x y

�t��r� t� r��r� t�

�
�

By the construction, 	 � ���N � and the matrix 	
 is both upper triangular and primitive.

Multiplying 	
 on the left by a matrix of the form
�
	 k
� 	

�
� ���N � we obtain a matrix

in ��m� as desired.

(2.3) Lemma. Multiplication on the right by an element � � G induces a permutation
of the sets G� where � � ��m�.

Proof. We first show that if � � G and � � ��m� then G�� � G�� for some
�� � ��m�. It suffices to show that �� � �	�� for some 	 � ���N � and �� � ��m�.
This occurs if and only if ����� � 	�� . Write

����� �

�
r s
t u

�
�

Expanding the product ����� shows that r� s� t� u �Z, r � zawe� zbyN � xdyN�e
and t � �yNaw � y�bN��e � dwyN .

A case by case analysis shows that r is relatively prime to N . Note also t is
divisible by N . Thus ����� satisfies the hypotheses of Lemma (2.2). Hence there
exists a 	 � ���N � such that ����� � 	�� for some �� � ��m�.

By disjointness of the sets G�, we see that G�� � G��� implies � � �� . There-
fore, multiplication on the right by a matrix � in G permutes the sets G�.

We are ready to define the modular equation for a fundamental Thompson series Tg
and prove some of its elementary properties.
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(2.4) Definition. Let Tg be a fundamental Thompson series of level N � o�g�. For m
prime to N , we define the modular equation for Tg by

�T
m�X� �

Y
����m	

�X � Tg 
 ���

Here Tg 
 � means the composition of Tg and �.

Remark. If g � 	M, this just yields the classical modular equation for j .

Now we look into properties of the modular equations for Thompson series. They
share similar properties enjoyed by the classical modular equation.

(2.5) Proposition. �T
m�X� �Z�X�Tg��

The proof of Proposition (2.5) will be given by the following successive lemmas.

(2.5.1) Lemma. A Thompson series Tg is analytic everywhere on H��G with the excep-
tion of a simple pole at the cusp z ��.

Proof. This follows from Tg being a Hauptmodul.

The coefficients of �Tm�X�, which we shall denote by Ei for � � i � ��m�,
are elementary symmetric polynomials in the functions Tg 
 �. By Lemma (2.3),
multiplication on the right by an element in G induces a permutation of the sets G�.
Hence, each Ei is invariant with respect to G and therefore each Ei is a modular
function on H��G.

The Riemann surface H��G may have cusps other than �. In order to prove that
each Ei is a polynomial in Tg , we will need to show that Ei is holomorphic at cusps
different from �. To do this, let us first determine the G orbit of the cusp �.

(2.5.2) Lemma. Let We be the set of Atkin-Lehner involutions of ���N � with a fixed
Hall divisor e of N . Then the images of � under We are given by

Se �� f w

yN�e
jw� y �Zand �we� yN�e� � 	g

Proof. Let � �We . Now ���� � w
yN�e and �we� yN�e� � 	 since the determinant of

� is e. Hence ���� � Se . Conversely, let w
yN�e be an element of Se . Choose z such

that wz � 	�mod yN�e� and z � ��mod e�� Choose x �Zsatisfying wze�xyN�e �
	, and form the matrix

� �

�
we x
yN ze

�
�

By construction, � lies in We and ���� � w
yN�e .

Let G� denote the G-orbit of the cusp �. From Lemma (2.5.2) we see that
G� � �e�SSe.

(2.5.3) Lemma. If � �

�
a b
� d

�
� ��m�, then ����G�� � G��
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Proof. By Lemma (2.5.2), a point u � G� has the form w
yN�e where �we� yN�e� � 	

and e � S . Now, ���u � dw�byN�e
mayN�e . Note that if p is a prime dividing �dw �

byN�e�mayN�e�, then p cannot divide N�e. (For otherwise p would divide dw and
hence w, contradicting the fact that �we� yN�e� � 	. ) Hence ���u has the reduced
form w�

y�N�e
where �w�� y�N�e� � 	. In addition, mayN�e is prime to e so that y�N�e

is also prime to e. Therefore �e� y�N�e� � 	 and ���u lies in the G�.

(2.5.4) Completing proof of (2.5). By Lemma (2.5.1), we see that Tg is analytic on
H� � G�. Thus, Tg 
 � is analytic on H� � ����G�� and each Ei is analytic on
H� � �����m	�

���G��. By Lemma (2.5.3), ����G�� lies in the G� so that each
Ei is analytic on H��G with the exception of the point �.

Consider the q-expansion of Tg 
 �� � � ��m�. Write

Tg�z� �
X
i���

ciq
i with c�� � 	� c� � � and ci �Zfor i � 	 �

The q-expansion of Tg 
 � has the form

�Tg 
 ���z� � Tg�
az � b

d
� �

X
i���

�bid ciq
ai�d

where �xd � e��ix�d . Let � � e��i�m be the principal m–th root of unity. Then the
q-coefficients of Tg 
 � lie in the cyclotomic field Q���. Moreover, we see that there
exists a positive integer ti such that limq�� q

tiEi � �. Hence the functions Ei are
meromorphic at �.

Write Ei �
P

eijq
j . We can find a polynomial Ai�x� with coefficients in the ring

Ri �� Z�eij � Tr�gjVn� � such that the q-expansion of Ei � Ai�Tg� has no negative
powers of q. This implies that Ei � Ai�Tg� is holomorphic on all of H��G and hence
is a constant, say, Bi � Ri. Therefore Ei � Ai�Tg��Bi for some polynomial Ai with
coefficients in Ri.

Finally, we claim that Ai has integer coefficients and that Bi �Z. As in the classical
case, (cf. Shimura [25], p. 109), an element of the Galois group Gal�Q����Q� acts as a
permutation on the set Tg 
 �. From this we may conclude the coefficients eij and Bi

are in fact in Z. Therefore for each i, Ai and hence Ei are integral polynomials. This
concludes the proof of Proposition (2.5). �

Remark. As Tg is a non-constant analytic function, we see that �T
m�X� can be regarded

as a two variable polynomial by substituting Y for Tg which we denote by �T
m�X�Y �.

Mahler [20] has considered the construction of modular equations for so-called formal
Sp -series where p is a prime. In his context, Proposition (2.5) asserts if �m�N � � 	,
then the functions Tg are Sm -series. Hence, when m is a prime not dividing N , many
of his results can be applied toward fundamental Thompson series. In particular, we shall
have occasion to use his explicit description of the modular equation for Sp series where
p � 
� � to obtain our first examples of modular equations for Thompson series (See
Appendix A2).
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The most important properties (for the later applications) of the modular equations for
Tg are formulated in the following theorem.

(2.6) Theorem. Let Tg be a fundamental Thompson series of level N � o�g�. Let m
be a positive integer such that �m�N � � 	. Let �T

m�X�Y � be the modular equation for
Tg of level N . Then �T

m�X�Y � satisfies the following properties:

(1) �T
m�X�Tg� (regarded as an element of C �Tg ��X�� is irreducible over C �Tg �.

(2) �T
m�X�X� has leading coefficient �	 if m is square-free.

(3) �T
m�X�Y � � �T

m�Y�X�.
(4) If m is a prime p, then �T

p satisfies a generalized Kronecker congruence:

�T
p �X�Y � � �Xp � Y ��X � Y p� �mod pZ�X�Y ���

Proof. The proofs are essentially the same as for the classical modular equation with Tg
in place of j (Cox [9], p.232).

