ON RELATIONS BETWEEN JACOBIANS OF CERTAIN
MODULAR CURVES

IMIN CHEN

ABSTRACT. We confirm a conjecture of L. Merel describing a certain relation
between the jacobians of various quotients of X (p) in terms of specific cor-
respondences. The method of proof involves reducing this conjecture to a
question about certain Z[GL2(Fp)]-module homomorphisms, which is in turn
answered by exhibiting some peculiar relations in a double coset algebra.

1. INTRODUCTION

For an odd prime p, let X = X(p)/Q be the modular curve which classifies
elliptic curves with full level p-structure. The curve X has an action of G = GLy(F))
defined over Q and for every subgroup H of G, there is a quotient 7y : X — Xpg
which is also defined over Q.

The subject of this paper concerns a relation between the jacobians of Xy for
certain subgroups H of G. This relation was verified in [4] [5] using the trace
formula, and later by Edixhoven [11] using the representation theory of G. It has
been noted in one form or another by several people including Gross [16], Ligozat
[22], Elkies [7].

To describe this relation, suppose now that p is an odd prime and denote by
Ju the jacobian of the quotient curve Xg. The group G also acts on P! (Fp2) =
P'(F,[v\]), where (%) = —1, from which we define subgroups B, N, N’ as the

stabilisers in G of oo, {o0,0}, {V/A, —v/A}, respectively. The relation of jacobians
which concerns us is then

Theorem 1 (Chen,Edixhoven).
Jn X Jp is isogenous over Q to Jy X Jg

where we have included Jg (which is trivial in this case) to indicate the form of the
relation in more general contexts.

The results in [4] [5] and [11] only show the existence of the relation of jacobians
in Theorem 1 and leave open the question of describing such an isogeny explicitly.
Subsequently, L. Merel conjectured in [8] [25] an explicit description of this relation
in terms of certain natural correspondences.

This paper will confirm Merel’s conjectural description (Theorem 2). To explain
this description, we introduce some terminology. A sequence of morphisms in an
abelian category C
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will be called almost-exact if it becomes exact in the category C®Q (i.e. the category
whose objects are the same as C, but Homegg(A® Q, B® Q) = Home (4, B) ® Q).
If C is the category of Z-modules, then this is equivalent to the sequence being a
chain with torsion homology groups ®;. Using this terminology, Theorem 1 can be
rephrased as

Theorem 1 (reformulation). There exist homomorphisms of abelian varieties
(dcB, PBN, ONN') defined over Q such that

(1) 0 Jo $oB Js PBN I PN’ I 0

is almost-exact in the category AV of complete algebraic groups over Q.

(as a matter of convention throughout, we shall use the label H;Hsy to denote a
morphism from an object associated with H; to an object associated with Hy)
Given a quotient 7 : X — Xpg, we denote by 7}, : Jg — J and 7wy, 1 J —
Jp the homomorphisms of jacobians which are induced by Picard and Albanese
functoriality. Since G acts on the right of X, there is left action of G on J by Picard
functoriality so that an element of Z[G] yields an endomorphism of J defined over
Q.
Let C and C’ are the stabilisers in G of (00,0) and (vVA, —v/A), respectively.
Then N = CUwC and N’ = C' UwW'C’ are the normalisers in G of C and (',

respectively, where
(0 1
“=1 o

, (10
W—O_l.

With the above comments in mind, the conjectural description of the relation of
jacobians in Theorem 1 alluded to earlier [8] [25] which will be proved in this paper
is the following.

Theorem 2 (Merel’ s conjecture). A choice of (pcp, PN, PNN') in Theorem 1 is
given by

(2)  (¢eB:¢BN;PNN')
1
— (R 0 .7 0|6 (= pr) 1+ ) o mh. | 23+ | 0w, o),

where for a subgroup H of G, we let pry = ﬁ > ner h € Q[G] be the projector to
the H-invariants.

We note that these choices of (¢gp, PN, dNN’) are not optimal. For instance,
we may replace ¢nns by the simpler homomorphism 7y, o 73 and still retain
almost-exactness. We have chosen these particular homomorphisms, which are
multiples of the ones conjectured by Merel, because they are the choices which are
induced by natural operators coming from representation theory (see Lemma 6.5).

The method of proof involves reducing the almost-exactness of the above se-
quence of jacobians to the exactness of an associated sequence of C[G]-modules,
where the C[G]-module homomorphisms in the sequence are given by certain dou-
ble coset operators. An easy application of character theory shows that this se-
quence of C[G]-modules is exact if and only if one can show certain character sums
involving the number of points on a non-trivial family of elliptic curves modulo p
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are non-zero. Although these character sums seem rather intractable, we exhibit
some relations between double coset operators which allow one to simplify them to
Legendre character sums [12] [28] and Soto-Andrade sums [19] [31]. Having done
so, we show that they are non-zero by using the fact that p does not ramify in the
cyclotomic fields generated by these character sums.

The appearance of Legendre character sums and Soto-Andrade sums is sugges-
tive. It is known that natural descriptions of the representations of SLs(F,) induced
from Borel subgroups are described in terms of finite field analogues of hypergeo-
metric functions [14] [15], following indications in [17] [21]. These finite field hyper-
geometric functions are in turn related to Legendre character sums [28] in a manner
similar to the relation between hypergeometric functions and Legendre polynomials
in the classical case. Similarly, Soto-Andrade sums appear in the analysis of the
representations which are induced from non-split Cartan subgroups [31].

The relation of jacobians in Theorem 1 has connections to a question of Serre
[29] which asks whether there are only finitely-many primes p for which there exists
a non-CM elliptic curve over Q whose the mod p representation is non-surjective.
Indeed, if the mod p representation of an elliptic curve over QQ is non-surjective,
then it has image lying in a maximal proper subgroup of G, i.e. a conjugate of
B, N, N’, or an exceptional group S whose projective image is Sy (the groups Ay
and As do not occur due to properties of the Weil pairing). However, such elliptic
curves are essentially classified by the quotient curves Xp, Xy, Xn/, Xg [10] so
that such an elliptic curve gives rise to a Q-rational point on one of these curves.
The question can therefore be rephrased as whether there are only finitely-many
primes p such that the quotient curves Xp, Xy, Xn+, Xg have a non-cuspidal,
non-CM Q-rational point.

Mazur has answered the question in the affirmative for the modular curve Xp =g
Xo(p) [24]. Indeed it is shown that for p > 163, the only Q-rational points on Xy (p)
are cuspidal. In [23, p. 36], it is noted that Serre has shown that Xg¢ has no Q-
rational points for p > 13. Momose has obtained some partial results for the
modular curve Xy [26], in particular when Jo(p)~ has rank 0.

For the quotient curve Xy, the relation of jacobians in Theorem 1 suggests that
obtaining information about the Q-rational points of the curve X - via its jacobian
is difficult [5] since by standard conjectures about L-functions of abelian varieties
over Q [32], this abelian variety does not have any non-trivial quotients with finite
Mordell-Weil group over Q.

Serre’s question enters into the analysis of diophantine problems similar to Fer-
mat’s Last Theorem [25], [27], [8]. However, in these contexts, the elliptic curves in
question have extra level structure. This fact was used in [8] to give a solution of
Dénes’ conjecture by considering a variant of the relation of jacobians in Theorem 1
[7].

