BOSTON UNIVERSITY

GRADUATE SCHOOL OF ARTS AND SCIENCES

Dissertation

GROWTH ESTIMATES FOR DYSON-SCHWINGER EQUATIONS

KAREN AMANDA YEATS

B.Math., University of Waterloo, 2003

Submitted in partial fulfillment of the
requirements for the degree of

Doctor of Philosophy

2008



Approved by

First Reader

Dirk Kreimer, Ph.D.
Professor of Mathematics

Second Reader

David Fried, Ph.D.
Professor of Mathematics

Third Reader

Maciej Szczesny, Ph.D.
Assistant Professor of Mathematics



Acknowledgments

I would like to thank Dirk Kreimer for his wisdom, insight, and never-ending store of ideas.
Second, I would like to thank David Fried for a very detailed reading. Third, I would like
to thank the remainder of my committee, Maciej Szczesny, David Rohrlich, and Takashi
Kimura. I would also like to thank everyone who got excited about the differential equation
including Paul Krapivsky, Cameron Morland, David Uminsky, and Guillaume Van Baalen.

Cameron has further been invaluable professionally for his great skill with plots and
personally for hugs, geekiness, and love. Finally, Russell Morland has prevented me from
getting work done in the best possible way.

The following software was used in the research behind and the presentation of this
work. This document is typeset in IXTEX using a thesis style file originally written by
Stephen Gildea and modified by Paolo Gaudiano, Jonathan Polimeni, Janusz Konrad,
and Cameron Morland. Symbolic and numerical computation was done using GiNaC and

Maple. Plots were prepared with gnuplot both directly and via octave.

iii



GROWTH ESTIMATES FOR DYSON-SCHWINGER EQUATIONS
(Order No. )

KAREN AMANDA YEATS

Boston University, Graduate School of Arts and Sciences, 2008

Major Professor: Dirk Kreimer, Professor of Mathematics

ABSTRACT

Dyson-Schwinger equations are integral equations in quantum field theory that describe
the Green functions of a theory and mirror the recursive decomposition of Feynman di-
agrams into subdiagrams. Taken as recursive equations, the Dyson-Schwinger equations
describe perturbative quantum field theory. However, they also contain non-perturbative
information.

Using the Hopf algebra of Feynman graphs we will follow a sequence of reductions to

convert the Dyson-Schwinger equations to the following system of differential equations,

Vi (@) = Pr(x) — sign(s, )71 (2)> + | D Isjli (@) | 0.7 (x)
JER
where » € R, R is the set of amplitudes of the theory which need renormalization, 7] is
the anomalous dimension associated to r, P.(z) is a modified version of the function for
the primitive skeletons contributing to r, and x is the coupling constant.

Next, we approach the new system of differential equations as a system of recursive
equations by expanding ~](z) = Zn21 Y1,2". We obtain the radius of convergence of
2.V n2"/n! in terms of that of ) Pr(n)z"/nl. In particular we show that a Lipatov
bound for the growth of the primitives leads to a Lipatov bound for the whole theory.

Finally, we make a few observations on the new system considered as differential equa-

tions.
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Chapter 1
Introduction

Dyson-Schwinger equations are integral equations in quantum field theory that describe
the Green functions of a theory and mirror the recursive decomposition of Feynman di-
agrams into subdiagrams. Taken as recursive equations, the Dyson-Schwinger equations
describe perturbative quantum field theory, while as integral equations they also contain
non-perturbative information.

Dyson-Schwinger equations have a number of nice features. Their recursive nature gives
them a strong combinatorial flavor, they tie Feynman diagrams and the rest of perturbation
theory to non-perturbative quantum field theory, and on occasion they can be solved, for
example [5]. However, in general they are complicated and difficult to extract information
from.

The goal of the present work is to show how the Dyson-Schwinger equations for a

physical theory can be transformed into the more manageable system of equations

Yi(x) = Pr(w) = sign(s,)7i (@)” + | Y Isji (@) | 20,71 () (1.1)
JER
where r runs over R, the amplitudes which need renormalization in the theory, z is the
coupling constant, ] (x) is the anomalous dimension for r, and P.(z) is a modified version
of the function of the primitive skeletons contributing to r, see Chapter 7 for details.
Chapter 2 discusses the general background with a focus on definitions and examples
rather than proofs. The approach taken is that Feynman graphs are the primary objects. In

an attempt to make matters immediately accessible to a wide range of mathematicians and



to accentuate the combinatorial flavor, the physics itself is mostly glossed over. Readers
with a physics background may prefer to skip this chapter and refer to existing surveys,
such as [15], for the Hopf algebra of Feynman graphs.

Chapter 3 discusses the more specific background and setup for Dyson-Schwinger equa-
tions and the insertion operators By on Feynman graphs. Proofs are again primarily left
to other sources. [1] covers combinatorially similar material for rooted trees. Some im-
portant subtleties concerning B, for Feynman diagrams are discussed in more detail in
[22] with important results proved in [32]. The approach to disentangling the analytic
and combinatorial information comes from [24]. This chapter leaves us with the following
input to the upcoming analysis: combinatorial Dyson-Schwinger equations and a Mellin
transform for each connected, divergent, primitive graph. The former consists of recursive
equations at the level of Feynman graphs with the same structure as the original analytic
Dyson-Schwinger equations. The latter contains all the analytic information.

The next four chapters derive (1.1) expanding upon the discussion in [25]. Chapter 4
derives a preliminary recursive equation in two different ways, first from the renormalization
group equation, and second from the Connes-Kreimer scattering-type formula [9]. Chapter
5 reduces to the case of single variable Mellin transforms and a single external scale.
The Mellin transform variables correspond to the different insertion places in the graph,
so we refer to this as the single insertion place case, though this is only literally true
for simple examples. The cost of this reduction is that we are forced to consider non-
connected primitive elements in the Hopf algebra. Chapter 6 reduces to the case where all
Mellin transforms are geometric series to first order in the scale parameters by exchanging
unwanted powers of the Mellin transform variable for a given primitive with lower powers
of the variable for a primitive with a larger loop number, that is, with a larger number
of independent cycles. The cost of this reduction is that we lose some control over the
residues of the primitive graphs. Chapter 7 applies the previous chapters to derive (1.1).