(1) We need to show that G acts transitively on the sets G� by multiplication on
the right. In fact, we shall show the stronger result that ���N � acts transitively on the

sets ���N ��. Let � �

�
a b
� d

�
be an element of ��m�. Let � to be the product of

the primes dividing d but neither a nor b. Form the following matrix � �

�
� �
N �

�
where � and � are chosen so that det��� � �� � N� � 	. Then it is easy to see that
�a�� bN� dN � � 	. Now

�� �

�
a�� bN a� � b�
dN d�

�
�

However, since �a� � bN� dN � � 	, we have by Lemma (2.2) �� � 	

�
m �
� 	

�
for

some 	 � ���N �. Hence every element in ��m� can be sent to the set

���N �

�
m �
� 	

�

by multiplication on the right with an element of ���N �.
(3) The same as the classical case; Mahler [20](p. 71) has shown in the case that m

is prime, (3) can be proved using only the fact that Tg is a Sm -series.
(2) and (4) Also the same as the classical proofs (cf. Lang [19]).

Remarks. (a) Though the existence of a modular relation between Tg and Tg 
 m is
clear, constructing modular equations explicitly in this way allows us to show the several
important properties listed in Theorem (2.6). These properties, especially (2), will be
used in the next section to show the algebraic integrality of singular moduli of Thompson
series.

(b) Even when m is not relatively prime to N , an explicit construction of the
modular equation for Tg may be also possible. In this case, the construction may involve
generalized Hecke operators (cf. Ferenbaugh [10] and Koike [17]).
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(c) As in the classical case, the modular equation of a Thompson series Tg defines an
affine singular curve �T

m�X�Y � � � over Z. Natural geometric questions one may ask
are:
(1) Does it have only ordinary multiple points as singularities?
(2) What are the possible relations to the classical modular equation?

3. Class fields

In this section, we shall generalize the theory of complex multiplication for the singular
values of the elliptic modular function j to the singular values of fundamental Thompson
series Tg . Explicit Shimura’s reciprocity law will be the main tool in this investigation.

(3.1) Lemma. For any g � M , Tg�z� is a transcendental function for any algebraic
number z � H not belonging to an imaginary quadratic field.

Proof. We know by Siegel [26] that j is transcendental for any algebraic number z � H
which is not imaginary quadratic. As j�z� is an algebraic function of Tg�z�, this implies
Tg�z� cannot be algebraic for z � H not imaginary quadratic.

We can show, as an application of the existence of the “modular equation” for Thomp-
son series, that Thompson series Tg evaluated at imaginary quadratic arguments are
algebraic integers.

First we state the following well known but rather useful fact (cf. Cox [9], p. 188).

(3.2) Lemma. Let Q � �a� b� c� be a primitive positive definite quadratic form. Then
Q�x� y� � ax� � bxy � cy� with x� y �Zrepresents infinitely many primes.

(3.3) Proposition. Let Tg be a fundamental Thompson series of level N � o�g�. Let
K be an imaginary quadratic field of discriminant dK . Let �� � OK be a root of a
quadratic equation z� � T����z � N���� � � with T����� � �N���� � dK . Then
Tg���� is an algebraic integer.

(Here T and N denote, respectively, the trace and the norm from K to Q. )

Proof. Let �� � OK , and consider the quadratic form

Q � �N����N
��T����N� 	�

of discriminant N ��T����
� � �N����� � N�dK . Then Lemma (3.2) guarantees that

there exist integers c� d � Zsuch that c is divisible by N and � � cz � d has norm
Q�c� d� which is equal to a prime � not dividing N . We also see that d must be prime
to c in such a case. Now z � �cT���� � d��� � cN����, so that �� � 
�� where


 �

�
cT���� � d �cN����

c d

�
has determinant �. Since 
 satisfies the conditions of Lemma (2.2), it can be written as
	� for some 	 � ���N � and � � ����. Whence, Tg���� � �Tg 
 ������ and Tg����
satisfies the equation �	�X�X� � �, which by virtue of Proposition (2.5) and Theorem
(2.6) is a monic integral polynomial. Thus Tg���� is an algebraic integer.
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More generally, we have the following result for imaginary quadratic numbers which
are not necessarily algebraic integers, and which therefore supersedes Proposition (3.3).

(3.4) Theorem. Let Tg be a fundamental Thompson series of level N � o�g�. Let
Q � �a� b� c� be a primitive positive definite quadratic form of discriminant d � N �dK
and �a�N � � 	. Let � a root of Q�z� 	� � az� � bz � c � � in H. Then Tg�� � is an
algebraic integer.

Proof. Note that � is not necessarily an algebraic integer, but a� lies in OK , so that � �

���� for �� �

�
	 �
� a

�
� ��a� and �� � OK . Since �a�N � � 	, there is a modular

equation �a�X� which is monic and has roots Tg 
 � for � � ��a�. It has coefficients
in Z�Tg�. Thus �Tg 
 ������� is integral over Z�Tg�����, so Z�Tg�������Tg 
 ��������
is finitely generated as a Z�Tg�����-module. But Theorem (3.3) asserts that Z�Tg�����
is finitely generated as a Z-module, and hence so is Z�Tg������Tg 
 �������. Since
the property “finitely generated” is transitive, Z�Tg 
 ������� is finitely generated as a
Z-module. Therefore, Tg�� � � �Tg 
 ������� is integral over Z.

Remark. Proposition (3.3) and Theorem (3.4) are the complement of Siegel’s theorem:
Lemma (3.1). We may call algebraic integers Tg�� � “singular moduli” of Tg .

Let K be an imaginary quadratic field of discriminant dK , and let O be an order of
K . The results in Proposition (3.3) and Theorem (3.4) were stated without reference to
the ideal class group Pic�O� of O. Now we will discuss this point of view.

In the classical case, singular moduli of the elliptic modular j function generate
Hilbert class fields of OK over Q. In our situation, we will show that singular moduli
of fundamental Thompson series Tg will generate certain class fields of K .

First we recall some facts from the class field theory of imaginary quadratic fields. Let
I�O� denote the group of proper fractional O–ideals, and P �O� the group of principal
O–ideals. Then O–ideals prime to f form a subgroup of I�O� denoted by I�O� f�.
There is the subgroup, P �O� f�, of I�O� f� generated by the principal ideals ��� where
� � O has norm N��� prime to f . If O is the maximal order OK , we write IK �f� and
PK�Z�f� for I�OK � f� and P �OK � f�, respectively. The ideals in I�O� f� are nicely
related to ideals in IK�f�. If a is an O–ideal prime to f , then aOK is an ideal in IK �f�
with the same norm. This extends to ideal class groups Pic�O� and IK�f��PK�Z�f� (cf.
Cox [9], p. 143).

(3.5) Lemma. Let O � OK be an imaginary quadratic order of conductor f in K .
Then

Pic�O� 	� I�O� f��P �O� f�

	� IK�f��PK�Z�f��

Here the first isomorphism is induced from the inclusion map I�O� f� �� I�O�, and the
second isomorphism � is induced from the map a �� aOK .

Class field theory asserts that there exists a unique abelian extension, L, of K having
Pic�O� as its Galois group Gal�L�K�, and with the property that all primes of K that
ramify in L divide fOK . Such a field L is called the ring class field of O.
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Now we consider the fields over K (and also over Q ) generated by singular moduli
of fundamental Thompson series Tg , evaluated at the imaginary quadratic arguments as
in Theorem (3.4).