Edixhoven’s proof [11] of Theorem 1 uses the fact that an idempotent relation in
Q[G] induces an isogeny relation between the corresponding quotients of J. This
technique was in fact considered previously by Kani and Rosen [18], following work
of Accola [1] [2], though they did not consider the particular relation of Theorem 1.
Kani and Rosen also give an equivalent formulation in terms of character identities
[18]. We note also that Edixhoven formulates his argument more generally so that
it applies to an object J in an additive Q-linear pseudo-abelian category on which
G acts.
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In the case of Theorem 1, the relevant idempotent relation which was proved by
Edixhoven [11] using the character table of G is

Theorem 3 (Edixhoven).
(prys +prp)(1 —prg) is Q[G]™ —conjugate to pry (1 — pre).

This is equivalent using Frobenius reciprocity to the character identity

Theorem 4.
Inv+1p =15+ 1¢g,

where 15 denotes the character of the representation Q[G/H| associated to H (i.e.
the trivial representation over Q of H induced to G). We note that Arsenault has
subsequently given a direct calculation of the above character identity in his thesis
[3].

Although it is not too difficult to show the existence of the above idempotent
relation via character theory, Merel’s conjecture is in some sense a step towards
understanding why this relation exists in an explicit way.

2. ACKNOWLEDGEMENTS

I would like to thank the Department of Mathematics at UC Berkeley, the De-
partment of Mathematics and Statistics at McGill University, and I'Institut de
Recherche Mathématique de Rennes for their hospitality during my stay there in
1996-97, 1997-98, and 1998, respectively.

Special thanks are due to L. Merel for rekindling my interest on this topic, and
whose interest and many stimulating discussions motivated me. I would also like to
thank M. Baker, H. Darmon, S. Edixhoven, D. Zagier, and N. Yui for many useful
discussions and suggestions.

Finally, I would like to thank the Max-Planck-Institut-fiir-Mathematik in Bonn
for providing a stimulating environment where the final revisions to this paper were
made.

3. REDUCTION TO REPRESENTATION THEORY

In this section, we show how the almost-exactness of a sequence of jacobians
such as the one in Theorem 1 and 2 can be deduced from the almost-exactness of
an associated sequence of Z[G]-modules.

The action of G on the abelian group J(C) by Picard functoriality allows one
to regard J(C) as a Z[G]-module. For any subgroup K of G, we then have the
identifications J(C)* = Homg (1, J) = Homgg(Z[G/K], J(C)) by Frobenius
reciprocity.

Let C be a curve defined over QQ. Its jacobian is also defined over Q. Denote by
Pic’(C)(Q) the Z-module of divisors modulo linear equivalence which are defined
over Q. By Abel-Jacobi, Pic’(C)(Q) can be identified with J(C)(Q) in a way
which is compatible with the action of Gg [20] [33]. The multiplication by [n]
homomorphism on J is described on divisors by sending a divisor class D to nD.
In particular, since [n] is an isogeny on J, it follows for every divisor class D, there
exists a divisor class D’ such that nD’ ~ D.

Let X,Y be curves defined over Q and suppose m : X — Y is a non-constant
map, also defined over Q. The homomorphisms of jacobians 7* : J(Y) — J(X)
and 7, : J(X) — J(Y) induced by Picard and Albanese functoriality, respectively,
are defined over Q. Moreover, on the level of divisors, they can be described
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as follows. The homomorphism 7* sends a divisor D = >_
pullback divisor (D) = 3° oy 3 sen-1(y) @yere® on X where e, , denotes the
ramification index of x with respect to the map w. The homomorphism m, sends
a divisor D = ) v a,x on X to its push-down divisor 7.(D) = >y a.7(x).
The above implies for instance that 7, o 7* = [deg(nw)]. These descriptions follow
from the theory of correspondences [30] [33] [20].

We begin with two lemmas which concern the subgroup variety of J on which
H acts trivially and the image of the jacobian Jp under the morphism 7J;.
Lemma 3.1. Let J¥ = Npegker(h —1). Let Sy : J — J be the morphism
Yg & = Y pephx. Then the connected component of the identity, JHC s
an abelian subvariety of J which is equal to im X g, and the group of connected
components of JH is killed by multiplication by |H]|.

ayy on Y to its

Proof. The image im X is an abelian subvariety of J. On C-points, we have that
JH(C) = J(C)®, and im Xy C JH?(C) (since it lies in JH(C), is connected, and
contains the identity). Furthermore, the morphism ¥z when restricted to J(C)
is multiplication by |H| so the image im Xz contains J°(C). This also shows that
multiplication by |H| kills the group of connected components of J#. O

Lemma 3.2. Let 1y : X — X be the quotient map. Then im 7y, is contained in
JH and the morphisms

g Jg—JE U
WH*:JHOCJ—>JH
are isogenies with kernel killed by multiplication by degmp .

Proof. For h € H, we see that 7y oh = mg. Hence, h* oy = 7 so imm, € J7°.
We therefore have the following sequence of morphisms.

Ty TH

Jy —2 JHe _THx | Jy
s

JHO e gy T, gHC

Since mpomy; = [deg(mm)], we see that 73, has finite kernel and 7y, is surjective.

The morphism 7}; 07, when restricted to J ? is multiplication by deg(mg): An
element of J#°(C) ¢ J(C)" corresponds to a divisor class [D] which is invariant
under the action of H. By the Lemma 3.1, [D] = [Eg(D’)] = [ ,cq h*(D')]
for some divisor D’ of degree 0. Let D" = %7, -, h*(D’). Then [D"] = [D] and
h*(D") = D". Write D" in the form D" =3 pc v, (c) 2o, (q)=p nPQ- Since the
extension of function fields associated with X — X is Galois, for each @ € X (C),
eqgcq = deg(my), where eg is the ramification index of @, and cq is the number
of elements in the same fiber as @ under the morphism 7g. Then 7y, (D"”) =
ZpexH(C) npcpP, and mg*omg, (D") = deg(my)D”. Tt now follows that g, has
finite kernel and 7y, is surjective. 0

The starting point for reducing Theorem 1 and 2 to a question in representation
theory stems from the following lemma.
Lemma 3.3. Let o : Z|G/H'] — Z|G/H] be a Z|G]-module homomorphism. Then
o induces a homomorphism of abelian varieties ¢ : Jy — Jg which is defined over

Q.
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Proof. By Lemma 3.2, H acts trivially on im 7§;. Thus, o(H’) gives a well-defined
morphism im 7§, — J. The desired morphism is then given by ¢ = mg/, o o(H’) o
T (]

Indeed, it will be shown in Proposition 3.7 that an almost-exact sequence of
Z|G]-modules

. —— Z|G/H;_y] <= Z|G/H;] —Z— Z[G/Hy1] — ...
induces an almost-exact sequence of jacobians

di—1 @i

Ju

: JHi—l i

it+1

Note that this immediately gives Theorem 1 since the character relation in Propo-
sition 4 implies there exists an exact sequence of Q[G]-modules

0 —— Q[G/G] —— QIG/B] —— Q[G/N] «—— Q[G/N'] —— 0
and hence an almost-exact sequence of Z[G]-modules

(3)

0 —— Z|G/G) «—— Z|G/B] «—— Z|G/N] «—— Z|G/N'] —— 0.

To prove Proposition 3.7, we first establish some lemmas.

Lemma 3.4. Suppose we have an almost-exact sequence of Z|G]-modules

(4) e, i—1 Tizt MZ 9 Mi+1

For any Z|G]-module M, the sequence Homgq)(M;, M) is almost-exact. Further-
more, if we let ®; and P} denote the homology groups of the sequences M; and
Homgy g (M;, M), respectively, then Annz(®}) O Annz(®;)- Annz(n;—1), where n;_1
is a quantity to be explained below.

Proof. This essentially follows from the semi-simplicity of Q[G]-modules. Consider
the sequence induced by Homgzq (-, M)

() Homgey(Mi—1, M) —2= Homg(M;, M) —— Homgg) (M1, M)
Since 0;_1 0 0; = 0, it follows that ¢; o ¢;_1 = 0. Hence, ker ¢; D im ¢;_1.

