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The Riemann Hypothesis is viewed by many as the Holy Grail of 
mathematics. Of the seven Millennium Prize problems, it is the only 
one which also appeared on Hilbert’s list of 23 problems a century 
earlier. Hilbert is in fact supposed to have said that if he were to 
awaken after having slept for a thousand years, his first question 
would be: “Has the Riemann Hypothesis been proven?”

The announcement of the Millennium Prizes a few years ago thrust 
the Riemann Hypothesis into the public consciousness. During the 
last several years a number of “popular” books have appeared 
on the topic of the Riemann Hypothesis: Derbyshire’s Prime 
Obsession: Bernhard Riemann and the Greatest Unsolved Problem 
in Mathematics, du Sautoy’s The Music of the Primes: Searching to 
Solve the Greatest Mystery in Mathematics, Rockmore’s Stalking 
the Riemann Hypothesis, and Sabbagh’s two books, Dr Riemann’s 
zeros and The Riemann Hypothesis: The Greatest Unsolved 
Problem of Mathematics. While it’s a delight to see mathematics 
promoted more widely, the depth of the mathematical content 
in these books is, as one would expect, fairly limited. For a 
professional mathematician or graduate student who wishes to 
take on a more serious study of the mathematics surrounding the 
Riemann Hypothesis, these popular texts can at best only scratch 
the surface or provide a cultural backdrop.

So where should someone turn for a more thorough mathematical 
treatment? There are several excellent books available on 
the Riemann zeta function, including Titchmarsh’s classic The 
Theory of the Riemann Zeta Function, Edwards’s Riemann’s Zeta 
Function, Patterson’s An introduction to the Theory of the Riemann 
Zeta Function, and Ivíc’s comprehensive The Riemann Zeta 
Function. However, in each of these the Riemann zeta function 
itself is the focus and the Riemann Hypothesis, though pervasive, 
is only brought into the foreground when appropriate.

The book under review here gives a new alternative: its focus is 
squarely on being an advanced introduction to the circle of ideas 
surrounding the Riemann Hypothesis. As such, it fills an important 
niche in the literature. It is mainly a source book, and the majority 
of its content consists of reprints of original papers and expository 
articles. The emphasis of the book is made clear by the authors at the 
outset: their choice of papers is informed by the intimate connections 
between the Riemann Hypothesis and the Prime Number Theorem.

The book is divided into three main 
parts. The first is an extensive 

introduction to the Riemann 
Hypothesis. After some analytic 
prerequisites are considered, 
there are chapters devoted 
to algorithms for calculating 
ζ(s), empirical evidence for the 
hypothesis, and a number of 
statements which are equivalent 

to it. Also included are 
discussions of various 

extensions of the Riemann 
Hypothesis, of results which 

follow on from its validity, and 
of failed attempts at a proof. 

The introduction concludes with a 
section of formulas involving zeta values, as well as a timeline 
of highlights in the development of the theory through 2004. 
The importance of this first part should not be underestimated: 
there is a wealth of material here, much of which either does not 
appear in the texts mentioned above or can be difficult to find.

Part two consists of four ‘Expert Witness’ accounts of the 
Riemann Hypothesis: these are reprints of four recent surveys 
of the topic, including Bombieri’s Millennium Prize Problem 
Description, Sarnak’s 2004 elaboration, the excellent 2003 
AMS Notices article by Conrey, and a 2003 article by Ivíc, in 
which he provides and analyzes arguments which cast doubt on 
the validity of the Riemann Hypothesis.

The third and final part of the book is a collection of original 
papers on various aspects related to the Riemann Hypothesis. 
Each paper is preceded by a discussion to help place its results 
in context. The collection of papers of course includes Riemann’s 
original 1859 paper, both in digitized form and in a translation 
by D.R. Wilkins, as well as Weil’s 1941 paper in which he proves 
the Riemann Hypothesis for function fields. Each of the remaining 
papers either involves direct connections with the Riemann 
Hypothesis, or is connected to related analytic aspects, especially 
the Prime Number Theorem. Indeed, the papers of Hadamard 
and de la Vallée Poussin are both here, as is the earlier important 
contribution of Chebyshev. As we might expect, we also find 
contributions by Hardy and Littlewood: the 1914 paper in which 
Hardy first proves that there are infinitely many zeros of ζ(s) on the 
critical line, a 1915 Hardy expository article on the Prime Number 
Theorem, and the 1915 Hardy-Littlewood paper in which they 
offer new approaches to proving PNT.

Among the remaining papers are several which offer various 
elementary approaches to the Prime Number Theorem: the 
pair of independent 1949 papers by Selberg and Erdös, along 
with the three approaches given in the papers of Newman 
(1980), Daboussi (1984), and Hildebrand (1986). We also 
find important contributions of Turán and Skewes, as well as 
the disproof of Polya’s Conjecture by Haselgrove. Two further 
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papers of Montgomery (one co-authored with Goldston) 
examining differences between imaginary parts of zeros of ζ(s) 
provide an early connection with random matrices. The recent 
paper of Agrawal, Katyal, and Saxena is also included, in 
which the authors present their deterministic polynomial-time 
algorithm for determining primes.

My only real complaint with the book is the authors’ focus 
on the purely analytic number theoretic connections with the 
Riemann Hypothesis, and their decision to essentially ignore 
other approaches. The Riemann Hypothesis remains wide open, 
and at present it isn’t at all clear from which direction a potential 
proof might come. In their defence, widening the scope of the 
book to include other approaches and points-of-view would 
have demanded the inclusion of numerous papers, along with 
a number of their precursors, and almost certainly would have 
seen the book’s length become unwieldy. But I would have 

preferred to see, say, a compromise: a final section including 
major papers exploring alternative connections with the Riemann 
Hypothesis, such as for instance Connes’ 1999 paper in which 
he describes connections between noncommutative geometry 
and the zeros of ζ(s), or the more recent paper by Conrey, 
Farmer, Keating, Rubinstein, and Snaith on integral moments of 
L-functions.

My quibbling aside, this is an excellent book, and I highly 
recommend it. It could be used for a graduate course or 
a seminar, alone or as a complement to one of the texts 
mentioned earlier. I hope that more books of this sort will 
appear in the future.
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