(3.6) Theorem. Let N be a positive integer listed in Theorem (1.2.2). Let Tg be a
fundamental Thompson series of level N � o�g�. Let K be an imaginary quadratic
field of discriminant dK . Let O be an order of K of discriminant N �dK and class
number h�O�. Let Pic�O� be the ideal class group of O. Then the following assertions
hold:
(1) For any ideal class a � Pic�O�, Tg���a�� generates the ring class field L of O.
(2) For any ideal classes a� b � Pic�O�, define �b�Tg���a�� by

�b�Tg���a�� � Tg����ba��

where � denotes complex conjugation. Then �b is a well-defined element of the Ga-
lois group Gal�L�K�, and � �� �b induces an isomorphism Pic�O� 	� Gal�L�K�.

A proof of assertion (2) will be given in section 4 (see the proof of Theorem (4.5)).

(3.7) Proof of Theorem (3.6)(1). Let L � Z�Z� be a lattice in C with � � H.
Let K � Q�� � be an imaginary quadratic field. Let N be a positive integer and let
��N � be the principal congruence subgroup of � which is defined as the kernel of the
reduction map mod N . The field of modular functions for ��N � is denoted by FN ,
and its structure is well understood: FN � Q�j� fa�b� where for a� b � Zwith a� b
�mod N � not both �, fa�b denotes the Fricke function:

fa�b�� � � �
��� E��� �E��� �

E�
��� � � 
�E�

��� �
��
a� � b

N
� � ��

Here � is the Weierstrass � function with respect to L.

(3.7.1) Lemma. (Shöngen [27]; cf. Birch [2]) Let f � FN . Suppose that the coefficients
of the Fourier expansion of f at every cusp of ��N � all lie in the cyclotomic field
Q�e��i�N�. Then the value f�� � belongs to the ray class field of K with modulus N .

(By the ray class field with modulus N over K , we mean the class field corresponding
to the ideal class group generated by principal ideals ��� where � � 	 �mod N �. This
ideal class group is called the ray class group and denoted by JNK . )

In our situation, Lemma (3.7.1) already implies that for any genus zero subgroup G
of level N the values of modular functions at � will belong to the ray class field of K
of modulus N . Furthermore we know that such values lie in smaller fields than the ray
class field of K . Our purpose here is to determine such fields explicitly.

Theorem (3.6) should follow from working out the Shimura reciprocity law (Theorem
(6.31) in Shimura [25]) explicitly in our context. This program is indeed carried out
in depth by one of the authors, Imin Chen. A proof of Theorem (3.6) in full detail
can be found in his Oxford “dissertation” Shimura Reciprocity and Singular Values of
Modular Functions. The standard references on Shimura’s reciprocity law are Shimura
[25] (and also Lang [19]); confer also Laing [18] for an explicit description of the Shimura
reciprocity law for modular functions with rational Fourier coefficients.
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We now recall the statement of the Shimura reciprocity law. Let L� � and K be
as above. Let Kab denote the maximal abelian extension of K , and let Gal�Kab�K�
denote its Galois group. Class field theory provides the Artin reciprocity map to describe
this Galois group, via the following exact sequence:

	 �� DK �� CK
� �K��� Gal�Kab�K� �� 	

where CK � AK �K� is the idèle class group of K , DK the norm group, and � �K�
the Artin reciprocity map.

Shimura considers the field, F � �N��FN , of modular functions of all levels. He
shows using the theory of complex multiplication that the field F�� � �� ff�� � j f � Fg
is indeed isomorphic to Kab. Consequently, the Galois group Gal�Kab�K� can be
described in terms of the automorphisms of F. Now the automorphism group Aut�F� is
determined by the Shimura exact sequence

� �� Q� �� GL��A f �
��� Aut�F� �� ��

Here A f denotes the finite adeles. One can write GL��A f � � U �GL�
� �Q� where

U � lim��GL��Z�NZ� �
Y
p

GL��Zp��

and GL�
� �Q� denotes the group of 
� 
 rational matrices with positive determinant (cf.

Shimura (6.16) [25]). Hence, we see that every automorphism of F is represented by
matrices of the form u �A where u � U and A � GL�� �Q�.

The essential point of the Shimura reciprocity law is to represent the action of the
idèle class group CK , or rather just the action of ideals in K , on singular values of
modular functions by rational matrices. In our context, we know the level of modular
functions, so by Lemma (3.7.1), we may just consider the action of ideals in the ray class
group on singular values of modular functions. Furthermore, since all modular functions
that concern us have rational Fourier coefficients, the Shimura reciprocity law will take a
simpler form. However, we first state the full-fledged version of the Shimura reciprocity
law. We need to embed AK into GL��A f � �

Q� GL��Qp�, where
Q� means the

restricted product. We first define the embedding locally, and then extend it by continuity
to the idèles. Locally, this embedding is given by a rational matrix qz�p � GL��Qp�

which gives multiplication in Kp �� K� �Q�
p under the Qp basis

�
z
	

�
, specifically,

for � � r � tz � Kp ,

qz�p��� �

�
r � tT�z� �tN�z�

t r

�

where T and N denote, respectively, the trace and the norm of z from K to Q. We
can extend this to idèles as follows: For an idèle t � �� � � � tp� � � � � � AK , we define

qz�t� � �� � � � qz�p�tp�� � � � � � GL��A f ��

ignoring the infinite components. Since qz is an automorphism of F, we may write

qz � u �A with u � U and A � GL�
� �Q��
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(3.7.2) The Shimura reciprocity law. Let K be an imaginary quadratic field, and let
� � K �H. Let s be an idèle of K , and let �s�K� denote the Artin map on Kab. Then
for every modular function f which is finite at � , f�� � belongs to Kab. Furthermore,
we have

f�� ��s�K� � f��� ��

where � � ��q� �s���� � ��u���A�. Here ��u� is the automorphism of F induced by
permuting the Fricke functions fa�b and ��A� is the composition f �� f 
A.

(3.7.3) A digression: The Shimura reciprocity law. Let f be a modular function of
level N with rational Fourier coefficients. Let � � H be an imaginary quadratic and
let K � Q�� �. Then for any ideal a in the ray class group JNK with modulus N , there
exists a rational matrix A � GL�� �Q� such that

f�� �a � f�A� ��

Proof. See Laing [18] for an alternative proof. Let s be the idèle associated to a. Write

q�s��� � u � g where u � U and g � GL�
� �Q� �

To obtain the action of a on f�� �, we first reduce u modulo N and get a matrix
�UN � GL��Z�NZ�. Then the action is given by f

�UN �� �. But we know that every
element of the Galois group Gal�FN�Q�j�� 	� GL��Z�NZ��f�	g which is of the form�
	 �
� d

�
acts on f by the action of �d � Gal�Q�e��i�N��Q� sending e��i�N to its

d–th power on the Fourier coefficients of f . In our case, the Fourier coefficients of f
are all rational, so these matrices fix f . Hence, writing

�UN �

�
	 �
� det� �UN �

�
� �uN with �uN � SL��Z�NZ��

we can find a lifting uN � SL��Z� which gives the same action as �uN on f�� �:

f
�UN �� � � f �uN �� � � fuN �� � � f�uN � ��

Therefore the matrix A � uN � g � GL�
� �Q� represents the Galois action of a on f�� �.

(3.7.4) Remark. A useful fact which we will use is that if f is a Hauptmodul for a genus
zero group G then f�A� � � f�� � if and only if A � G �GL�

� �Q�� , where GL�
� �Q��

denotes the isotropy subgroup at � . In particular, we will take A to be a rational matrix
associated to an automorphism of Gal�Kab�K� as obtained by Shimura reciprocity and
use this criterion to check whether the automorphism fixes a particular singular value
f�� �.