Chapter 8 considers (1.1) as a system of recursions. It is devoted to the result of [25]

where we bound the radii of convergence of the Borel transforms of the 4] in terms of



those of P,.. For systems with nonnegative coefficients we determine the radius exactly as
min{p,, 1/b1}, where p, is the radius of the Borel transform of P,, the instanton radius,
and by the first coefficient of the S-function'. In particular this means that a Lipatov
bound? for the superficially convergent Green functions leads to a Lipatov bound for the
superficially divergent Green functions. This generalizes and mathematizes similar results
obtained in particular cases, such as ¢*, through quite different means by constructive field
theory [13]. Both approaches require estimates on the convergent Green functions which
can also be obtained in some cases from constructive field theory, for example [26].
Chapter 9 considers (1.1) as a system of differential equations. We are not able to prove
any non-trivial results, and so simply discuss some tantalizing features of vector field plots

of some important examples. More substantial results will appear in [31].

!This is the physicists’ S-function, see Section 4.1, not the Euler 8 function.
2A Lipatov bound for > dn,n® means that |dn| < c™n! for some c.



Chapter 2

Background

2.1 Series

Definition 2.1. If {a,},>0 is a sequence then A(z) = )" -, a,2" is its (ordinary) gener-

ating function and ), -, an,2z"/n! is its exponential generating function.

Bold capital letters are used for the ordinary generating function for the sequence
denoted by the corresponding lower case letters. p will often denote a radius of convergence.

We will make use of the standard combinatorial notation for extracting coefficients.
Definition 2.2. If A(z) =}, 5jan2" then [z"]A(x) = ap.

Definition 2.3. Call a power series > ;- a(k)z® Gevreyn if > k>0 z*a(k)/ (k)™ has

nonzero radius of convergence.

For example, a convergent power series is Gevrey-0 and > k>0 (zk)* is Gevrey-1 due to
Stirling’s formula. Trivially, a series which is Gevrey-n is also Gevrey-m for all m > n.

Gevrey-1 series are important in perturbative quantum field theory since being Gevrey-
1 is necessary (but not sufficient) for Borel resummation. Resummation and resurgence
are an enormous topic which will not be touched further herein; one entry point is [29].
Generally very little is known about the growth rates of the series appearing in perturbation
theory. They are usually thought to be divergent, though this is questioned by some [11],

and hoped to be Borel resummable.



2.2 Feynman graphs as combinatorial objects

Feynman graphs are graphs, with multiple edges and self loops permitted, made from a
specified set of edge types, which may include both directed and undirected edges, with a
specified set of permissible edge types which can meet at any given vertex. Additionally
there are so-called external edges, weights for calculating the degree of divergence, and
there may be additional colorings or orderings as necessary.

There are many possible ways to set up the foundational definitions, each with sufficient
power to fully capture all aspects of the combinatorial side of Feynman graphs. However
it is worth picking a setup which is as clean and natural as possible.

For the purposes of this thesis graphs are formed out of half edges. This naturally
accounts for external edges and symmetry factors and permits oriented and unoriented

edges to be put on the same footing.

Definition 2.4. A graph consists of a set H of half edges, a set V' of vertices, a set of vertex
- half edge adjacency relations (C V x H), and a set of half edge - half edge adjacency
relations (C H x H), with the requirements that each half edge is adjacent to at most one

other half edge and to exactly one vertex.
Graphs are considered up to isomorphism.

Definition 2.5. Half edges which are not adjacent to another half edge are called external

edges. Pairs of adjacent half edges are called internal edges.

Definition 2.6. A half edge labelling of a graph with half edge set H is a bijection H —
{1,2,...,|H|}. A graph with a half edge labelling is called a half edge labelled graph.
2.2.1 Combinatorial physical theories

Feynman graphs will be graphs with extra information and requirement. In order to define

this extra structure we need to isolate the combinatorial information that the physical



theory, such as quantum electrodynamics (QED), scalar ¢, or quantum chromodynamics
(QCD), requires of the graph.

Each edge in the graph corresponds to a particle and a given physical theory describes
only certain classes of particles, hence the physical theory determines a finite set of per-
missible edge types. For our half edge based setup, an edge type E consists of two, not
necessarily distinct, half edge types, with the restriction that each half edge type appears in
exactly one edge type. An edge composed of two adjacent half edges, one of each half edge
type in E, is then an edge of type F. An edge type made up of the same half edge type
twice is called an unoriented edge type. An edge type made up of two distinct half edge
types is called an oriented edge type. The half edge types themselves contain no further
structure and thus can be identified with {1,...,n} for appropriate n.

For example in QED there are two edge types, an unoriented edge type, ~~ , repre-
senting a photon, and an oriented edge type, = , representing an electron or positron!.
At the level of half edge types we thus have a half photon, a front half electron, and a back
half electron.

Each vertex in the graph corresponds to an interaction of particles and only certain
interactions are permitted in a given physical theory, hence the physical theory also deter-
mines a set of permissible vertexr types. A vertex type V consists of a multiset of half edge
types with 3 < |V| < co. A vertex in a graph which is adjacent to half edges one of each
half edge type in V is then a vertex of type V. For example in QED there is one type of
vertex, ”‘{ .

The physical theory determines a formal integral expression for each graph by associ-
ating a factor in the integrand to each edge and vertex according to their type. This map
is called the Feynman rules, see subsection 2.3.1. On the combinatorial side the only part
of the Feynman rules we need is the net degree of the integration variables appearing in

the factor of the integrand associated to each type. Traditionally this degree is taken with

'If we chose a way for time to flow through the graph then the edge would represent an electron or
positron depending on whether it was oriented in the direction of time or not. However part of the beauty
of Feynman graphs is that both combinatorially and analytically they do not depend on a flow of time.



a negative sign; specifically for a factor N/ D this net degree is deg(D) — deg(N), which we
call the power counting weight of this vertex type or edge type.

The other thing needed in order to determine the divergence or convergence of these
integrals at large values of the integration variables, which will be discussed further in
subsection 2.2.4, is the dimension of space time. We are not doing anything sophisticated
here and this value will be a nonnegative integer, 4 for most theories of interest.