Let W =imo;_1 and V = M;_;. By semi-simplicity of Q[G]-modules, V@ Q =
W @ Q@ W' for some complementary Q[G]-module W’. Put W+ = W' NV. Let
7;—1 be the quotient W and pry;, the projection to W from W @ W+.

Put n € Anngz(®;), m € Anng(n;—1) and let f € ker ¢;. We claim that mn - f €
im¢@;_1. Since f € ker ¢;, we have that imo; C ker f. Since n kills ®;, it follows
that kero;_; C ker f o [n]. Therefore, there exists a Z][G]-module homomorphism
g :imo;_1 — M such that fo[n] = goo;_1. One can extend ¢ to a Z[G]-module
homomorphism ¢ on all of M;_; by defining § = g o pry, o[m|. Moreover, we see
that goo;—1 = f o [n]o[m] so that ¢;—1(g) =mn - f. O

Lemma 3.5. Let o : Z|G/H'] — Z|G/H] be a Z|G]-module homomorphism. Let
¢ JOF = J(©) be the Z|G]-module homomorphism induced by o via the
identification J(C)®¥ = Homyq)(Z[G/K],J(C)). Then we have a commutative
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diagram

(6) WEJ{ WH*T

JE@)F —L— g
where ¢ is the morphism induced by o in Lemma 3.3.

Proof. It suffices to show as elements of Homz[g](J((C)H,J((C)H/), we have the
equality ¢’ = o(H'). The bijection between J(C)* and Homyg)(Z[G/H], J(C))
is such that x — (f : gH — gHz). The Z|G]-module homomorphism which o
induces sends f to f o o. Finally, the bijection between Homy e (Z[G/H'], J(C))

and J(C)H' is such that f oo is sent to (f o 0)(H') = o(H')x. O

Lemma 3.6. A sequence of abelian varieties over C
®i

(7) e, T i—1 it Jz J7;+1

is almost-exact if and only if the associated sequence of Z-modules
bi1 ;
e

(8) i —— J;i1(C) Ji(€) —— Jia(C) —— ...

is almost-exact. Furthermore, if we let ®; and @} denote the corresponding homol-
ogy groups, then Anng(®;) = Anng(®}) are non-zero.

Proof. Each ®; = ker ¢;/im ¢;_1 is an extension of an abelian variety over C by a
finite abelian group.

We have that ®; ®Q = 0 if and only if Annz(®;) # (0) (this follows from the fact
that Hom(A, B) for two abelian varieties A, B is finitely-generated over Z). Thus,
®, ® Q = 0 if and only if ®; is finite over C.

If the sequence of abelian varieties is almost-exact, then ®; ® Q = 0, so ®; is
finite over C, and hence ®} is of finite cardinality.

If the sequence of Z-modules is almost-exact, then @, is torsion. Since ®; is
an extension of an abelian variety over C by a finite abelian group, this can only
happen if the connected component of ® is trivial, as a non-trivial abelian variety
over C possesses C-points of infinite order. Thus, ®; is finite over C, and hence
o, 2Q=0.

Finally, when ®; is finite over C, Annz(®;) = Anngz(®,) is non-zero. O

Proposition 3.7. Suppose the sequence of Z[G]-modules

L Z[G/Hz—l] & Z[G/HZ] (L Z[G/Hl_;’_l] — ...
is almost-exact. Then the induced sequence of abelian varieties
Pi—1 i

Ju,,, — ...

L JHI-,I i+1

is almost-ezact. Furthermore, if we let ®; and @} denote the homology groups of
the above sequences, respectively, then
Anngz(®;) D Anng(®;) - Anng(n;—1) - (deg(ms,)) - Anng(ker mg, )

X
ker ;.
ker 3 N im ¢;—1 '

- Anng(coker 77, ) - Anng, <
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Proof. The almost-exact sequence
. e—— ZIG/H;_] <<= Z|G/H)) —Z— Z|G/Hip] — ...
induces by Lemma 3.4 an almost-exact sequence

’
i1 ¢'§
_—

. — J(C)Hir J(C)Hi
where Anng(®/) D Anng(®;) - (n;—1), and &} denotes the homology groups of the
latter sequence.

By Lemma 3.5, we have a commutative diagram

T, (C) 22 (C) ——  Ju,(C) =2 Jp,..(C)

N *
TrHi,—lJV ﬂHz‘*T WHiJ« ”HH—UT
Ty, OTH

b i ;
J(C)Hi-r Sty gy T ey S, g(C)Hie,

From the commutative diagram, we see that that ¢; o ¢;—1 = 0 using the fact
that ¢; o ¢; | = 0, and 7}; ompg,, is multiplication by deg(7mg,) when restricted to
the subgroup J(C)#: = JHi(C) (see Lemma 3.2) so the image of ¢._; is sent into
itself under this map.

We next show the relation between Anngz(®;) and Anngz(®}). To begin with,
note that ker 7y, C ker ¢; so that

77;{1- (ker ¢;) ~ ker ¢;

T (ime; 1) im¢; g +kermy

J(C)Hisn —

Hence by Lemma 3.6,
Annz(®;) = Anng, < ke ¢ > = Anngz (W) - Anng (lm Pi—1 + ker 7THl)

i iy, (im ¢y im ¢;

im ¢;_y
= Anng (WFL (ker @))) - Anng ( ker T, )

gy, (Im ¢y kermy; Nim¢; 1
By the commutative diagram, we see that
gy, (ker ¢;) = ker(7wg,,,, © ?%)

iz, (im @i 1) = im([deg(mp)] 0 iy 07, ).

Now, we have

k _ !
Anngy (W) D Anng(kermy

Anny [ (dea(mn)] o di 1)
im([deg(ms, )] 0 ¢y omgy )

i+1 *)

) D Anng(coker y, ).

This yields
T (ker ¢z) ) ( ker d)/. )
Ann Hli D Anng [ - C
’ (Wi‘qi (im¢i—1) “\im([deg(mm,)] 0 ]_,)
- Anng(ker gy

i41,) - Anng(coker Ty ).

Since

ker ¢; )D ker ¢ - (deg(mm;))

Ann - -
Zﬁmm%wmnogl im ¢)_,
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we obtain finally that

Anng(®;) D Anng(®") - (deg(my,)) - Anng(ker 7g,,,

A ker 7y,
- Ann .
2\ ker W;{i Nim¢p; 1

) - Anng(coker 3, )

O

4. DOUBLE COSETS

In this section, an explicit description of the Z[G]-module homomorphisms be-
tween two induced representations Z[G/H| and Z[H/K] is given in terms of double
cosets. This will be used to describe Z[G]-modules homomorphisms which induce
the homomorphisms (¢gp, PN, PNN’) via Lemma 3.2.

Let H, K be subgroups of G. Suppose we have a Z[G]-module homomorphism
¢ : Z|G/H] — Z|G/K]. Then ¢ is determined by its value on the coset H since
¢(gH) = gp(H). Moreover, for all h € H we have h¢(H) = ¢p(hH) = ¢(H) so the
element ¢(H) € Z[G/K] is invariant under multiplication on the left by h.

Conversely, suppose we are given an element « of Z[G/K] which is invariant
under multiplication on the left by elements in H. Then one can define a Z[G]-
module homomorphism ¢ : Z[G/H| — Z[|G/K] such that ¢(H) = a. Indeed, define
¢(gH) = ga. This is well-defined on right H-cosets because « is invariant by
multiplication on the left by elements in H. The desired map is then obtained by
extending this Z-linearly to all of Z[G/H]. By its very definition, it is a Z[G]-module
homomorphism.