(3.7.5) Theorem. Let Tg be a fundamental Thompson series for a genus zero subgroup G
of the form ���N �� e� f� � � � . Let � be a root of a quadratic equation az�� bz� c � �
such that a � �, �a� b� c� � 	 and b� � �ac � m�dK � �. Let K � Q�� � and let O
be an order in K of discriminant m�dK . Then the following assertions hold:
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(1) Suppose that G � ���N � where N takes values in Theorem (1.2.2)(1). Then Tg�� �
generates the ring class field L of an imaginary quadratic order O� of discriminant
f�dK where f � m �N��a�N �, that is, L � K�Tg�� ��.

(2) Suppose that G � ���N �� where N takes values in Theorem (1.2.2)(2). Assume
that �a�N � � 	. Then Tg�� � generates the ring class field L of an imaginary
quadratic order O� of discriminant f �dK where f � mN , that is, L � K�Tg�� ��.

In both cases, if m � 	, K�Tg�� �� is the ring class field L of an imaginary quadratic
order O� of discriminant N �dK .

(In case (2), the condition �a�N � � 	 is rather essential. If we ease this condition,
the assertion no longer holds true. In fact, if �a�N � � 	, K�Tg�� �� is strictly smaller
than the ring class field L of O� . )

Proof. (1): G � ���N �. Since j is a rational function of Tg with rational coefficients,
K�f�� �� is a finite extension of the ring class field K�j�� �� of O. Thus, it follows that
the fixing group of Tg�� � is contained in the principal ideal group P �O�. Let ��� be
a principal ideal of O relatively prime to N . The discriminant of ��� is of the form
M�dK with some M divisible by m, say, M�m � n. The action of ��� on f�� � is
represented by a matrix of the form

A �

�
T��	�bn

� c n

�anN����� T��	�bn
� N�����

�
� SL��Z�NZ�

where N����� is the inverse of N��� modulo N , which is well defined since �N���� N � �
	. (We will prove this in (3.7.6).)

Now by Lemma (3.7.4), A fixes Tg�� � if and only if A � ���N � �GL��Q��� . But the
product decomposition of a matrix in � �GL�

� �Q�� is determined up to multiplication by
�� , and we know that �� is trivial unless � is �–equivalent to e��i�r with r � f�� �g.
Assuming that �� is trivial, A � ���N � if and only if N divides an. Therefore,
the principal ideals in O which fix Tg�� � are of the form ��� with disc��� dividing
��m �N��a�N ���dK . But these principal ideals are all in P �O��.

(The cases � 	� e
��i�r with r � � or � can be done similarly, but greater care must

be taken.)
(2): G � ���N ��. We first describe the action of an arbitrary prime ideal p of OK

on Tg�� �. Take a rational prime p not dividing 
a b cmN . Suppose that p splits in

K : �p� � pp� where p � �p� �r�
p
dK

� �, and s �� r��dK
�p �Zwith �s�N � � 	. Then

a matrix representing the action of p on Tg�� � has the form

A �

�
	 rm�b

� Nk�
� p

�

where k (resp. �� is a solution of the congruence ak � 	 �mod p� (resp. N� � 	
�mod p�. ) (Again we will prove this in (3.7.6).) Then the following holds true:

(*). Assume that �a�N � � 	. Then A does not belong to any coset We � GL�� �Q�� of
non-trivial Atkin–Lehner involutions We of ���N �. However, if e � 	, (i.e. W� �
���N � ) and A �W� �GL�� �Q�� then p is a principal ideal ��� of O.
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(These two assertions are critical for our conclusion, and the proof will be given in (3.7.7)
below. The condition �a�N � � 	 is very subtle as if �a�N � � 	 there may be a
non-trivial coset which contains A. )

Now we are ready to prove the assertion of Theorem (3.6)(1) in the case (2). From the
case (1), we know that P �O�� fixes Tg�� �. Let a be an ideal in JNK that fixes Tg�� �.
Choose a prime p such that p � 
a b cmN . Suppose that p splits in K as pp� so that
p belongs to the same ray class as a. Then a matrix A giving the action of p on Tg�� �
must lie in one of the cosets We � GL�

� �Q�� . But as we noted above (*), no non-trivial
Atkin–Lehner involutions We contains this matrix, so it must lie in W� �GL�

� �Q�. But
then it follows that p is a principal ideal of O with a generator �. The same argument
as in the case (1) then shows that � � O� and the fixing group of Tg�� � is P �O��.

(3.7.6) Completing the proof of Theorem (3.7.5)(1). In order to complete our proof,
we ought to show how we obtained matrices representing the action of principal ideals,
and prime ideals on singular values of Tg . The procedure is rather computational, but is
the essential point in our explicit realization of the Shimura reciprocity law. Here is an
algorithm for finding such a matrix :

Step 1: Let s � AK .
Step 2: Find the image of s�� under the embedding q.
Step 3: Find a product decomposition q�s��� � u�g where u � U and g � GL�

� �Q�.
Step 4: Find �UN �� u �mod N � � GL��Z�NZ� and define

�uN ��

�
	 �
� det� �UN ���

�
� �UN �

Step 5: Find a lifting uN of �uN to SL��Z�. Then uN � g is the matrix A we want.
Case (1): G � ���N �. Let s � �	� � � � � ��� � � �� � AK be an idèle where we put

	 on each place dividing N , and � on other places. Under the embedding q � AK �
GL��A f �, s is sent to

q�s� � �I�� � � � �
�
T��	m�bM

� cM

�aM T��	m�bM
�

�
� � � � �

where I� stands for the 
� 
 identity matrix. So we get

q�s��� � �I�� � � � � �
N��	m

�
T��	m�bM

� �cM
aM

T��	m�bM
�

�
� � � � ��

Further the latter matrix may be written as

�
N��	

�
T��	�bn

� �cn
an

T��	�bn
�

�
with n � M�m .

Next we decompose q�s��� into a product u � g where u � U and g � GL�
� �Q�:

q�s��� � �

�
T��	�bn

� cn

�an T��	�bn
�

�
� � � � �I�� � � � � � �

N��	

�
T��	�bn

� �cn
an

T��	�bn
�

�
� u � g�
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(Note that det

�
T��	�bn

� cn

�an T��	�bn
�

�
� N��� and hence the u we have chosen is

indeed in U as its determinant is prime to N and its entries have no denominators in
N . )

Now we reduce u modulo N to obtain �UN , and then multiply it on the left by�
	 �
� det� �UN �

��

�
�

�
	 �
� N�����

�
�

The resulting matrix is

�uN �

�
T��	�bn

� cn

�anN��	��
T��	�bn

� N��	��

�
� SL��Z�NZ��

(Here N����� is the inverse of N��� modulo N . ) Lift �uN to a matrix uN � SL��Z�.
Then the matrix representing the Galois action of ��� on Tg�� � is given by uN � g.
Notice however that g is in the isotropy group GL�

� �Q�� of � , so we finally have

f�� ���	 � fuN �g�� � � f�uN � g � � � f�uN � ��

Case (2): G � ���N ��. In this case, we take an idèle s associated to the ideal
p � �p� �r�

p
dK

� �:

s � � 	� � � � � �r�
p
dK

�
� � � � �

where we put 	 at all places but the place corresponding to p. Its image under the
embedding q is

q�s� � �I�� � � � �
�
pm

�
r m�b

� c

�a r m�b
�

�
� � � � �

where s � r��dK
�p . We now decompose q�s��� as a product u � g where u � U and

g � GL�
� �Q�. We rewrite

q�s��� � �

�
� � r m�b

�a
�
p

�
�
p

�
� � � � � �

sm

�
r m�b

� � sm�

a
a �

�
� � � � � �

�
�

r m�b
�a

� p

�
�

(Here note that �
sm

�
r m�b

� � sm�

a
a �

�
is in GL��Zp� as it contains no denominators in

p and has determinant prime to p. )
Let p��a � k �Zbe such that ak � 	�pp��a . We further rewrite q�s��� by factoring

out the matrix
�

� � r m�b
�a

p��

a

� �

�
from each place. We obtain q�s��� �

� �

�
� � r m�b

�
k
p

�
�
p

�
� � � � � �

sm

�
r m�b

�
� sm�

a
a �

��
�

r m�b
�a

p��

a

� �

�
� � � � ��

�
�

r m�b
�

k

� �

�
�

(Here again we note that
�

� � r m�b
�

k
p

�
�
p

�
lies in GL��Z	� for any � �� p and

�
�

r m�b
�a p��

a

� �

�
is in GL��Zp� so that the u we have chosen is indeed in U . )



Singular Values of Thompson Series ���

Now we want to find a matrix uN � SL��Z�. Let p��N � � � Zbe such that N� �

	� pp��N , and put

uN �

�
� � r m�b

� kp��

N

� �

�
� SL��Z��

Then the final matrix we want is

uN � g �
�

� � r m�b
� kp��

N

� �

��
�

r m�b
� k

� �

�
�

�
�

r m�b
� Nk	

� p

�
�

(3.7.7) Completing the proof of Theorem (3.7.5)(1) continued. Now we will give a
proof of the statement (*).

Recall that any Atkin–Lehner involution in We is of the form
�
Ae B
CN De

�
�

GL��Q� of determinant e where N � ef (cf. (1.2)).

(a) Let A �

�
	 t
� p

�
be a matrix representing the action of the prime ideal p where

t � rm�b
� Nk�. Suppose that A �We �GL�

� �Q�� . Then we can write�
	 t
� p

�
� 	

�
de� b� �c�

a
e� d

�

where 	 is a matrix of the form

�
A B
Cf De

�
with ef � N and �� d �Z. This implies

that e must divide a. But this cannot happen as �a�N � � 	.
(b) Now we have to show that if a matrix A belongs to the trivial involutory subgroup

W� � ���N �, then p is indeed a principal ideal in O. Repeating the argument of (a)
with e � 	� f � N , we see that a c�� � b�d� d� � p for some �� d �Z. Hence, p is
a principal ideal generated by �� � �d � z��� where z� is a root of z� � bz � ac � �
in H. Notice that �� is relatively prime to N .

(c) Finally we show that a matrix A representing the action of a principal ideal ���
on Tg�� � does not lie in We � GL��Q��, provided K �� Q�e��i�r� with r � f�� �g
and �a�N � � 	. Assume that A � We �GL��Q�� for some non-trivial Atkin-Lehner
involution We . Applying the same arguments as in (a), we can write

A � 	

�
de� b� �c�

a
e� d

�
for some 	 of the form described in (a). This again leads us to the fact that e must divide
a, but this is not possible as �a�N � � 	.

(3.7.8) Remark. In Theorem (3.7.5)(2), the fact that the Shimura reciprocity law is totally
disjoint from any non-trivial Atkin–Lehner involutions of � ��N � when �a�N � � 	 has
the consequence:

Let O be an order in an imaginary quadratic field K . Then singular moduli of
Thompson series for genus zero subgroups ���N � � e� f� � � � generate the same ring
class field of O as singular moduli of Thompson series for ���N �.

For instance, let G � ���N �� with N�	j
�. As we noted in (1.5.1), a fundamental
Thompson series for G is of the form Tg�z��N

���m�Tg�z� where Tg�z� is a Thompson
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series for G � ���N �. Then the fact that the Atkin–Lehner involution WN is totally
disjoint from the Galois action on singular moduli guarantees that singular moduli T g�� �
and Tg�� � �N���mTg�� � at � � O �H do generate the same ring class field of O.

4. Class polynomials

The purpose of this section is to prove explicit class field theory by constructing the
minimal polynomials of singular moduli of fundamental Thompson series. In order to do
this, we will rephrase the ideal formulation of the previous chapter in terms of equivalent
objects which are suitable for computation. This will be accommodated by rephrasing
everything in terms quadratic forms. In particular, we will describe the function �
introduced in Lemma (3.5) as a map on quadratic forms. This will give an algorithm for
constructing “class polynomials” of singular moduli of Tg .

Let K be an imaginary quadratic field with discriminant dK and let O be the order
of discriminant N �dK . Consider the map

� � I�O��P �O� �� IK�N ��PK�Z�N �

defined in Lemma (3.5). It is a well-known fact that the form class group QN�dK�� (i.e.
the group of positive definite primitive quadratic forms of discriminant N �dK modulo
� ) and the ideal class group I�O��P �O� are isomorphic through the map

�a� b� c� �� �a�
�b�pN�dK



��

This correspondence between quadratic forms and ideals suggests there may also be a
form class group (in some general sense) which corresponds to the generalized ideal
class group IK�N ��PK�Z�N �. This is indeed the case. We can describe an object
corresponding to IK�N ��PK�Z�N � as follows. Let QdK �N � denote the set of primitive
quadratic forms �a� b� c� having discriminant dK with the property that a � � and
�a�N � � 	. Transforming a quadratic form in QdK �N � by a matrix in ���N � yields
another quadratic form in QdK �N �. Hence, the quotient QdK �N �����N � makes sense.
We shall see in Proposition (4.1) that the usual correspondence between quadratic forms
and ideals induces a bijection between this set and IK�N ��PK�Z�N �. As it stands, there
is no group structure on QdK �N �����N �. It may be possible to define a group structure
on QdK �N �����N � by a composition law. (However, we shall not need an intrinsic
group structure on QdK �N �����N � for our purposes and so we will not pursue this
aspect any further.)

(4.1) Proposition. The map

� � �a� b� c��� �a�
�b�pdK



�

induces a bijection

QdK �N �����N ��� IK�N ��PK�Z�N ��
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Proof. Let � T � be the infinite cyclic group generated by T �

�
	 	
� 	

�
� �. It is

well-known that � gives a bijection between QdK� � T � and IK . On the other hand,
observe that

N��a� ��b�
p
dK��
�� � N��a� a� �� � ��	� a� � � �a� a� �� � a

where � � H is a root of az� � bz � c � �. Hence, if �a� b� c� � QdK �N � then the
corresponding ideal �a� ��b�pdK��
� has norm a (which is prime to N ) and therefore
lies in IK �N �. Thus, � actually gives a bijection between QdK �N ��T and IK�N �.

We claim that � extends to an injective map

QdK �N �����N �� IK �N ��PK�Z�N ��

Let f � �a� b� c�� f � � �a�� b�� c�� � QdK �N � and let �� � � be their respective roots in H.
Then

f 	���N	 f
� �� � � �

�
p q
rN s

�
�� � where

�
p q
rN s

�
� ���N �

�� �	� � � � �rN� � s��	� � ��

�� a�	� � � � �a� �	� � �� where � � a �rN� � s��a�

�� �a �	� � �� �a� �	� � ����� � �OK �

Since � is congruent to an integer prime to N modulo NOK , we finally have

f 	���N	 f
� �� ��f���f ���� � PK�Z�N �

as desired.
The surjectivity of � follows from the fact that it is surjective as a map from QdK �N �

to IK�N �.