Thus we define,

Definition 2.7. A combinatorial physical theory T consists of a set of half edge types, a set
of edge types with associated power counting weights, a set of vertex types with associated

power counting weights, and a nonnegative integer dimension of space-time.

More typically the dimension of space-time is not included in the definition of the
theory, and so one would say a theory T' in dimension D to specify what we have called a
physical theory.

Our examples will come from five theories

Example 2.8. QED describes photons and electrons interacting electromagnetically. As a
combinatorial physical theory it has 3 half-edge types, a half-photon, a front half-electron,
and a back half-electron. This leads to two edge types a photon, ~~ , with weight 2, and
an electron, = , with weight 1. There is only one vertex consisting of one of each half-edge

type and with weight 0. The dimension of space-time is 4.

Example 2.9. Quantum chromodynamics (QCD) is the theory of the interactions of
quarks and gluons. As a combinatorial physical theory it has 5 half-edge types, a half-
gluon, a front half-fermion, a back half-fermion, a front half-ghost, and a back half-ghost.
There are 3 edge types and 4 vertex types with weights as described in Table 2.1. The

dimension of space-time is again 4.

Example 2.10. ¢*, a scalar field theory, is the arguably the simplest renormalizable

quantum field theory and is often used as an example in quantum field theory textbooks.



name graph  weight

gluon Q0000 2

fermion —— 1

ghOSt ..... e 1
w/< 0

‘
Nololel] N 0

Table 2.1: Edge and vertex types in QCD with power counting weights

As a combinatorial theory it consists of one half-edge type, one edge type, — , with weight

2, one vertex type, >< , with weight 0, and space-time dimension 4.

Example 2.11. ¢3, also a scalar field theory, is another candidate for the simplest renor-
malizable quantum field theory. It is not as physical since to be renormalizable the dimen-
sion of space-time must be 6, and hence it is not as pedagogically popular. However the
Feynman graphs in ¢? are a little simpler in some respects and so it will be used here in
longer examples such as Example 5.12. ¢ consists of half-edges and edges as in ¢* but the

single vertex type, which has weight 0, is 3-valent.

Example 2.12. The final physical theory which we will use for examples is Yukawa theory
in 4 dimensions, which has 3 half-edge types, a half-meson edge, a front half-fermion edge,
and a back half-fermion edge. The edge types are a meson edge, —--- , with weight 2 and
a fermion edge —— , with weight 1. There is one vertex type, ( , with weight 0. This

example arises for us because of [5].



2.2.2 Feynman graphs

Notice that given a graph (G, a combinatorial physical theory 7', and a map from the half
edge of G to the half edge types of T, there is at most one induced map from the internal
edges of G to the edge types of T" and at most one induced map from the vertices of G to

the vertex types of T. Thus we can make the following definition.
Definition 2.13. A Feynman graph in a combinatorial physical theory T is
e a graph G,

e a map from the half edges of G to the half edge types of T" which is compatible with
the edges and vertices of G in the sense that it induces a map from the internal edges
of G to the edge types of T' and induces a map from the vertices of G to the vertex

types of T', and

e a bijection from the external edges of G to {1,...n} where n is the number of external

edges.

The final point serves to fix the external edges of GG, which is traditional among physi-

cists.

Lemma 2.14. Let G be a connected Feynman graph with n half edges. Let m be the number
of half edge labelled Feynman graphs (up to isomorphism as labelled Feynman graphs) giving

G upon forgetting the labelling, and let Aut be the automorphism group of G. Then

m 1

nl |Aut|

Proof. Aut acts freely on the n! half edge labellings of G. The orbits are the m isomorphism

classes of half edge labellings. The result follows by elementary group theory. O

The primary consequence of Lemma 2.14 is that the exponential generating function

for half-edge labelled graphs is identical to the generating function for Feynman graphs
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symmetry factor

o iifelel

Table 2.2: Examples of symmetry factors

weighted with 1/|Aut|. 1/|Aut| is known as the symmetry factor of the graph. Table 2.2
gives some examples.

We will be concerned from now on with Feynman graphs which are connected and which
remain connected upon removal of any one internal edge, a property which physicists call
one particle irreducible (1PI) and which combinatorialists call 2-edge connected. Another
way to look at this definition is that a 1PI graph is a unions of cycles and external edges.

We'll generally be interested in Feynman graphs with each connected component 1PI.

2.2.3 Operations

For us subgraphs are always full in the sense that all half edges adjacent to a vertex in a
subgraph must themselves be in the subgraph.
The most important operations are contraction of subgraphs and insertion of graphs.

To set these definitions up cleanly we need a preliminary definition.

Definition 2.15. The set of external edges of a connected Feynman graph is called the
external leg structure of the Feynman graph. The set of half edge types associated to the
external edges of a Feynman graph can be identified with at most one edge or vertex type.

This edge or vertex type, if it exists, is also called the external leg structure.

Definition 2.16. Let G be a Feynman graph in a theory T', v a connected subgraph with
external leg structure a vertex type V. Then the contraction of 7, denoted G/~ is the

Feynman graph in 7" with



11

e vertex set the vertex set of G with all vertices of v removed and a new vertex v of

type V added,

e half edge set the half edge set of G with all half edges corresponding to internal edges

of v removed,

and with adjacencies induced from G along with the adjacency of the external edges of ~

with v.

Definition 2.17. Let G be a Feynman graph in a theory 7', v a connected subgraph with
external leg structure an edge type E. Then the contraction of v, denoted G/~ is the

Feynman graph in T" with
e vertex set the vertex set of G with all vertices of v removed,
e half edge set the half edge set of G with all the half edges of v removed,

and with the induced adjacencies from G along with the adjacency of the two half edges

adjacent to the external edges of v if they exist.

Definition 2.18. Let G be a Feynman graph in a theory 7', v a not necessarily connected
subgraph with the external leg structure of each connected component an edge or vertex
type in T. Then the contraction of 7, also denoted G/~ is the graph resulting from

contracting each connected component of ~.