Lemma 4.1.
HgK = U agK
a€H/H,
where Hy = H N gKg~' and the union is disjoint. We call [H : H,] the degree

of HgK. This is independent of the choice of g in the sense that deg(HgK) =
deg(H¢'K) if HgK = HJ'K .

Proof. Since

we have

HgK = | J aHugK
a€H/H,

= U agK.

a€H/H,

If agK = o/gK, then ag € o/gK and hence o € o/ Hy. O

There is a distinguished class of Z[G]-module homomorphisms from Z[G/H]
to Z|G/K] : for each double coset HgK where g € G, define ¢(HgK)(H) =
HgK, where the double coset HgK is considered as an element of Z[G/K] by
decomposing it into right K-cosets. This yields a Z[G]-module homomorphism
¢(HgK) : Z|G/H] — Z|G/K] as above.
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Lemma 4.2. Let H, K be subgroups of G. Then as Z-modules
Z[H\G/K] = Homyq)(Z|G/H], Z|G/K]).

Proof. Let Q be a complete set of inequivalent representatives for H\G/K. It is
clear that ¢ is injective since ©(_ o agHgK) = 0 means that 3 o agHgK =0
as an element of Z[G/K]. This occurs if and only if ay = 0 for all g € Q.

A Z|G]-module homomorphism © : Z[G/H| — Z[G/K] is determined by its
value on the coset H. Since ©(H) is an element in Z[G /K] which is invariant under
multiplication on the left by elements in H, we can write O(H) = > .o a,HgK.
We then see that ©(H) = >_ . ag©O(HgK). This shows © is surjective. O

We call elements of Z[H\G/K] operators and by convention denote their action
from the left. This causes the slight annoyance that HK x KH = KHoHK. We will
also omit © when considering an operator as an element of Homy ¢ (Z[G/H], Z|G/ K]).

In the case H = K, Endzg)(Z[G/H]) is not just a Z-module but also a ring
with unit. Thus © gives a ring structure on Z[H\G/H]. This ring structure can
be described explictly and developed purely in terms of Z[H\G/H] (c.f. [30] and
below). Finally, we remark that Z[H\G/H] is also nothing other than the Hecke
algebra H(G, H) with trivial character which arises in representation theory [6],
though it is used in a different context there.

More generally, the Z-linear multiplication

Homgq)(Z|G/H], Z[G/ K]) x Homg ) (Z|G/ K], Z[G/M])
— Homg ) (Z[G/ H], Z|G /M])
(fr9) —gof
induces via © a Z-linear multiplication
Z[H\G/K] x Z|[K\G /M| — Z|H\G/M].

It is easy to describe this multiplication via ©. For example, suppose

HaK = Uqeq,aaK
KbM = Ugeq,BOM.
Then

HaK x KbM = > " aafbM = y,HgM.
a€Q, BEQ, geN

Here € is a complete set of inequivalent representatives for H\G/M. Note that -,
is easily calculated to be

Yg = # {aapb € HgM} [ deg(HgM)
= #{aapb € gM}

(compare with the formula given in [30]). In our context, all groups are finite so
this can be alternatively described as

HakbM.

deg(KbM) deg(HaK)
9) Hak x Kb = 98 Z 7 eg(Ha

| K| = deg HakbM)
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5. DECOMPOSITION INTO IRREDUCIBLES

In this section, we briefly review the representation theory of G and decompose
the induced representations C[G/G], C|G/B], C[G/N], C[G/N’]. This material is
standard and can be found in [13] for instance.

The set of conjugacy classes C(G) of G can be described by breaking it into four

types

C(G)Z{[hzZ (g S)HwGFS}U

{[bz (g i)]lweFi}U

{inas= (5 )11 @) €55 x B = A and @) ~ () fU

Yy
where we use the notation [g] to denote the conjugacy class of g € G. The elements
he, by, Kazy, Ve give distinct conjugacy classes except for the identifications ~
given above.

Let a, B, and ¢ be one-dimensional representations of F 7, F;', and IE‘ZQ, respec-
tively. There are four types of irreducible representations of G. They are denoted
Ua, Vo, Wa g, and X4, with the restrictions a # 8 and ¢P # ¢. These represen-
tations are all distinct except for the isomorphisms W, g = W3, and Xy = Xgo.
Their values on each conjugacy class is given in Table 1.

{0 = (5 )1 2 0.0 €5y x By and () ~ 00}

TABLE 1. The character table of G = GLy(F,)

! [ [he] | [ba] | [Fay] | Mew] =[] \
Us || a(=?) a(z?) a(zy) a(yth
Vs, pa(z?) 0 a(ry) —a(yPT)
Waps || (p+ Da(x)B(x) | a(z)b(x) | alz)B(y) + aly)B(z) [ 0
Xg (p—1Do(x) —¢(z) 0 —(¢(7) + (7))

A routine calculation using Table 1 gives the following propositions.
Proposition 5.1.
CI[G/G] =2 U,
Proposition 5.2.
C[G/B]2U, & W
Proposition 5.3.
C[G/N'| = U@ > Va® Y Wae® > Xy
p=1 (mod 4),a=(5) a7 =1,02#1 P 1=1,075 £1,¢p— 141
where we sum under the equivalence relation o ~ a1 and ¢ ~ ¢P.
Proposition 5.4.
ClG/N]=U& > Va® > Wae® > Xs®W

_ . -1 1
p=1 (mod 4),(1:(;) a%:l,oﬂ#l ¢p+1:17¢,%7§1’¢p—1¢1
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where we sum under the equivalence relation o ~ a1 and ¢ ~ ¢P.

Proof. This follows from the previous propositions as

C[G/N'] @ C[G/B)] = C[G/N] & C[G/G]

by Theorem 4. (Il
For later reference, we note that

(10) FH 1 s =1

(11) " =1 = a(-1)=1.

6. ExacTNESS AT C[G/G] aND C[G/B]

In this section, we exhibit choices for the Z[G]-module homomorphisms occuring
in sequence (3) which via Lemma 3.2 induce the homomorphisms of jacobians in
Theorem 2. An analysis of the almost-exactness of this sequence of Z[G]-modules
is performed. In particular, we reduce the property of almost-exactness to the
calculation of certain eigenvalues. The first two terms in the sequence of Z[G]-
modules is easily shown to be exact.

Before starting, we state the degree of some operators for later reference, which
can be computed using Lemma 4.1.

Lemma 6.1.
deg(NN') = (p—1)/2
deg(N'N) = (p+1)/2

Lemma 6.2.

deg(NB) =2
deg(BN) =p
Lemma 6.3.
deg(NG) =1

deg(GN) =p(p+1)/2
Lemma 6.4.
deg(BG) =1
deg(GB) =p+1

The following lemma exhibits the natural operators coming from representation
theory which induce the homomorphisms of jacobians in Theorem 2.

Lemma 6.5. The Z[G]-module homomorphisms
(UBG7UNB7UN’N) = (BG, |G| (1 — prG)NB,N’N)
induce via Lemma 3.2 the homomorphisms (¢cp, ¢N, dnn') in Theorem 2.

Proof. This is easily checked by going through Lemma 3.2. Indeed, we have the
following verifications.