We now construct a map

� � QN�dK�� �� QdK �N �����N �

which corresponds to the map �. This map willbe described entirely in terms of quadratic
forms. Before we do this, we require some preliminary Lemmas.

(4.2.1) Lemma. Let Q � �a� b� c� be a primitive positive definite quadratic form and N
an arbitrary integer. There exists a 	 � � such that

�a�� b�� c�� � 	t�a� b� c�	 satisfies �a�� N � � 	�

Proof. There exists x� y � Zsuch that Q�x� y� � ax� � bxy � cy� is prime to N
and �x� y� � 	. Let w� z be integers such that wx � zy � 	. Form the matrix

	 �

�
x z
y w

�
. Then 	 transforms �a� b� c� into the desired form.

(4.2.2) Lemma. Let Q � �a� b� c� be a primitive quadratic form of discriminant N �dK .
Then there exists a 	 � � such that

�a�� b�� c�� � 	t�a� b� c�	 satisfies b� � � �mod N � and c� � � �mod N�� �
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Proof. By Lemma (4.2.1), we can assume that �a� 
N � � 	. Consider the following
system of congruences in the variable k,

(*)

����
���
b� 
ak � � �mod N ��

b� 
ak �
	
� �mod 
	��� if N �dK � � �mod ��

N �mod 
	��� if dK � 	 �mod ��



����
��


where N � 
	N � and �N �� 
� � 	. It is easy to see that this system is always solvable
in k.

Then by the Chinese Remainder Theorem, (*) is solvable in k. Let k be a solution

to (*) and put 	 �

�
	 k
� 	

�
. Let

�a�� b�� c�� � 	t�a� b� c�	 � �a� b� 
ak� ak� � bk � c��

Since k is a solution to (*), we see that N jb�. Further, we claim that N�jc�. For this,
first note that �b��N �� � dK � � �mod ��,

and write �b��N �� � dK � �t with some integer t. Then �tN� � �a�c� so that
tN� � a�c�. But �a�� N � � 	 so we must have N�jc�.
(4.3) Definition. We define a map

� � QN�dK�� �� QdK �N �����N �

as follows. Let �a� b� c� be a quadratic form in QN�dK . By Lemma (4.2.2), �a� b� c� is
�-equivalent to a quadratic form �a�� b�N� c�N��. Put

���a� b� c�� � �a�� b�� c���

(4.3.1) Lemma. The description of � above is a well-defined map.

Proof. To show � is a well-defined map from QN�dK �N ��� to QdK �N �����N �, it
suffices to show if

�a�� b�N� c�N
�� 	� �a�� b�N� c�N

�� then �a�� b�� c�� 	���N	 �a�� b�� c���

Suppose that

�a�� b�N� c�N
�� �

�
� �
	 �

�

 �a�� b�N� c�N�� for some

�
� �
	 �

�
� � �

By multiplying out the above matrices, we obtain the system of equations,

(4.3.1)

���
��

a� � a��� b�N�	 � c�N
�	�

b�N � b�N ��� � �	� � 
�a��� � c�N
�	��

c�N
� � a��

� � b�N�� � c�N
���

���
�


The last equation in (4.3.1) gives ��a�� � b�N�� � c�N
� � c�N

��. Consequently, we
have N�j��a�� � b�N��.

Let p be a prime and let p
 be the highest power of p dividing N . Then either p
j�
or p
 j�a�� � b�N��. In the latter case, p
 jN so that p
 ja��. But �a�� N � � 	 implies
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that p
 j�. Thus, N j�. We may rearrange (4.3.1) as follows,���
��
a� � a��� b���N	� � c��N	��

b� � b���� � ���N ��N	�� � 
�a�����N � � c��N	���

c� � a����N �� � b����N �� � c��
�

���
�
 �

From this set of equations, we see that

�a�� b�� c�� �

�
� ��N
N	 �

�

 �a�� b�� c�� with

�
� ��N
N	 �

�
� ���N ��

This proves the assertion.

(4.4) Theorem. The following diagram is commutative:

QN�dK��
������ I�O��P �O�

�

��y ��y

QdK �N �����N �

������ IK�N ��PK�Z�N �

Proof. From the �-invariance of � and �, we may assume that quadratic forms in
QN�dK�� have the form �a� bN� cN�� where �a�N � � 	. On the one hand, we have

�� 
 ����a� bN� cN��� � �a� ��b�
p
dK��
��

On the other hand, by the description of the map � given in Lemma (3.5) we have

� 
� �

	
�a�N �b�

p
dK��
��	�

p
dK�
� if dK � � �mod ��

�a�N ��b�
p
dK��
��	� ��	�

p
dK��
� if dK � 	 �mod ��



�

The proof can be completed by verifying the images of these two maps coincide in
IK�N ��PK�Z�N � (in fact, they coincide in IK�N � ).

The map �, when applied to our situation, gives us an explicit way of constructing
class polynomials.

(4.5) Theorem. Let Tg be a fundamental Thompson series of level N � o�g�. Let K be
an imaginary quadratic field with discriminant dK and let O be the order of discriminant
N�dK . For i � 	� � � � � h�O�, let fQig form a complete set of representatives for
QN�dK��.

Define the polynomial

M �X� ��

h�O	Y
i
�

�X � Tg����Qi	��

where the notation �Q stands for the root in H of the equation Q�z� 	� � �. Then
(1) M �X� is the minimal polynomial of Tg���� over Q where �� � O � H is a root

of z� � z � �	� dK��� � � if dK � 	 �mod �� or a root of z� � dK�� � � if
dK � � �mod ��.
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(2) M �X� �Z�X�, and is irreducible over Q.
(3) M �X� generates the ring class field of O over K .
(4) Gal�M�Q� 	� Pic�O�o C�.

Proof. (1) First note that if Q is in the identity class of QN�dK�� then Tg����Q	� �
Tg���� so M �X� certainly has Tg���� as a root. By Theorem (3.6)(1), L � K�Tg�����
is the ring class field of the order O. The conjugates in L of Tg���� over K must have
the form Tg��

�� where � � � H is a root of a quadratic form �a�� b�� c�� of discriminant
dK satisfying �a�� N � � 	. By Lemma (4.3.1) the conjugates of Tg���� do arise from
quadratic forms in QdK����N �. As the cardinality of QdK �N �����N � is h�O� and
there are exactly h�O� conjugates of Tg����, we see that each class in QdK �N �����N �
gives rise to a conjugate of Tg����. Hence, M �X� is the minimal polynomial of Tg����
over K . Note however that under complex conjugation, we have

Tg����Q�� � Tg����Q��

where Q � ��a� b� c� � �a��b� c�. Thus, complex conjugation stabilizes the roots of
M �X� and hence M �X� is in fact the minimal polynomial of Tg�z� over Q.

(2) This follows from Tg���� being an algebraic integer. Since all conjugates of
Tg���� are distinct, M �X� is separable over Q and hence irreducible over Q.

(3) The splitting field of M �X� over Q is nothing but the ring class field L over K .
(4) This follows as for the elliptic modular function j .

Selected examples of class polynomials are tabulated in Appendix 3.

5. Gross–Zagier type formulae for resultants and discriminants of
class polynomials for singular moduli of Thompson series

We observe based on extensive computational data that
(a) The discriminants of class polynomials for singular moduli of Thompson series

are highly divisible numbers;
(b) The resultants of two class polynomials for singular moduli of Thompson series

are also very highly divisible;
(c) The constant terms of class polynomials for singular moduli of Thompson series

are also highly factorizable, and
(d) Almost all coefficients of class polynomials for singular modular of Thompson

series of ���N � are divisible by N .
The observations (a),(b) and perhaps (c) suggest the existence of Gross–Zagier type

formulae describing the primes and their exponents in discriminants and resultants of
class polynomials. Here we shall discuss selected examples.