For example in QED
m@M Sedeia WQN

Also useful is the operation of inserting a subgraph, which is the opposite of contracting

a subgraph.

Definition 2.19. Let G and y be Feynman graphs in a theory T" with v connected. Suppose

~ has external leg structure a vertex type and let v be a vertex of G of the same type. Let
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f be a bijection from the external edges of v to the half edges adjacent to v preserving half

edge type. Then G o, s 7 is the graph consisting of

e the vertices of G except for v, disjoint union with the vertices of +,

e the half edges of G and those of v with the identifications given by f,
with the induced adjacencies from G and 7.

Definition 2.20. Let G and vy be Feynman graphs in a theory T with v connected. Suppose
~ has external leg structure an edge type and let e be an edge of G of the same type. Let
f be a bijection from the external edges of v to the half edges composing e, such that if
a is an external edge of G then (a, f(a)) is a permissible half edge - half edge adjacency.

Then G o, s v is the graph consisting of
e the vertices of G disjoint union with the vertices of ~,
e the half edges of G disjoint union with those of ~,

with the adjacency of a and f(a) for each external edge a of v along with the induced

adjacencies from G and ~.

The vertices and edges of G viewed as above are called insertion places.

For example if

Gzyza&»

then there is only one possible insertion place for v in GG, namely the bottom internal edge

e of G, and there is only one possible map f. Thus
Goeypry= @» .

On the other hand if



13

then there are 2 possible insertion places for v in G, namely the right vertex and the left
vertex. Let e be the left vertex. Then there are also 4! possibilities for f, however 8 of

them give
Goypgy = >OO<
and 16 of them give

Gopgy= >>< .

Proposition 2.21. 1. Contracting any subgraph v of a 1PI graph G results in a 1PI

graph.
2. Inserting a 1PI graph ~ into a 1PI graph G results in a 1PI graph.

Proof. 1. Without loss of generality suppose v is connected. Suppose the result does not
hold and e is an internal edge in I' = G/ which disconnects I" upon removal. Since
G is 1PI, e cannot be an internal edge of G and hence must be the insertion place
for v in I'. However then removing either half edge of e from G would disconnect G

which is also impossible.

2. Suppose e is an internal edge in I' = G oy. Removing e removes at least one internal
half edge of G or of v which cannot disconnect either since both are themselves 1PI,

and hence cannot disconnect I'.

2.2.4 Divergence

For a 1PI Feynman graph G and a physical theory T let w(a) be the power counting weight
of a where a is an edge or a vertex of G and let D be the dimension of space-time. Then

the superficial degree of divergence is

Dl — Zw(e) - Zw(v)

v
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where /¢ is the loop number of the graph, that is, the number of independent cycles. If the
superficial degree of divergence of a graph is nonnegative we say the graph is divergent. It
is the divergent graphs and subgraphs which we are primarily interested in.

The notion of superficial divergence comes from the fact that the Feynman rules asso-
ciate to a graph a formal integral, as will be explained in subsection 2.3.1; the corresponding
weights w(a) give the degree in the integration variables of the inverse of each factor of
the integrand, while the loop number ¢ gives the number of independent integration vari-
ables, each running over RP. Thus the superficial degree of divergence encodes how badly
the integral associated to the graph diverges for large values of the integration variables.
The adjective superficial refers to the fact that the integral may have different, poten-
tially worse, behavior when some subset of the integration variables are large, hence the
importance of divergent subgraphs.

In this context we say a theory T (in a given dimension) is renormalizable if graph
insertion within 7" does not change the superficial degree of divergence of the graph.

A theory being renormalizable means more than that the integrals associated to the
graphs of the theory can be renormalized in the sense of Subsection 2.3.2. In fact even if
insertion increases the superficial degree of divergence, and so the theory is called unrenor-
malizable, the individual graphs can typically still be renormalized. Rather, a theory being
renormalizable refers to the fact that the theory as a whole can be renormalized, all of its
graphs at all loop orders, without introducing more than finitely many new parameters.
Combinatorially this translates into the fact that there are finitely many families of di-
vergent graphs, typically indexed by external leg structures. In the unrenormalizable case
by contrast there are infinitely many families of divergent graphs and, correspondingly, to
renormalize the whole theory would require infinitely many new parameters.

The interplay of renormalizability and dimension explains our choices for the dimension
of space-time in our examples. In particular ¢*, QED, and QCD are all renormalizable in
4 dimensions and ¢ is renormalizable in 6 dimensions.

By viewing a divergent graph in terms of its divergent subgraphs we see a structural
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self-similarity. This insight leads to the recursive equations which are the primary object
of interest in this thesis.

Another useful definition is

Definition 2.22. Suppose G is a Feynman graph and v and 7 are divergent subgraphs.
Then v and 7 are overlapping if they have internal edges or vertices in common, but neither

contains the other.

2.2.5 The Hopf algebra of Feynman graphs

The algebra structure on divergent 1PI Feynman graphs in a given theory is reasonably

simple.

Definition 2.23. Let H be the vector space formed by the Q span of disjoint unions of

divergent 1PI Feynman graphs including the empty graph denoted I.

Proposition 2.24. ‘H has an algebra structure where multiplication m : H @ H — H is

given by disjoint union and the unit by L.

Proof. This multiplication can immediately be checked to be commutative and associative

with unit I, and to be a linear map. O

Another way to look at this is that as an algebra H is the polynomial algebra over Q in
divergent 1PI Feynman graphs with the multiplication viewed as disjoint union. Note that
we are only considering one graph with no cycles (the empty graph I); from the physical
perspective this means we are normalizing all the tree-level graphs to 1.

We will use the notation e : Q — H for the unit map e(q) = ¢l. Also useful is the
notation Hy, C H for the Q span of connected nonempty Feynman graphs in H and
Pin : H — Hj, for the corresponding projection. That is H);, is the parts of degree 1.
Note that H is graded by the number of independent cycles in the graph, which is known
as the loop number of the graph. This grading, not the degree as a monomial, is the more

relevant in most circumstances.
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The coalgebra structure encodes, as is common for combinatorial Hopf algebras, how

the objects decompose into subobjects.