0BG = Ty © BG(B) o 7§,

= TTBx« Oﬂ-)(k?
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ong = 7N« © (|G| (1 —prg)NB)(N) o mp
= 7N o |G (1 —prg)(1 +w)omp

O'N/N:ﬂ'N/*ON/N(N/)OT(?V

p+1 «
= T OT['N/*Oﬂ'N

where N'N = UgeqaN is a disjoint union, and we have used the fact that deg(N'N) =

p—;l shown in Lemma 6.1. O

The above lemma together with Proposition 3.7, implies that Theorem 2 would
follow if one can show that the sequence of Z[G]-modules
(12)
0 —— Z[G/G] ™% Z|G/B] <= Z[G/N] <= Z[G/N'] «——— 0
is almost-exact. To do this, we essentially dualise the problem. The basis for this
is given in next two lemmas.

Lemma 6.6. Suppose we have a sequence

together with Z[G]-module homomorphisms 7, : Z|G/H;] — Z[G/H;y1], where
kero;_1 D imo;. Then the above sequence is almost-exact if kerm;_1 o o;_1 D
imo; o 7; s torsion.

Proof. Simply note that
kert;_100,_1 Dkero;,_1 Dimo; Dimo; oT;.
O
Let V be C[G]-module. We say V has multiplicity one if every irreducible compo-
nent occurs with multiplicity at most one. If this is the case, then a C[G]-module
homomorphism ¢ : V — V is given by a scalar on each irreducible component

of V by Schur’s lemma. If the irreducible component has character y, then this
eigenvalue is given by

1 1
My (o) = ) tr(pr, oo) = NG tr(o opr,)

where pr, = )T(Tll) >_gec X(9)g is the projector to the y-component.
Lemma 6.7. Suppose we have a sequence of Z|G]-modules
5

M —— M M
whereker e D imd and MQC has multiplicity one. Then the quotient ® = ker e/ im §
is torsion if and only if Ay (e ® C) = 0 implies A (6 ® C) # 0 for every character x
of an irreducible component of M.

Proof. To show the first part of the lemma, consider the sequence

I e®C L I®C L

where L = M ® C. Decompose L = @, L,, where L, is the y-component of L,

that is the direct sum of the irreducible components of L with character x. By the
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multiplicity one assumption, L, is irreducible. We use the convention that x runs
through all irreducible characters of G so that L, can be zero for some .

By Schur’s lemma, the C[G]-module homomorphism §; ® C : L — L is multipli-
cation by a scalar A, (6 ® C) on each irreducible component L,. We have that

kere @ C = H Ly
(X)) =124 (e®C)=0
imd®C = H L.

(XM )=1,24 (6®C)#0

By hypothesis, ker e®C D im §®@C. However, if A, (e®C) = 0 implies A, (6®C) # 0,
then the above descriptions of kere ® C and imé ® C show that they are in fact
equal. O

Corollary 6.8. Suppose we have a sequence
. —— Z|G/H;_,] <= 7|G/H;] <% — Z|G/H;y ] — ...

together with Z[G]-module homomorphisms 7, : Z|G/H;] — Z[G/H;t1], where
kero;—1 D imo;, and each C[G/H;] has multiplicity one. Put §; = o; o 7; and
€ =Ti—100i—1. If \y(&; ® C) = 0 implies A\ (0; ® C) # 0 for every character x of
an irreducible component of C|G/H;], then the original sequence is almost-exact at
Z|G/H;).

We wish to apply the above corollary to sequence (12) by taking the Z[G]-module
homomorphisms (7¢g, 78N, TnN) to be (GB, |G| (1 — prg)BN, NN'). There are
several conditions to check.

Lemma 6.9. We have that onrgoonn' =0 and opg oon'g = 0.

Proof. Using the facts that N'N x NB = N’'B by formula 9, and N'B = G, we see
that |G| prg oN'B = |G| N'B, which shows that

ONBOONN' = |G|(1—prG)oN'N><NB
=0.

Similarly, using the facts that NB x BG = 2NG by formula 9, and NG = G,
we see that |G|prg oNG = |G| NG, which shows that

opgoong = BGo|G|(1 —prs)NB
= |G| (1 —prg) o NB x BG
=0.

O

Lemma 6.10. The C[G]-modules C|G/G], C|G/B], C|G/N], C[G/N'] are of mul-
tiplicity one.

Proof. This lemma follows from the calculations in Section 5. (]
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To check the remaining hypotheses of Corollary 6.8, one needs to compare the
eigenvalues of

(13) e =0

(14) e =Tapoopc =GBoBG =BG xGB

(15) en =7y oong = |G| (1 —prg)BN o |G| (1 — prg)NB
(16) = |G*(1 —prg)NB x BN

(

EN :TNN/OO'N/N:NN,ON/N:N/NXNN/

—_
EN|
~—

with the eigenvalues of

18) 5G:UBGOTGB:BGOGB:GBXBG

(

(19) dp=onpoTpn = |G| (1 —prg)NBo |G| (1 —pry)BN
(20) = |G]*(1 —prg)BN x NB

(21) N =on'noTnny =N'NoNN' =NN'x N'N

(22) Sy =0,

respectively.

The eigenvalue )\X(|G|2 (1 — pre)) is simply 0 if x is the trivial character and
\G|2 otherwise. Hence, we are led to calculating eigenvalues of operators of the
form HK x KH, where H, K are subgroups of G. The following lemma gives an
expression for such an eigenvalue.

Lemma 6.11. Let x be an irreducible character of G and H, K subgroups of G.
Then the trace of HK x KH on the x-component of C|G/H] is given by

deg(HK) deg(KH)
try (HK x KH) = x(1) |(H| ] Z > x(kh)
keK he H

Proof. Note that
tr (HK x KH) = tr(pr, oHK x KH).

Choose a set of inequivalent representatives g¢i,..., g, for G/H, where n =
|G/H|. Then ¢1H,...,g9,H forms a C-basis for C[G/H]. To calculate the trace
of the map pr, oHK x KH, it suffices to compute for each i, the coefficient a; of
giH in (pr, oHK x KH)(g;H). The trace is then given by > " | a;.

To begin with, we have

1) <= —— . deg(HK) de KH
pr, oHK x KH(g,H) = (>|<é|) Zx(g)g) ( g|(H| g Z > gihkH)
heH keK

~x(1) deg(HK deg(KH)
=J¢] T A K] 'y Z 2_ Xlg)gkgH
heH keK geG

where the last equality follows from the fact that pr, is a C[G]-module homomor-
phism. The coefficient of g; H in the above element of C[G/H] is then given by

x(1) deg(HK) deg(KH)
o; = . |H|
aE kI 2 X
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Thus,

deg(HK) deg (KH) —
try (HK x KH) = x(1) |(H| ] Z > x(kh
€K heH

as desired. O

Furthermore, we have that

Lemma 6.12. Let x be an irreducible character of G and H, K subgroups of G.
Then

try(HK x KH) = try (KH x HK).

Proof. Since the elements hk and kh are conjugate, the result follows from compar-
ing the expressions for tr, (HK x KH) and tr,(KH x HK) in Lemma 6.11. O

We now compute some eigenvalues.

Lemma 6.13. Let x be an irreducible character of G. Then

2p if x = U1
M (BN x NB) = A\, (NB x BN) = pP4+p—1 ifxy=V .
0 otherwise

Proof. Note that try (BN x NB) = 0 if x is not the character of U; nor V; since
these are the only two irreducibles which occur in C[G/B] (see Lemma 5.2).
From Lemma 6.11, we see that

deg(BN) deg(N B)
try (BN x NB) = x(1) (B ] Z > x(on).
neN beB

For y = Uy, this implies that

deg(BN) deg(NB)
|B| IN|

For x = V1, we simplify a bit further and see that

tr (BN x NB) — x(1) L8(BN) deg(VB) Z 3" (x(0e) + x(bew))

tr (BN x NB) = (1) |B||N| = 2p.

