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Abstract. This paper shows that a certain type of Soto-Andrade sum can be

estimated in an elementary way which does not use the Riemann hypothesis
for curves over finite fields and which slightly sharpens previous estimates for

this type of Soto-Andrade sum. As an application, we discuss how this implies

that certain graphs arising from finite upper half planes in odd characteristic
are Ramanujan without using the Riemann hypothesis.

1. Introduction

In [6], Soto-Andrade introduced a class of character sums which arose from the
representation theory of GL2 over a finite field. Following some of the conventions
in Katz [2], we define these character sums as follows.

Let K/k be an extension of finite fields of degree n, where k has q elements and
characteristic p. Let ω : K× → C× and ε : k× → C× be multiplicative characters
of K and k, respectively, and let N(u) and T (u) be the norm and trace from K to
k. Given a t ∈ k, a Soto-Andrade sum Sε,ω(t) is defined to be

Definition 1.1.
Sε,ω(t) =

∑
u∈K1

ε(t− T (u))ω(u)

where K1 = {u ∈ K,N(u) = 1}.
Non-trivial estimates for Soto-Andrade sums Sε,ω(t) were given in [2] using l-

adic cohomology, though the case of n = 2 was shown to follow from the Riemann
hypothesis for curves over finite fields. Another approach for n = 2 which uses class
field theory of function fields to reduce to the Riemann hypothesis can be found in
[4].

In this note, we make the simple remark that for t = 0, Sε,ω(t) can be estimated
in an elementary way which does not require the Riemann hypothesis for curves over
finite fields. The estimates obtained in this paper also slightly sharpen the estimates
given in [2] for this particular case. As an application, we discuss how this implies
that certain graphs arising from finite upper half planes in odd characteristic are
Ramanujan without using the Riemann hypothesis for curves over finite fields.

2. An elementary estimate for Sε,ω(0)

To begin, we note the following.
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Lemma 2.1.

Sε,ω(t) =
1

q − 1

∑
αq−1=1

Aε,αω(t)

where α runs through all multiplicative characters of K of order q − 1 (such char-
acters are of the form α(u) = α′ ◦ N(u) for a multiplicative character α′ of k)
and

Aε,ω(t) =
∑
u∈K

ε(t− T (u))ω(u).

Proof. We simply note that

∑
u∈K1

ε(t− T (u))ω(u) =
∑
u∈K

( ∑
αq−1=1

1
q − 1

α(u)

)
ε(t− T (u))ω(u)

=
1

q − 1

∑
αq−1=1

∑
u∈K

ε(t− T (u))αω(u)

�

We now regard Aε,ω(t) as a complex function in t ∈ k and then compute its
Fourier transform (this follows the strategy in [2] in some sense where one computes
the Fourier transform of Sε,ω(t) as a complex function in t ∈ k) This yields the
following formulae.

Lemma 2.2.

Âε,ω(s) =


if s 6= 0 gε,ψ · gω,ψ · εω(s)

if s = 0

{
if ε = ω = 1 qn+1

otherwise 0

where gε,ψ is the Gauss sum associated to ε and a non-trivial additive character
ψ : k → C×.
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Proof. If s 6= 0, then

Âε,ω(s) =
∑
t∈k

Aε,ω(t)ψ(st)

=
∑
t∈k

∑
u∈K

ε(t− T (u))ω(u)ψ(st)

=
∑
u∈K

ω(u)
∑
t∈k

ε(t− T (u))ψ(st)

=
∑
u∈K

ω(u)
∑
t′∈k

ε(t′)ψ(s(t′ + T (u))

=
∑
u∈K

ω(u)
∑
t′∈k

ε(t′)ψ(st′)ψ(sT (u))

=
∑
u∈K

ω(u)ψ(sT (u))ε(s)
∑
t′∈k

ε(st′)ψ(st′)

= gε,ψ · ε(s)
∑
u∈K

ω(u)ψ(sT (u))

= gε,ψ · ε(s)ω(s)
∑
u∈K

ω(su)ψ(T (su))

= gε,ψ · gω,ψ · εω(s)

If s = 0, then

Âε,ω(s) =
∑
t∈k

Aε,ω(t)ψ(st)∑
t∈k

∑
u∈K

ε(t− T (u))ω(u)∑
u∈K

ω(u)
∑
t∈k

ε(t− T (u))

= 0

unless ε = ω = 1, in which case it is equal to qn+1. �

By Fourier inversion, we may express Aε,ω(t) in terms of Gauss sums.