Definition 2.25. The coproduct A : H — H ® H is defined on a connected Feynman
graph I' by
A(T) = > v&T/y
~yCI"

~ product of divergent
1PI subgraphs

and extended to H as an algebra homomorphism.

Note that the sum in the definition of A includes the cases v = 1 and v = T, since '
is divergent and 1PI, hence includes the terms I ® I' + I' ® I. Note also that v may be a
product, that is a disjoint union. This is typically intended in presentations of this Hopf

algebra, but not always clear.

Definition 2.26. Let n : H — Q be the algebra homomorphism with n(I) = 1 and

n(G) = 0 for G a non-empty connected Feynman graph.
Proposition 2.27. H has a coalgebra structure with coproduct A and counit n as above.

Proof. We will verify only coassociativity. Calculate (id ® A)AT' = >°,+ @ A(I'/Y') =
> 207 ®7/y @I /v where o/ C v C I' with each connected component of 4" and /4
1PI divergent. This calculation holds because every subgraph of I'/+’ is uniquely of the
form /4" for some 7/ C v C I". Further by Proposition 2.21 and renormalizability each
connected component of v is 1PI divergent, so we can switch the order of summation to

see that the above sum is simply (A ® id)AT giving coassociativity. O

From now on we will only be concerned with the sort of Feynman graphs which appear
in H, that is, Feynman graphs with connected components which are divergent and 1PI.
‘H is graded by the loop number, that is the first Betti number. H is commutative but

not in general cocommutative. For example in ¢? theory

A(@):@ RI+I1@ L0 12 8~ +-( )~ o).
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Definition 2.28. For fi, fo : H — H define the convolution fi * fo = m(f; ® f2)A
We will use the notation id for the identity map H — H.

Proposition 2.29. With antipode S : H — H defined recursively by S(I) =1 and

ST)=-I- > ST /v
~yCr

[#y#D
~ product of divergent
1PI subgraphs

on connected graphs, and extended to all of H as an antihomomorphism, H is a Hopf

algebra

Proof. The defining property of the antipode is en = S xid = id *.S. The first equality
gives exactly the proposition in view of the definitions of A and *, the second equality is

then standard since H is commutative, see for instance [30, Proposition 4.0.1]. O

Note that since H is commutative S is in fact a homomorphism. S is not, however,
an interesting antipode from the quantum groups perspective since H is commutative and

thus S oS =1id (see again [30, Proposition 4.0.1}).
Definition 2.30. An element « of H is primitive if A(y) =71+ 1®~.

A single Feynman graph is primitive iff it has no divergent subgraphs. However appro-

priate sums of nonprimitive graphs are also primitive. For example

A(Jodl —22< ) = (joof —23< ) et+1e (joof -2 )
+2>()< ®>()< —2>()< ®>()<
= (jod| 22 ) er+19 (Joof —23<)

This phenomenon will be important in Chapter 5.
We will make sparing but important use of the Hochschild cohomology of H. To define

the Hochschild cohomology we will follow the presentation of Bergbauer and Kreimer [1].
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The n-cochains are linear maps L : H — H®". The coboundary operator b is defined by

n
L= (id® L)A+> (=1)'AML+ (-1)" LT
i=1
where A; =id®- - ®id®A®id®- - -id with the A appearing in the ith slot. b*> = 0 since
A is coassociative and so we get a cochain complex and hence cohomology. The only part
of the Hochschild cohomology which will be needed below are the 1-cocycles L : H — H,

whose defining property bL = 0 gives
AL=(id® L) A+ L®L (2.1)

2.3 Feynman graphs as physical objects

2.3.1 Feynman rules

The information in the Feynman rules is the additional piece of analytic information con-
tained in a physical theory, so for us we can define a physical theory to be a combinatorial
physical theory along with Feynman rules. In the following definition we will use the term
tensor expression for a tensor written in terms of the standard basis for RP where D is
the dimension of space-time. Such expressions will be intended to be multiplied and then
interpreted with Einstein summation. An example of a tensor expression in indices pu and
v is

kuk
Guw —§ e

k2

where ¢ is the Euclidean metric, k& € R%, k? is the standard dot product of k with itself,
and £ is a variable called the gauge. Such a tensor expression is meant to be a factor of a

larger expression like

kuk
1 Guw — Ez
v 7 2.2
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where the ~, are the Dirac gamma matrices, f is the Feynman slash notation, namely
¥ = 4"k, and m is a variable for the mass. In this example (2.2) is the integrand for the

Feynman integral for the graph

k+p
P ———— P
k

Definition 2.31. Let T be a combinatorial physical theory with dimension of space-time

D. Let € be a real variable. Feynman rules consist of 3 maps

1. the first takes a half edge type (viewed as an external edge), an R? vector (the

momentum), and a tensor index u to a tensor expression in p,

2. the second takes an edge type e, an R” vector (the momentum), and tensor indices

u, v for each half edge type making up e to a tensor expression in p, v,

3. the third takes a vertex type v and one tensor index pq, p, . . . for each half edge type

making up v to a tensor expression in g, o, . . ..
In each case the tensor expressions may depend on &.

If there is a non-trivial dependence on £ in the Feynman rules then we say we are
working in a gauge theory. QED and QCD are gauge theories. If the Feynman rules are
independent of the tensor indices then we say we are working in a scalar field theory. ¢*
and ¢ are scalar field theories. Note that unoriented edges have no way to distinguish
their two tensor indices and hence must be independent of them. For us the Feynman rules
do not include a dependence on a coupling constant z since we wish to use x at the level of
Feynman graphs as an indeterminate in which to write power series. This setup ultimately
coincides with the more typical situation because there the dependence of the Feynman
rules on z is contrived so that it ultimately counts the loop number of the graph and so

functions as a counting variable.
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Using the Feynman rules we can associate to each graph v in a theory T a formal
integral, that is, an integrand and a space to integrate over but with no assurances that
the resulting integral is convergent. We will denote the integrand by Int. and take it over
a Euclidean space RP!"| where D is the dimension of space time and v, is a finite index
set corresponding to the set of integration variables appearing in Int,. Then the formal

integral is given by

Int dPk
KALDvW . ”:[]

kv,
where D is the dimension of space-time in 7" and where Int, and v, are defined below.