Bl INL i
deg(BN) deg(NB)
— ()BT S 10 S G0 + ()
beB

Now, note that ), 5 x(®) = |G| (x,15) = |G|. On the other hand,

Doxtw)= > x(lghellsl)

beB lgleC(G)

where C'(G) is the set of all conjugacy classes, [g] is the conjugacy class of g € G,
and c([g]) denotes the number of elements in Bw which lie in [¢g]. The quantity
¢([g]) is easily calculated to be p—1 if [g] is non-scalar and 0 otherwise by counting
the number of elements in Bw with fixed trace and determinant. From the values
of x on each conjugacy class (see section 5), we see that

> x(ghella)) = (p—Dp—2)/2= > —p)/2)p—1) = —(p - 1)*.

[9]eC(G)
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Thus, we have that

try(BN x NB) = x(l)deg'(j_f'm deglﬁB) &P~ D)@ — 1) — (p— 1)?)
2 D

p(p—1)22(p—

=p(p*+p—1)

=p 1)2(;0—1)2(17—1)2(192+p—1)

and hence
M(BN x NB)=p* +p—1

Lemma 6.14. Let x be an irreducible character of G. Then

p+1 ifx=U
0 otherwise

M\ (GB x BG) = \(BG x GB) = {

Proof. Note that tr, (GB x BG) = 0 if x is not the character of U; since C[G/G]
is the trivial representation. (see Lemma 5.1).
For y = Uy, we see from Lemma 6.11 that

deg(GB) deg(BG)
0y (GB x BG) = x() “E P SE 2T 5™ 5 3 5g)
beB geG

= deg(GB) deg(BG)
=p+1.

Proposition 6.15. Sequence (12) is almost-ezact at Z|G/G] and Z|G/B.

Proof. Since C[G/@] is the trivial representation, we only need to check the hy-
potheses of Corollary 6.8 for x = Uy. Indeed, A\ (eg) = 0 and A\(dg) =p+1# 0
by Lemma 6.14. Thus, by the corollary, sequence (12) is almost-exact at Z[G/G].

The only irreducibles occuring in C[G/B] are Uy and V;. Now, A\, (ep) = 0 only
for x = V4 by Lemma 6.14. On the other hand, A\, (6p) = )\X(|G|2 (1 —prg)BN x

B) = |G\2 (p> +p—1) # 0 for x = V4 so again by the corollary, sequence (12) is
almost-exact at Z[G/B]. O

Calculating the eigenvalues for NN x NN’ or NN’ x N'N is more subtle. An
indication of this can be seen by attempting to calculate the character sum

o> Xty = > x((aDellg))

neEN n/eN’ [9]eC(G)

by summing over conjugacy classes as we did in Lemma 6.13. Here, ¢([g]) denotes
the number of elements of the form nn’ which lie in [g]. It can be shown that ¢([g])
is essentially the number of points on an elliptic curve Ej,/F, which varies in a
non-trivial way with [g]. Moreover, the Hasse bound for the number of points in
Ejg)(F,) is not sufficient to verify the hypotheses of Corollary 6.8.
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7. A DOUBLE COSET ALGEBRA

In this section, we will describe the double coset algebra for Z|N\G/N] explicitly
as a Z-module. This will be used later to get a handle on the operator NN/ x N'N €
Z[N\G/N].

Proposition 7.1.
ZIN\G/N]=ZN & @ ZNoN
tEFL /~

(11
O-t_lt’

]le, =T, — {1}, and where ~ denotes the equivalence relation t ~ t=lift £0.

where

Proof. The entries of a matrix in G will be denoted by a, b, ¢, d starting in the upper
right hand corner going clockwise.

Suppose g € G — N is given so either ac # 0 or bd # 0. It will be shown that
there exist ny,no € N such that nygns is one of o; where t € IFll)

At the expense of multiplication on the right or left by w, we obtain a matrix
such that ac # 0 and b # 0. Then multiplication on the right and left respectively

by
1 0 a1 0
0 ac™ ')’ 0 bt)

for instance, yields the matrix o,q(pc)-1-
One can check NoyN = Noy N if and only if ' =t =0or t' =t~ # 0. O

Lemma 7.2.

deg(N) =1
deg(NooN) = 2(p— 1)
deg(No_1N)=(p—1)/2
deg(NoyN) = (p—1) fort € F, — {-1,0,1}.

Proof. Clearly, deg(N) = 1. For g = 0, where t # 1 € F,,, it is easy to check that

_ 0
atCatlﬂC:{<g x)mEFX}
0 =z
Fx ift=-1
JtCJt_lme: {(x 0>|x€ p} !
0 if t #—1
z 0
Fx if t = —
ath’at_lﬁC: {(0 _x>|x€ p} !
0 if t #—1
0 y .
FXx ft#40
owCo; ' NwC = {(ty 0>y€ p} ife#
0 ift=0
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Hence, we have
[Nool = (p—1)
|No_ | =4(p—1)
|No,| =2(p—1) fort € F, — {—1,0,1}
The lemma follows by the definition of degree and the fact that #N = 2(p—1)2. O

8. A RELATION BETWEEN OPERATORS

In this section, we describe a relation between operators in Z[N\G/N] which
allows us to obtain information about the operator NN’ x N'N.

To describe this relation, it is necessary to introduce some more subgroups of G.
Let C” and N” be the stabilisers in G of (1,—1) and {1, —1}, respectively. Then
N" =(C"Uw”’"C" is the normaliser in G of C”, where

s (1 0
=5 )

The degrees of some operators associated to N are given for later reference.
Lemma 8.1.
deg(NN") = (p—1)/2
deg(N"N) = (p—1)/2
We now decompose in terms of the natural basis given in Lemma 7.1 various
operators in Z[N\G/N] which are associated to the subgroups N’, N, B, G.
Lemma 8.2.

—1
NN’ x N'N = ]’TN + Y Now.
eFy /e (5) =1

Proof. We have that

Nn’N

deg(N'N deg(NN')
NN x N — desl Z eg(

N s deg(Nn/N)

1
—— __Nn/'N
/eZN' deg(Nn/N)

1
L e
/
JSo2, deg(NC'N)
where that last step follows from the fact that the involution w’ of N’ lies in N.

Consider the element
d = (x )\y) eC.
Yy

If zy = 0, then N¢/N = N. Otherwise, N/ N = N 0;N where t = f—; € ]le, is a
non-square.

It is easy to check that there are 2(p — 1) elements ¢’ € C” such that zy = 0.
Givent € ]le, a non-square, there are 2(p—1) elements ¢’ € C’ such that t = 22/ \y?.
Since NoyN = Noy,-1 N, fort € IF}D a non-square, there are 4(p—1) elements ¢’ € C’
such that N¢/N = NoyN if t # —1 and 2(p — 1) if t = —1. The result follows from
the calculation of degrees in Lemma 7.2. (]
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Lemma 8.3.

-1
NN// % N//N = pTN 4+ Z NO'tN.
teFy/m(5)=1

Proof. We have that

deg(N"N) deg(NN")

7]\[ IIN
N7 deg(Nn/N) "

NN" x N'N =
//EN//
7]\[ //N
~ 8 n;v deg(Nn/N) "
1 1
== —— ___NI'N

/!
4 =, deg(Nc'N)

where that last step follows from the fact that the involution w’ of N lies in N.

Consider the element
¢ = <33 y) co”.
Y

If xy = 0, then N¢’N = N. Otherwise, NN = N o;N where t = % eF
non-zero square.