(5.1) Discriminants. (1) Let G � �����. Then Tg�z� � ��z������z�� � � is a
canonical Hauptmodul for G. Let dK � ��, and take an order O � OK of discriminant
�� � �� and class number �. Then the class polynomial of Tg is

M �X� � X� � � � �� � 		X� � �� � �� � �X� � 
� � �
 � 	�X� � �� � ��� � �X�

� 
 � � � ���X � ����
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The discriminant of M �X� is disc�M � � ��������� Now let G � ������. Then
Tg�z� � ��q�����q��� � 	
���q������q�� � � is a canonical Hauptmodul for G. With
O as above, a class polynomial for Tg is:

M �X� �X� � � � � � 
��X� � 
 � � � � � 	� � �
	X� � 
 � �� � 	�	 � ���	X�

� 
� � � � �� � ��
 � ��		X� � 
� � � � �� � ���
�	�X � �� � �
	 � 	�����	�
The discriminant of M �X� over Q is computed to be

disc�M � � ��� � ��� � �
 � 	�� � 	�� � 	
� � �	��
In both cases, the Galois group Gal�M�Q� is isomorphic to the generalized dihedral

group D�
	� Pic�O� o C�.

(2) Let G � ���	���. Then Tg�z� � ��z�����	�z�� � 	���	�z�����z�� � 
 is a
canonical Hauptmodul for G. Let dK � �	
, and take an imaginary quadratic order
O � OK of discriminant �	
 � 	�� and class number 	�. Then a class polynomial for
Tg is

M �X� � X�� � 
 � �� � 	
 � ���X�� � � � � � 	� � �� � ���
X��

� 
� � �� � 	� � 	�	 � ��		X�� � � � 	� � �

 � �

�	X��

� 
 � �� � 	� � 
�� � 
���X� � 	� � 	�	
 � ����	�	X


� 
� � �� � 	� � ��� � 			�X� � 
� � � � � � 	� � 

 � �
� � 	�	�X�

� 
�� � �� � � � 		 � 	� � ���X� � 
�� � � � 	� � �	
 � ����X�

� 
�� � �� � � � 	� � 	� � 	��X� � 
�
 � 	� � ��	
X�

� 
�� � �� � � � �X � 
�� � ���
The discriminant of M is given by

disc�M � � 
�������	���	



��	�����	�����
�����	�	���	���	�
�

���

With O as above, the discriminant of a class polynomial of Tg�z� � ��q�����q���� for
G � ���	�� is: disc�M � � 
��� � ��� � 	���� � 	
��

(3) Let G � ���	���. Then Tg�z� � ��
z�����z�����z�����z����	�z�� � � is
a canonical Hauptmodul for G. Let dK � ��, and take an imaginary quadratic order
O � OK of discriminant �� � 	�� and class number �. Then a class polynomial of Tg
is

M �X� � X
 � 
� � 	
�X� � 
� � ��X� � 
� � � � ��X� � 
� � ���X�

� 

 � � � 		X� � 
�� � �X� � 
��X � 	�

The discriminant of M is given by

disc�M � � 
������
��	���	��
�����
�	�	��

Its Galois group Gal�M�Q� is D

	� Pic�O� oC�.

(4) Let G � ������ 
� ����� � � and ������ �. Then the canonical Hauptmoduln
are expressed in terms of eta-functions, and they are denoted, respectively by T���� T���
and T��� (cf. Conway and Norton [8]). Now let dK � �		 and take an imaginary
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quadratic order O � OK of discriminant �		 � �� and class number �. We denote by
M��s�X� the corresponding class polynomial of T��s evaluated at O.

M����X� � X� � 
 � �� � 
�X� � �
 � 	
�X� � 
� � ��� � 	� � �	X�

� ��� � � � ��X� � 
 � ��� � 
�X � ����

M����X� � X� � 
� � 	��
X� � 

 � � � � � 		 � 	
X� � 
�����X�

� 
�� � �� � ��X� � 
�� � �X � 
���

and

M����X� � X� � 
 � � � ���	X� � �� � �� � 	�	X� � 
� � � � 		 � ����X�

� 
� � 	���X � 
X � 	�

The discriminant of each class polynomial is computed as follows:

disc�M���� � 
��������		�	��	
��

disc�M���� � 
�������		�	��	��

��

disc�M���� � 
������		�	��	
�

��	�����	��

The Galois groups of M��s over Q are all isomorphic to the generalized dihedral group
D�

	� Pic�O�o C�.

(5.2) Resultants. Let G � ������ (resp. ����� ). Let d� and d� be two fundamental
field discriminants. Let M��X� and M��X� denote the minimal polynomials of the
singular values of the Thompson series Tg�z� � ��z������z�� � �
���z�����z�� (resp.
��z������z�� ) at imaginary quadratic orders of discriminants d��

� and d��
�, respec-

tively. Then the resultants of M� and M� are computed for several values of d� and
d�.

(a) Let d� � �� and d� � ��. Then

resultant�M��M�� � ������	� � �� � 	�	 � 	�� � 

� � 
�	 � 
���
(resp. resultant�M��M�� � �� � �� � ���. )

(b) Let d� � �� and d� � �		. Then

resultant�M��M�� � ��
	���	���	
���	��	��� � ��� � 	�	 � 
�	 � 

� � �
� � ���
� ��	 � ��� � ��	 � ��� � �		 � ��� � ��� � 
�� � 
�	�

(resp. resultant�M��M�� � ���
 � 	�� � 	�� � 	
�. )
(c) Let d� � �		 and d� � �	�. Then

resultant�M��M�� � ����		�
	���

���	��������	�	�	
��	�	�	
��
�����������
� ��	 � �����	������ � ��	 � 	�
	 � 		�	 � 	�	
 � 	��
 � 	��	
	�		 � 	��
 � 	
�	 � 	
�
�

(resp. resultant�M��M�� � ����
 � 		
 � 	��� � 


 � �	
. )
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(5.3) Remarks. (1) For class polynomials of Thompson series associated to G � ���N �,
the largest prime factor for discriminant is bounded above by jdKj. This is no longer
the case for discriminants of class polynomials of Thompson series corresponding to
G � ���N ��.

(2) For each N , primes dividing discriminants (resp. resultants) of class polynomials
of Thompson series associated to ���N � forms a subset of those corresponding to
���N ��.

(3) The Galois group over Q of class polynomials M �X� of degree up to � are
computed using MAPLE. In all cases we obtain generalized dihedral group Dh�O	

	�
Pic�O� o C�.

Further examples of discriminants, resultants and constant terms are computed and
tabulated in Appendix A4 and Appendix A5.

6. Postscript

This section collects open problems for further discussions.

(6.1) Singular moduli of “roots” of Thompson series. Let Tg be a fundamental
Thompson series of level N , which has shape

Tg�z� � f��az�
���bz�� � � �

��cz����dz�� � � � g
r where r �Z� �

For instance, take Thompson series for ���N � with N � 	j
�, or for ���N � � e� f� � � �
take, for example, T��s with s � f
� �� �g, or T���s with s � f�� �� 	
g.

We consider an r-th root of Tg�z�, denoted by tg�z�, for instance, if N � � and
Tg�z� � ��z������z��, take tg�z� � f��z�����z�gr where r � f	� 
� �g.