Associate to each half edge of v a tensor index. Associate to each internal and external
edge of v a variable (the momentum, with values in R”) and an orientation of the edge
with the restriction that for each vertex v the sum of the momenta of edges entering v
equals the sum of the momenta of edges exiting v. Consequently the R-vector space of the
edge variables has dimension the loop number of the graph. Let v, be a basis of this vector
space. Let Int, be the product of the Feynman rules applied to the type of each external
edge, internal edge, and vertex of v, along with the assigned tensor indices and the edge
variables as the momenta.

Note that Int, depends on the momenta ¢, ..., g, for the external edges and that these
variables are not “integrated out” in the formal integral. Consequently we may also use
the notation Int,(q1,...,¢n) to show this dependence. The factors associated to internal
edges are called propagators.

In practice the integrals we obtain in this way are not arbitrarily bad in their divergence.
In fact for arbitrary A < oo each will converge when integrated over a box consisting of all
parameters running from —A to A.

For example consider ¢* with Euclidean Feynman rules, see [18, p.268]. The Feynman
rules in this case say that an edge labelled with momentum k is associated to the factor
1/(k? + m?), where the square of a vector means the usual dot product with itself and m

is the mass of the particle. The Feynman rules say that the vertex is associated to —1 (if
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the coupling constant A was included in the Feynman rules the vertex would be associated

with —A\.) Consider k+p

O

oriented from left to right with the momentakassociated to the two right hand external
edges summing to p and hence the momenta associated to the two left hand external edges

also summing to p. Then the integral associated to v is

1
/ R e (e ey

where d*k = dkodkydkadks with k = (kg, k1, k2, k3) and squares stand for the standard dot
product.

The above discussion of Feynman rules is likely to appear either unmotivated or glib
depending on one’s background, particularly the rather crass gloss of gauge theories, so it
is worth briefly mentioning a few important words of context.

More typically a physical theory might be defined by its Lagrangian £. For example

for ¢*
A g
-t

L= %8’%6#(15 — %m2¢2
There is one term for each vertex and edge of the theory and for massive particles an
additional term. In this case %3“@5@@ is the term for the edge of ¢, —%m2¢2 is the mass
term, and —%(ﬁ‘l is the term for the vertex. One of the many important properties of the
Lagrangian is that it is Lorentz invariant.

The Feynman rules can be derived from the Lagrangian in a variety of ways to suit
different tastes, for instance directly [12, p.16], or by expanding the path integral in the
coupling constant.

Gauge theories are a bit more complicated since they are defined on a fibre bundle over

space-time rather than directly on space-time. The structure group of the fibre bundle is

called the gauge group. A gauge field (for example the photon in QED or the gluon in
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QCD) is a connection. A gauge is a local section. Choosing a gauge brings us back to
something closer to the above situation.

There are many ways to choose a gauge each with different advantages and disadvan-
tages. For the present purpose we’re interested in a 1-parameter family of Lorentz covariant
gauges called the R¢ gauges. The parameter for the family is denoted & and is the { which
we have called the gauge in the above. The R¢ gauges can be put into the Lagrangian in
the sense that in these gauges we can write a Lagrangian for the theory which depends on

&. For example, for QED in the R¢ gauges we have (see for example [6, p.504])

L= —i(@uA,, —0,A,)?

1

- i(auA#)z + @Z_’(W“(au - ieAu) —m)y

where the y# are the Dirac gamma matrices. Whence ¢ also appears in the Feynman rules,
giving the definition of gauge theory used above.

Another perspective, perhaps clearer to many mathematicians is Polyak [27].

2.3.2 Renormalization

Definition 2.32. Let

I= / IntHde:
RDII kev

be a formal integral. I is logarithmically divergent if the net degree (that is the degree of
the numerator minus the degree of the denominator) of the integration variables in Int is
—D|v|. I diverges like an nth power (or, is linearly divergent, quadratically divergent, etc.)

if the net degree of the integration variables in Int is —D|v| + n.

Let ¢ be the Feynman rules viewed as map which associates formal integrals to ele-
ments of H. Next we need a method (called renormalization) which can convert the formal
integrals for primitive graphs into convergent integrals. There are many possible choices;
commonly first a regularization scheme is chosen to introduce one or more additional vari-

ables which convert the formal integrals to meromorphic expressions with a pole at the
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original point. For instance one may raise propagators to non-integer powers (analytic reg-
ularization) or take the dimension of space-time to be complex (dimensional regularization,
see for instance [8] on setting up the appropriate definitions). Then a map such as minimal
subtraction is chosen to remove the pole part.

We will take a slightly different approach. First we will set

/(kQ)T =0 (2.3)

for all . This is the result which is obtained, for instance, from dimensional regularization
and from analytic regularization, but simply taking it as true allows us to remain agnostic
about the choice of regularization scheme. To see the origin of this peculiar identity consider
the following computation with ¢ € R? and the square of an element of RP denoting its

dot product with itself.

— D M ! . a1 — z)s !
- | P |, e

1
vy, Aot [ T
1
B 5((:);(38)) /0 dra’™(1 = 2)"™ / 7k ((k+q(1 - x))21+ E@—a2)
- 55:;2) /0 L K e
- T3 ol a1 =)™ [ q“ﬁiD— s | 49
- gs:);(ié 13?5) /01 dza” (1 = 2)" /000 dlk| (k% + (Lf‘(z_l 2]y
_ 5(:);(83)) 1?77[;) I(r J;FS(;E;)F(Q) ()5 01 dra 15 (1 — )81
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when 2r +2s > D >0, D > 2r > 0, and D > 2s > 0, and where the first equality is by

Feynman parameters:

! Cla+p) /1 dx( xa_l(l _ x)ﬂ_l for a, 5 >0
0

a®b® ~ T(a)T(B) az + b(1 — z))o 1P
and where df)j, refers to the angular integration over the unit D — I-sphere in R”. Now
consider just the final line and suppose s = 0, then since I' has simple poles precisely at

the nonpositive integers, is never 0, and

F@)l(-z) = x si;E:m:)

we see that for D > 0 the result is 0 for s = 0 and r not a half-integer. If we view the
original integral as a function of complex variables r and s for fixed integer D (analytic
regularization), or as a function of complex D (dimensional regularization), then by analytic
continuation the above calculations gives (2.3).