It is easy to check that there are 2(p — 1) elements ¢’/ € C” such that zy = 0.
Given t € Ile, a non-zero square, there are 2(p — 1) elements ¢’ € C” such that
t =a2*/y*. Since NoyN = Noy-1 N, for t € F), a non-zero square, there are 4(p—1)
elements ¢’ € C” such that N¢/N = NoyN if t # —1 and 2(p — 1) if t = —1. The

result follows from the calculation of degrees in Lemma 7.2. O

1.
plsa

Lemma 8.4.
NB x BN = 2N + NogN

Proof. We have that

deg(BN) deg(NB)
| B| deg (NbN)

2
= — ———NbN.
|B| I; deg(NbN)

r oz
b= (O y) .
If 2 = 0, then NbN = N. Otherwise, we have NbN = NoogN. There are (p — 1)?

elements b € B such that z = 0 and there are (p — 1)® elements b € B such that
z # 0. The result follows from the calculation of degrees in Lemma 7.2. O

NB x BN = NbN

Consider the element

Lemma 8.5.

NGxGN=N+ > NoN
teFy /~
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Proof. We have that

NG x GN =

deg(GN) deg(NG)
N
|G| Z < deg(NgN) Ng
1
= — —— NgN
|N| Z < deg(NgN) "’

1
N|N ———— |NoyN|NoN
= " 2 deai N INe)

=N+ Z No,N
ter, /~

where the last step follows from the fact that |[NoyN| = deg(No:N) - |N|. The
result follows from Lemma 7.2. O

The above lemmas yield the following relations.

Proposition 8.6. We have the following relation of double coset operators

(NN’ x N'N + NN” x N"N)+ NB x BN
= pN + NG x GN.

Proof. The result follows from the preceeding lemmas. O

Proposition 8.7.
No_1N x No_ 1N =NN"x N'N

Proof. We have that

d
No_yN x No_ N = =&

(No_1N) Z deg(No_1N) No—ino N
de I

‘N| g(NCT_lTLO'_lN)

__deg(No_1N) deg(No_1N)
|N| deg(Nn'"N)

=NN" x N'N

n'N

n'’eN"

where the second last step follows from the fact that o_1No_; = N”, and the last
step follows from the fact that

deg(No_1N) = deg(N"”N) and |[N|=|N"].

9. EIGENVALUES OF A DOUBLE COSET OPERATOR

By the previous section, to know how NN’ x N'N acts on Z[G/N], it suffices to
know how No_1 N acts on Z[G/N] since we know how the other operators in the
relation act. In this section, we derive a formula for the eigenvalues of No_; N.

Lemma 9.1. Let x be an irreducible character of G. Then the trace of NoN on
the x-component of C[G/N] is given by

try (Vo) = () ET 3 gl
geoN



22 IMIN CHEN

Proof. Note that
try(NoN) = tr(er oNoN).

Choose a set of inequivalent representatives gi,...,g, for G/N, where n =
|G/N|. Then giN,...,g,N forms a C-basis for C[G/N]. To calculate the trace
of the map pr, oNoN, it suffices to compute for each i, the coefficient «; of g; N in
(pr, oNoN)(giN). The trace is then given by > " | o.

To begin with, we have

(ory NN ) = () Y X @ “ETT S ginon)

|G| geG |N| neN
_ x(1) deg(NoN)

neN geG

where the last equality follows from the fact that pr, is a C[G]-module homomor-
phism. The coefficient of g; N in the above element of C[G/N] is then given by

B ( deg(NoN) —
=G N Z > X
neN geG,ginocgN=g; N
( deg(NoN)
= Z > x()
neN geo—In—1N
_ x(1) deg(NoN)
=G M2 O
geEoN

since !N = o N for the representatives ¢ we take for No V. ([l

Lemma 9.2. Let g € G be a non-scalar element with trace t and determinant n.
The number of elements in o_1N which are conjugate to g is equal to

g =20+ (E=21)

where [g] denotes the conjugacy class of g.

Proof. The general element in o_1C

56 )

has trace t = x—y and determinant n = —2zy. Therefore, x satisfies 222 —2tx+n =
0. Conversely, if o satisfies 222 — 2tz +n = 0, then putting y = x — ¢ yields an
element h € o_1C with trace t and determinant n.

The general element in o_;wC

b )60

has trace t = = + y and determinant n = 2zy. Therefore, z also satisfies 222 —
2tz +n = 0, and conversely if x satisfies 222 — 2tz +n = 0, then putting y =t —
yields an element h € o_jwC with trace ¢ and determinant .

The number of solutions to 22% — 2tz +n = 0is (1 + (4 _2”)) so c(g) = 2(1 +

(552)- O
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Proposition 9.3. Let x be the character of W, g where 8 = a™1, o’ =1 and
a? #1 so that a(—1) = 1. Then

p
deFy

and hence

A (No_ N) = % 3 a(d)(l +d2>.

9 p
deFy
Proof. Note that ¥ = x. We compute
S ox9= > xg)-clg))
geo_1N lgleC(@)

where C(G) is the set of conjugacy classes in G. Recall the description of C'(G) in
Section 5. We first note that there are no scalars a, in 0_1N. There are precisely
2(1+ (%)) elements in o_1 N which are conjugate to a given [b,]. Finally, there are

2(1+ (7521_%7/2)) elements in o0_1 N which are conjugate to a given [k ,].
From the values of x on each type of conjugacy class (see Table 1), we obtain

that
1+d?
> i) ella) =260 1) 3 o) (25,
[gleC (@) deFy
The result follows from the fact that x(1) deg(zlng‘*lm = 4(1::11). O

Proposition 9.4. Let x be the character of X, where ¢P™' =1 (so that ¢ |]F;: 1),
qﬁ% #1, and =1 # 1. Then

try (No_1N) = —= Z¢ (7 +7)

'yGC’

M(NoAN) = 5o 3 oy (7 ”)

'yGC’

and hence

Proof. Note that ¥ = x. We compute
S ox9= > xlg)-clg))
geEo_1N [gleC(@)

where C(G) is the set of conjugacy classes in G.
We first note that there are no scalars a, in o_;N. There are precisely 2(1 +
(%)) elements in 0_1 N which are conjugate to a given [b,]. Finally, there are

2(1+ ("’2;72)) elements in o0_1 N which are conjugate to a given [y, ,].
From the values of x on each type of conjugacy class, we obtain that

S i) el = -2 3 60y (””)

l9]eC(G) yee’

The result follows from the fact that XO)W =1 O
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Proposition 9.5. Suppose that p =1 (mod 4). Let x be the character of V,, where
a= (7) Then

P

=8 £ w(15) gy S (57)

deFy p yecC’ p
and hence
1 1+d2> 1 <72+v2)
AM(No_1N) = - a(d — a(PTHY [ L—L ).
(o) = 1 3 al@) () - o X et (S

deFy ~yeC’

Proof. Note that ¥ = x. We compute
> xte)= > xUa)-ellal)
geo_1N lgleC(G)

where C(G) is the set of conjugacy classes in G. Recall the description of C(G)
in Section 5. We first note that there are no scalars a, in o_1IN. There are

2(1 + (#)) elements in o_1 N which are conjugate to a given [k, ,]. Finally,

there are 2(1 + (@)) elements in o_1 N which are conjugate to a given [y ,].

From the values of y on each type of conjugacy class (see Table 1), we obtain
that

> x(lg) - ellgh)

[g]eC(G)
- X a2as+ (D)

p
(z,y)EF; XFy —A/~

2 =2
-y a(vp+1>~2<1+(” 7 ))
YEC —Fp [~ P

where ~ denotes interchange on F) x F,
compute each sum separately.