Lemma 2.3.

Aε,ω(t) =



if ε = ω = 1

{
if t 6= 0 qn−1(q − 1)− 1
if t = 0 qn−1(q − 1)

otherwise


if t 6= 0 1

q gε,ψ · gω,ψ · gεω|k ,ψεω(−t)

if t = 0

{
if εω|k = 1 q−1

q gε,ψ · gω,ψ
otherewise 0

Proof. By Fourier inversion, we see that

Aε,ω(t) =
1
q

∑
s∈k

Âε,ω(s)ψ(st).



4 IMIN CHEN

If ε = ω = 1, then we can directly compute

Aε,ω(t) =
∑
u∈K

ε(t− T (u))ω(u)

= #{u ∈ K : T (u) 6= t and u 6= 0}
= qn −#{u ∈ K : T (u) = t} − (1− δ(t))

= qn−1(q − 1)− 1 + δ(t).

Suppose now that one of ε, ω 6= 1. Then we have the following computations.
If t 6= 0, then

Aε,ω(t) =
1
q

∑
s∈k

gε,ψ · gω,ψεω(s)ψ(st)

=
1
q
gε,ψ · gω,ψ

∑
s∈k

εω(s)ψ(st)

=
1
q
gε,ψ · gω,ψ · εω(−t)

∑
s∈k

εω(−st)ψ(−st)

=
1
q
gε,ψ · gω,ψ · gεω|k ,ψ · εω(−t)

If t = 0, then

Aε,ω(t) =
1
q

∑
s∈k

gε,ψ · gω,ψεω(s)ψ(st)

=
1
q

∑
s∈k

gε,ψ · gω,ψεω(s)

= 0

unless εω|k = 1, in which case it is equal to q−1
q gε,ψ · gω,ψ. �

From here on, we assume that one of ε, ω 6= 1 to avoid the following degenerate
case.
Lemma 2.4. If ε = ω = 1, then

Sε,ω(t) =
qn − 1
q − 1

−#{u ∈ K1 : T (u) = t}.

Proof. If ε = ω = 1, we can directly compute

Sε,ω(0) =
∑
u∈K1

ε(t− T (u))ω(u)

= #{u ∈ K1 : T (u) 6= t}

=
qn − 1
q − 1

−#{u ∈ K1 : T (u) = 0}.

�

The following is then easily deduced from the above lemmas.
Theorem 1. If one of ε, ω 6= 1, then

Sε,ω(0) =

{
1
q gε,ψ ·

∑
φm=1 gφβ−1ω,ψ if εω|k = β′

n is an n-th power
0 otherwise
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where β(u) = β′ ◦ N(u) and φ runs through all multiplicative characters of K of
order dividing m = (n, q − 1).

Proof. From Lemma 2.1, we have that

Sε,ω(0) =
1

q − 1

∑
αq−1=1

Aε,αω(0)(1)

where α(u) = α′ ◦ N(u) runs through all multiplicative characters of K of order
q − 1.

Since εα|kω|k = εα′
n
ω|k , by Lemma 2.3, we see that Aε,αω = 0 except in the case

that εα′nω|k = 1. Thus, if εω|k is not an n-th power, then we see that Sε,ω(0) = 0.
On the other hand, if εω|k = β′

n is an n-th power, then setting β(u) = β′ ◦N(u),
we see that the terms Aε,αω, where α = φβ−1 and φ is a multiplicative character
of K of order m = (n, q − 1), contribute to the sum in 1. Hence, we have

Sε,ω(0) =
1
q
gε,ψ

∑
φm=1

gφβ−1ω,ψ.