Returning to the question of renormalization, in view of (2.3) we need only consider
logarithmically divergent integrals since by subtracting off 0 in the form of a power of
k? which is equally divergent to the original integral the whole expression becomes less
divergent. Logarithmically divergent integrals with no subdivergences can then be made
finite simply by subtracting the same formal integral evaluated at fixed external momenta.

Let R be the map which given a formal integral returns the formal integral evaluated
at the subtraction point. In our case then R has as domain and range the algebra of formal
integrals where relations are generated by evaluating convergent integrals and (2.3). Let
¢ be the Feynman rules, the algebra homomorphism which given a graph G returns the
formal integral ¢(G). We suppose ¢(I) =1 and R(1) = 1.

If instead we had chosen to use a regulator and corresponding renormalization scheme
then ¢ would give the regularized integral of a graph, and R would implement the scheme

itself. One such example would be dimensional regularization with the minimal subtraction
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scheme. In that case ¢ would take values in the space of Laurent series in the small
parameter € and R would take such a Laurent series and return only the part with negative
degree in €. That is R¢(I") is the singular part of ¢(I'), the part one wishes to ignore. Note
that in this case R(1) = 0. The key requirement in general is that R be a Rota-Baxter
operator see [14], [15].

To deal with graphs containing subdivergences, define S}é recursively by Sﬁ(ﬂ) =1,

S$(I) = —R(¢(T)) — 3 SH(R(S(T' /7))

[#yCI
~ product of divergent
1PI subgraphs

for connected Feynman graphs I' extended to all of H as an algebra homomorphism. Sﬁ
can be thought of as a twisted antipode; the defining recursion says that S}g*RQS =n. Use

Sz to define the renormalized Feynman rules by
¢R = Sﬁ * (b

When I' contains no subdivergences, ¢r(I') = ¢(I') — Rp(I'); in view of Subsection 2.3.2 we
may assume that ¢(I") is log divergent and so ¢r(I") is a convergent integral. Inductively
one can show that ¢z maps H to convergent integrals. This result is the original purpose of
the Hopf algebraic approach to renormalization. It gives a consistent algebraic framework
to the long-known but ad-hoc renormalization procedures of physicists. For more details
and more history see for instance instance the survey [15] and the references therein.
These integrals lead to interesting transcendental numbers, but that is very much an-

other story [2], [23], [3].

Example 2.33. To illustrate the conversion to log divergence and renormalization by
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subtraction consider the following graph in massless ¢3

The Feynman rules associate to it the integral

/ k+q

The factor of 1/¢? is there because our conventions have that the graphs with no cycles are
all normalized to 1. This integral is quadratically divergent and so can not be renormalized

by a simple subtraction. However we take

1
| =

SO

1 1 1 1

= q2/‘““ <k+q> @/“(k?)g
1

:‘/d6 (k2)2(k + )2 ‘/dﬁ’“(k2>2<k+q>2

=—-20 — I».

Each of the two resulting terms are now less divergent.
To illustrate renormalization by subtraction consider the integral from the second of
the above terms. As formal integrals (or carrying along the subtraction which we will add

below), using the same tricks as the calculation earlier this section,

- [ ¥ gpran = /d“’” g s
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1
(k2 + (1 —2)(k+ q)2)3

2/01dm:/

2/01 m/d6 ((k + q 1—:U))1+q2(:v—x2))3
2’/1‘““"”/ CEr=

_2/ dm/ Akl ‘k(|5 ))3/ko
- / dxx/ Akl s ’kf 7

Now consider the result of subtracting at ¢> = 2. By Maple

Ak

IS8
??‘

Ak

LIk Li§
_[2 — RIQ = 271' diE‘T d|]€| |k|2 ( 3}‘2))3 - (|k|2 + ,U2($ _ J}2))3

1
= 27r3/0 dxx (—2 log(¢®(z — 2°)) + %log(,uQ(x - $2)))

3
i
=-5 log(q®/11%)

giving us a finite value.

To finish the example we need to consider the integral

1 2k - q
== [ dk—r——.
e / (k?)?(k + q)

This integral is linearly divergent so it needs another subtraction of 0. However, this time

we only need

2k - q
6
/alk:(k)3 0.

which we can derive from (2.3). Write k =k, + k) where k| is the orthogonal projection

of k onto span(q) and k is the orthogonal complement, and notice that

2k - ¢ 2k |q|
d°k = [ k55
/ (k2)? / (ki +&1)?
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k ’CI‘ 0 2ky|q|
d5kL/ dk ” /d5k / dkj|j———5=

Yy rq| o, L
d’k d’k
Gk

=0-0=0.

So returning to I1, as formal integrals,
-7 | 1/
k: + q 2
=—— [ d%
/ k2 k' + q)? / (k2)3(k + q)?

The second term is convergent and so needs no further consideration. The first term is

kq)

now log divergent, call it —41I3. Writing k =k, + k) as above, we get

=g/ k2 k+q)

= [ &+ ki)gf%q 22@:“ +a7)

:/ d’m/ Pk +\k¢|)(ﬁ|:j|: (’f+f1)2)/dgkl
- i

:1?@/;/0 d"“'/md’““<kﬁ+w> (ITKP + oy 07

The inner integral Maple can do, and then subtracting at ¢> = p? the outer integral is

again within Maple’s powers and we finally get a finite answer

1
Iy = RI3 = —cmlog(¢*/?).

Combining these various terms together we have finally computed I — RI. This completes

this example.

Example 2.34. Subtracting 0 in this way also plays nicely with analytic regularization,
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and is less messy on top of it. Consider the example

k-
| 4

Then

d'k u = [ d' hd S
(k2)1+p1<(k + q)2)1+p2 (k2)1+p1((k + q)2)1+p2 (k2)2+pl+l)2
a0 — (et 0y )
- [ e

which is merely log divergent and so can be renormalized by subtracting the same integrand
at ¢> = p?. This sort of example will be important later on, as we can simply take this

integral with ¢ = 1 as the Mellin transform which we need in Section 3.2.