> a2+ (S5 = -0+ ()

p
(z,y)EF; XF) —A/~

+p—1) ) ad)- (1+d2>.

p
deFy

B L RN h

+ Z (Pt - (M>

yeC’ p

The result follows from the fact that X(l)deg(]lng‘*lm = 4(:_1). O

Remark 9.6. The character sum in Proposition 9.3 is an instance of a Legendre

character sum [28]. The character sum in Proposition 9.4 is an instance of a Soto-
Andrade sum [19] [31].

and conjugation on C’ = IF;;Q. We
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10. NON-VANISHING OF A\, (NN’ x N'N)

We show the non-vanishing of the eigenvalues A\, (NN’ x N'N) for x occuring
in C[G/N’] which will be used in the next section to conclude that sequence (12)
is almost-exact.

Let x be the character of an irreducible component of C[G/N'] which is not
trivial. By the relation in Proposition 8.6, we see that

NN’ ' x NN =pN — NN" x N'N — NB x BN + NG x GN.

Now, the eigenvalues of NB x BN and NG x GN acting on the y-component of
C[G/N] must be zero because these C[G]-module homomorphisms factor through
C[G/B] and C[G/G] which do not contain the irreducible representation y. Hence,

A (NN x N'N) =p— A\ (NN" x N"N).
On the other hand, by the relation in Proposition 8.7, we see that
M(NN” x N"N) =\ (No_1N)%.
Thus, to show that A\, (NN'xN'N) # 0 is equivalent to showing that A\, (No_1N) #
+/P.

Proposition 10.1. Let x be the character of W, g where § = a™l, ot =1 (so
that a(—1) = 1) and o® # 1. Then

M (No_iN) # +/p

Proof. From Proposition 9.3, we see that A\ (No_1N) € Q((p—1) where (,_; is a
primitive (p — 1)-th root of unity. But this field does not contain Q(,/p) as p does
not ramify in it. O

Proposition 10.2. Let x be the character of X s where ¢P*1 =1 (so that ¢ |F§ =1),
¢"F £ 1, and ¢P~1 # 1. Then

M(No_1N) # £/p

Proof. From Proposition 9.4, we see that A, (No_i1N) € Q((p4+1) where (11 is a
primitive (p + 1)-th root of unity. But this field does not contain Q(,/p) as p does
not ramify in it. O

Proposition 10.3. Suppose p = 1 (mod 4). Let x be the character of V,, where
a= (5) Then

M(No_1N) # £/p
Proof. From Proposition 9.5, we see that A\, (No_1N) € Q which does not contain

+/Pp. O

11. EXACTNESS AT C[G/N] aND C[G/N’]
In this section, we show almost-exactness at Z[G/N] and Z[G/N'] in sequence (12)
using Corollary 6.8 and non-vanishing results of the previous section.

Proposition 11.1. Let x be the character of the trivial representation Uy. Then

2
—1
A (NN x N'N) = try (NN’ x N'N) = £ —
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Proof. We could use Lemma 6.11 directly, but let’s amuse ourselves and compute
it using Lemmas 8.2 and 9.1.

A (NN’ x N'N) = try (NN’ x N'N)

= EtrX(N) + Z try (NoyN)

teFy/m(2)=-1

deg(N) deg(NoyN)
- N+ ST N
[NV Z _ [N
teFy /[~ (5)=—1

_p-1

4
where the last step follows from the fact that the sum is ’)4;1 (p—-1)= (p ;1)2 if
(G =-tand Zt (p-1)+ 25t = &0 Gp (=1 = 1. O

Theorem 5. Let x be the character of W, o-1, Xy, or V(;) ifp=1 (mod4) as
P
in Propositions 9.3, 9.4, and 9.5. Then A\, (NN’ x N'N) # 0.

Proof. By Propositions 10.1, 10.2, 10.3, A\, (No_1N) # +,/p. The result then
follows from the relations in Propositions 8.6 and 8.7. O

Corollary 11.2. Sequence (12) is almost-ezact at Z[G/N] and Z|G/N'].

Proof. By Theorem 5 and Proposition 11.1, Ay (en) = Ay (NN'xN'N) = A\ (N'N x
N’'N) is non-zero for each irreducible component of C[G/N’]. Thus, by Corol-
lary 6.8, sequence (12) is almost-exact at Z[G/N'].

By Lemma 6.13, A\ (en) = )\X(|G|2 (1 —prg)NB x BN) = 0 for all irreducible
components of C[G/N] except V;. However, by Lemma 5.4, these are precisely
the irreducible components occuring in C[G/N’]. Furthermore, by Theorem 5 and
Proposition 11.1, A\, (dn) = A (NN’ x N'N) # 0 for such x. Applying Corollary 6.8
again shows that sequence (12) is almost-exact at Z[G/N]. O

Combining Corollary 11.2 and Proposition 6.15, and then applying Proposi-
tion 3.7, we obtain Theorem 2.

12. SOME NUMERICAL DATA

We have computed for primes p < 23, the determinant of the map N'N x NN’
on C[G/N’] and on its components U = Uy, W = @,W, 4-1, X = ©¢X4, and
V = V(;) if p = 1 (mod 4), using the expressions in terms of character sums
obtained in previous sections.

The computation of the determinant on C[G/N’] was also done independently
by computing the matrix of NN x NN’ and then calculating its determinant. This
value coincides with the one obtained by evaluating character sums.

13. CONCLUSIONS

There are several questions still remaining. First of all, it would be interesting
to calculate in detail the homology of sequence (12) and ultimately the one in
Theorem 1. A related but perhaps different question concerns describing a minimal
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TABLE 2. Determinants of N'N x NN’

p» |G| C[G/N"] U W X v
3 [2%.3 23 2 1 4

5 [2°-3.5 2.3 2.3 1 1 210
7 12°.32.7 220. 39 22.3 38 218
1124-3.52-11 |27t.3.513 2-3-5 512 270
13125-32.7.13 | 28.315.7 2-3-7 256.314 |1 226
17 29 . 32 . 17 2215 . 32 . 1932 23 . 32 2144 1932 268
19| 2%.3*.5.19 |2163.378.5.1740 | 2.32.5 | 340.71740 | 2162 336
2312°.3-112.23 | 224.3.7%.11%5 | 22.3.11 | 11** Q242 . 744

value for the degree of the isogenies which may occur in Theorem 1 in some suitable
sense.

We have established Merel’s conjecture for a specific pair (N’, N) which satisfies
#N' NN = 4(p—1). In an updated version [9] of [11], it is remarked that the
validity of this conjecture seems to depend on the relative position of the points
defining N’ N.

It would be interesting to explain the relations of double coset operators in
Propositions 8.6 and 8.7, in particular why the normaliser of a split Cartan subgroup
N which is conjugate to the standard one arises.

One might consider how Merel’s conjecture generalises to other relations of ja-
cobians. For instance, there is a variant of the relation in Theorem 1 which was
also proved in [4] [5], and [11].

Theorem 6 (Chen,Edixhoven).

Jor x Jg2 s 1sogenous over Q to Jo % J&?

One might ask whether the injectivity of on/ny ® Q can be established without
using extensively the representation theory of G as done in this paper. After recent
discussions with D. Zagier, it was pointed out to me that for this question at least,
one can proceed differently (and somewhat more economically) by restricting to
the subgroup B. In particular, if we consider the set G/N as unordered pairs of
distinct points on P'(F,), and let pry, be the natural projection to the subspace
W spanned by pairs not containing the point co, then the map o = pry, oon/y is a
Z]B)-module homomorphism. Using the action of B = F, x [F), it is then possible
to show that the determinant of o is non-zero modulo p (though one only obtains a
formula modulo p for this determinant). It would interesting to relate more closely
the two proofs. For instance, the determinant of o divides the determinant of
TNN’ © ON'N, as was computationally verified for p < 67.
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