Let K be an imaginary quadratic field and let O be an order of discriminant N�dK .
We evaluate tg�z� at the same imaginary quadratic arguments � � O �H as for Tg�z�.

With an appropriate choice of h�O� such roots representing Pic�O�, we form

m�X� ��

h�O	Y
i
�

�X � tg��Qi ���

(6.1.1) Conjecture.

(1) m�X� is a class polynomial;
(2) m�X� �Z�X� and irreducible over Q;
(3) tg�� � generates over K the same ring class field as the original singular value

Tg�� �;
(4) there are Gross–Zagier type formulae for the discriminant of m�X�, and for the

resultants of two such polynomials.

(6.2) Example. Yui and Zagier [30] considered the group ���
� and the Weber func-
tions, which are the 
�–th roots of a Hauptmodul for ���
�. For z � H, set q � e��iz .



��� Imin Chen and Noriko Yui

The classical Weber functions are defined by

f�z� � q�
�

��

�Y
n
�

�	�qn�
�

� �� f��z� � q�
�

��

�Y
n
�

�	�qn� �

� �� f��z� �
p

q

�

��

�Y
n
�

�	�qn��

The 
�–th powers of these functions are Hauptmoduln for ���
�, and should correspond
to some translate of the Thompson series listed in the table 3 in [10].

The main observation in Yui–Zagier [30] was that singular values of Weber functions
at imaginary quadratic arguments are algebraic integers, and that they generate the same
ring class fields as the corresponding singular values of Thompson series for ���
�.
Moreover, a construction of Weber class polynomials was discussed and a conjectural
description of Gross–Zagier type formulae for the resultants and discriminants of Weber
class polynomials was given.

(6.3) A generic construction of class fields. Norton [21], and Norton, et al. ([1], [10])
introduced and studied replicable and completely replicable functions. Conway raised a
question of a “generic” construction of the ring class field of O:

Do the singular moduli of a Thompson series Tg and those of the replicates of Tg
generate the same ring class field of O?

For example, for the group ���
�, Norton explained to us the following procedure of
getting replicable functions:

Step 1: Take a Thompson series ��q������q���� �
B�
Step 2: Apply a dash operator, that is, change variables from z � z�	�
. Then one

gets

��q���
���q�����q���� ��A � 
A���

Step 3: Now take the 
�–th root of the function in (2). Then one gets

��q�
�����q�����q��� �
�a��

which is a non-monstrous Hauptmodul.
What Yui–Zagier [30] implicitly proved for Weber functions is that singular moduli of

the replicates of a Hauptmodul for ���
� generate the same ring class field as the original
Hauptmodul for ���
�.
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Appendix 1: Modular relations for ���N��

Modular Relations for ���N��

G Modular Relation Class
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Modular Relations for ���N�� continued
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Appendix 2: Modular equations

This appendix contains a sample of modular equations for a fundamental Thompson series
Tg for G � ���N � or ���N �� of order 
 and �. They were computed using Mahler’s
explicit description of modular equations for “basic” Sp -series (Mahler [20], p.90/93).
(By a “basic” Sp -series we mean one which has constant term �. )

(We note that Mahler’s description of an order � modular equation is slightly in error:
one should exclude b� from the constant term (Mahler [20], p.93).)

Modular Equations of Order 2

G �T� �X�Y �

����� X� � ��Y � � 
�	�X� � ��
��Y � ���	�X � �Y � � 
�	Y � �

���	Y � ������

������ X� � ��Y � � 
����X� � �

���Y � 
�
�
��X � �Y � � 
���Y � �


�
�
�Y � �	
���
��

����� X� � ��Y � � 
	�X� � �
�Y � ��X � �Y � � 
	Y �
� �Y � 
����

������ X� � ��Y � � ��	�X� � �
�
�Y � ������X � �Y � � ��	Y � �

�����Y � �������

���
� X� � ��Y � � ��X� � �
�Y � 
��X � �Y � � �Y �
� 
�Y � 
���

���
�� X�� ��Y � �
���X� � ���
Y ��	
��X � �Y �� 
��Y � ��	
�Y �

�

���

Modular Equations of Order 3

G �T� �X�Y �

���� X�� ��Y ���
Y ����X� �����Y ���		Y �

�	�X�� ��
Y ��

�		Y �
��
��Y ������X��Y ����Y ��

�	Y ������Y �
�

���

������ X� � ��Y � � ���Y � ��	��X� � �
����Y � � ����		Y �

��


�	�X� � ����Y � � ����		Y � � 
����		�Y � 	��������X �

�Y � � ��	�Y � � ��


�	Y � � 	�������Y � ���	���
��

���
� X� � ��Y � � �Y � ���X� � ��
�Y � � ��Y � 
���X� � ��Y � �

��Y �
� �	�Y � ���X � �Y � � ��Y � � 
��Y �

� ��Y � ���	�

���
�� X� � ��Y � � 
��Y � �
��X� � �����Y � � �
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�	��
�X� �

�
��Y � � �
�	�Y � � �����
Y � ��	��
��X � �Y � � �
�Y � �


�	��
Y � � ��	��
�Y � 
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Appendix 3: Class polynomials

We have constructed class polynomials for most of the fundamental Thompson series
listed in Conway and Norton [8], p. 331. These computations were performed for several
field discriminants dK up to �
�. Here is an algorithm for the construction of class
polynomials.

Input: The discriminant dK of an imaginary quadratic field K and a fundamental
Thompson series Tg of level N .

Output: A class polynomial for Tg and an imaginary quadratic order O � OK of
discriminant N �dK .

Process:
(1) Find the primitive positive definite reduced quadratic forms Q � �a� b� c� �

Q�N�dK� of discriminant dKN�.
(2) Transform each Qi by � and let Q� � �a�� b�� c�� � ��Q� � QdK �N �����N �

with �a�� N � � 	.
(3) For each Q�, let �Q� be the root of the quadratic equation a�z� � b�z � c� � � in

H � O.
(4) Construct the class polynomial:

M �X� �
Y

�X � Tg��Q� ��

where the product runs over h�O� quadratic forms in QdK �N �����N �.

(Alternatively, one can directly find the representatives Q� � �a�� b�� c�� � QdK �N �����N �
with �a�� N � � 	 using an explicit description of the ���N � cosets of �. This would
in principle yield another algorithm for the construction of monstrous class equations,
although we have not yet implemented this on computer.)

The construction was done with a program written in C using the PARI library
package. The floating point precision used was adjusted so that the resulting polynomials
had coefficients whose roundoff errors were less than 	����.

We observe that the constant terms of class polynomials are very highly factorizable.
Indeed, for ���N �, the constant terms are divisible by high powers of N .

This appendix contains examples of class polynomials for Thompson series

T�� T�� T�� T���� T���� T��� T��� T�� � �
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Appendix 4: Discriminants of class polynomials

This appendix contains the discriminants of selected class polynomials with degree ��
or less. The discriminants were factored into primes less than 
� ���� ���.

We can make several observations.
(1) For Thompson series for ���N �, the absolute values of the discriminants of class

polynomials are bounded by jdKj.
(2) For Thompson series for ���N ��, the absolute values of the discriminants of class

polynomials are bounded by jN dK j.
(3) For Thompson series for ���N � � e� f� g� � � � � the absolute values of the discrimi-

nants of class polynomials are bounded by jdK � e � f � g � � � j.
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Appendix 5: Resultants of class polynomials

This appendix contains some resultants of the class polynomials for T�, T�, T��. We
note that the resultants are highly factorizable numbers.

Resultants of class polynomials for T


d� d� Resultant of M��X� and M��X�
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