�

Corollary 2.5. If one of ε, ω 6= 1, then

|Sε,ω(0)| ≤ (n, q − 1)q
n−1

2 .

Remark 2.6. In the estimates given in [2], the coefficient of q
n−1

2 is taken to be n
or the prime-to-p-part of n if p divides n.

3. An application to graph theory

In this section, let K/k be a quadratic extension of finite fields, where k has
q elements and odd characteristic p. The group G = GL2(k) acts on P1(K) via
fractional linear transformations and leaves invariant P1(k) ⊂ P1(K). An analogue
of the classical Poincaré upper half plane, is H = P1(K)−P1(k) = {z ∈ K | z 6∈ k}.
Let δ be a non-square in k and choose an element θ ∈ GL2(k) such that θ2 = δ.
The given field K can thus be realised as K ∼= k(θ) ⊂ M2(k) so that H can be
described as H = {x+ yθ | x ∈ k, y ∈ k×} ⊂M2(k).

In [7], certain graphs arising from H were introduced and studied. Following [1],
we briefly recall their construction and main properties (the description given in [1]
is restricted to the case k = Fp so q = p, but the construction still holds for general
k with the provision that p is replaced by q). For an equivalent description using
double cosets, see [3] or [4].

Given two points z, w ∈ H, the hyperbolic distance between z and w is defined
to be d(z, w) = NK/k(z−w)

Im(z)Im(w) where Im(x + yθ) = y. The hyperbolic distance is
invariant under the action of G. For each a ∈ k, we define the graph Ga to be the
graph whose vertices are points of H and whose edges connect any two points of
H if the hyperbolic distance between them is a. It was shown in [1], that Ga is a
(q + 1)-regular graph for a 6= 0 nor 4δ.

An eigenvalue λ of the adjacency matrix of Ga is said to be non-trivial if |λ| 6= q+
1. A (q+1)-regular graph is said to be Ramanujan if all the non-trivial eigenvalues
of its adjacency matrix have absolute value ≤ 2

√
q. There has been some interest

in establishing that the graphs Ga are Ramanujan for a 6= 0 nor 4δ [7] (see also [1]
and [3] for further background on this topic).
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The non-trivial eigenvalues of the adjacency matrix of Ga are given by

λχ = −
∑
y∈k

ε(
a

δ
y + (y − 1)2)χ(y)

λω = ω(−1)Sε,ω(
a

δ
− 2)

for all non-trivial characters χ of k×, and all characters ω of K× which are non-
trivial on K1, where ε denotes the unique quadratic character of k× (c.f. [4] and
the references cited therein for more details).

The character sum λχ is essentially a Legendre character sum [5]. According to
[4], Evans and Stark independently showed that |λχ| ≤ 2

√
q using Weil’s estimate

[8] which relies on the Riemann hypothesis for curves over finite fields.
It was shown in [5], Proposition 3, using elementary methods that

Proposition 3.1.∑
y∈k

ε(1 + y2)χ(y) =

{
0 if χ is not a square
ψ(−1)J(ε, ψ) + ε(−1)J(ε, εψ) if χ = ψ2

where J(A,B) denotes the Jacobi sum of two characters A,B of k×. It follows for
a = 2δ, that |λχ| ≤ 2

√
q using the fact that the Jacobi sums in the expressions

above have absolute value
√
q. On the other hand, for a = 2δ, we have that

Sε,ω(aδ − 2) = Sε,ω(0) so λω is ≤ 2
√
q in absolute value by Corollary 2.5. Hence,

for the special case a = 2δ we obtain (without the Riemann hypothesis for curves
over finite fields) that

Corollary 3.2. G2δ is a Ramanujan graph.
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