Subtracting off zero in its various forms and subtracting at fixed momenta should not
be confused. The former consists just of adding and subtracting zero and so can be done
in whatever way is convenient. In the following we will assume that it has been done,
and so that all integrals are log divergent. The latter, however, we will always explicitly
keep track of. It is our choice of renormalization scheme and a different choice would give

different results.

2.3.3 Symmetric insertion

For one of the upcoming reductions we will need to define a symmetric insertion with a
single external momentum ¢2. Let p be a primitive of H, not necessarily connected. For
the purposes of symmetric insertion define the Mellin transform F), of p (see Section 3.2)

as
Ip| Ip|

Fp(p) = (q2)p/Int |p’ Z k2 il;[ld4kia
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where Intp(q2) is the integrand determined by p. We’'ll renormalize by subtraction at
¢®> = 12 and let

Int, (¢°) = Int,(¢*) — Int, ().

So define renormalized Feynman rules for this symmetric scheme with subtractions at
q* = p? by
1 Ip| |p|
Or(BYL(X))(¢*/1?) = /Int;(cf) qubR(X)(—k?/u?) 1"
=1 i=1
We have
Or(BL(X))(@*/w*) = lim 6R(X)(D-p) Fy(p) ((a*/1*) ™ = 1) ,

__90
where 0_, = o5



Chapter 3
Dyson-Schwinger equations

3.1 B.

For + a primitive Feynman graph, B] denotes the operation of insertion into . There are,
however, a few subtleties which we need to address.

In the closely related Connes-Kreimer Hopf algebra of rooted trees [10], see Chapter 5,
B, (F) applied to a forest F' denotes the operation of constructing a new tree by adding a

new root with children the roots of each tree from F'. For example

Bler)=
B in rooted trees is a Hochschild 1-cocycle [10, Theorem 2],

This 1-cocycle property is key to many of the arguments below. The corresponding property
which is desired of the various B, appearing in the Hopf algebras of Feynman graphs is
that the sum of all B, associated to primitives of the same loop number and the same
external leg structures is a Hochschild 1-cocycle.

In the case where all subdivergences are nested rather than overlapping, and where
there is only one way to make each insertion, a 1PI Feynman graph I' can be uniquely
represented by a rooted tree with labels on each vertex corresponding to the associated

subdivergence. Call such a tree an insertion tree. For example the insertion tree for the
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graph in Yukawa theory

is

In such cases BY is the same operation as the By for rooted trees (with the new root
labelled by the new graph). So the 1-cocycle identity holds for B too.

However in general there are many possible ways to insert one graph into another so
the tree must also contain the information of which insertion place to use. Also when there
are overlapping subdivergences different tree structures of insertions can give rise to the

same graph. For example in ¢? the graph

can be obtained by inserting

< e O

either at the right vertex or at the left vertex giving two different insertion trees. Provided

any overlaps are made by multiple copies of the same graph, as in the previous example,
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then, since + is primitive, the same tensor products of graphs appear on both sides of (2.1)
but potentially with different coefficients. Note that this only requires v to be primitive,
not necessarily connected. Fortunately it is possible to make a choice of coefficients in the
definition of Bl which fixes this problem. This is discussed in the first and second sections

of [22], and the result is the definition

Definition 3.1. For v a connected Feynman graph define

bij(v, X,T) 1 1
X[y maxf(T) (v[X)

BlX) - Y

FE”_{lin

where maxf(I") is the number of insertion trees corresponding to I', | Xy is the number
of distinct graphs obtainable by permuting the external edges of X, bij(y, X,I") is the
number of bijections of the external edges of X with an insertion place of v such that the
resulting insertion gives I', and (y|X) is the number of insertion places for X in .

Extend Bl linearly to all primitives ~.

Note that B](I) = ~. Also with the above definition we have B] defined even for
nonprimitive graphs, but this was merely our approach to make the definition for primitives
which are sums; now that the definitions are settled we will only consider Bl for primitives.

The messy coefficient in the definition of B] assures that if we sum all B] running over
« primitive 1PI with a given external leg structure (that is, over all primitives of the Hopf
algebra which are single graphs and which have the given external leg structure), inserting
into all insertion places of each v, then each 1PI graph with that external leg structure
occurs and is weighted by its symmetry factor. This property is [22, Theorem 4] and is
illustrated in Example 3.4.

Gauge theories are more general in one way; there may be overlapping subdivergences
with different external leg structures. Consequently we may be able to form a graph G
by inserting one graph into another but in the coproduct of G there may be subgraphs
and cographs completely different from those which we used to form G as in the following

example.
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Example 3.2. In QCD

s o

can be obtained by inserting

o L
oL O

This makes it impossible for every Bl for v primitive to be a Hochschild 1-cocycle since

or by inserting

there may be graphs appearing on the right hand side of (2.1) which do not appear on the
left. In these cases there are identities between graphs, known as Ward identities for QED
and Slavnov-Taylor identities for QCD, which guarantee that ZBl is a 1-cocycle where
the sum is over all v with a given loop number and external leg structure. This phenomenon
is discussed in [22] and the result is proved for QED and QCD by van Suijlekom [32].

For our purposes we will consider sets of B operators,

(B,
where k is the loop number, r is an index for the external leg structure, and 4 is an additional
index running over the primitive graphs under consideration with k£ loops and external leg
structure r. In the case where there is only one r under consideration write {BT}:’; o- Now
assume that in this more general case, as in QED and QCD, that the required identities

form a Hopf ideal so that by working in a suitable quotient Hopf algebra we get

Assumption 3.3. Z?:o B_]’i’i;r is a Hochschild 1-cocycle.
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3.2 Dyson-Schwinger equations

Consider power series in the indeterminate x with coefficients in H where x counts the
loop number, that is the coefficient of z* lives in the kth graded piece of H. By combinato-
rial Dyson-Schwinger equations we will mean a recursive equation, or system of recursive
equations, in such power series written in terms of insertion operations By. The particular
form of combinatorial Dyson-Schwinger equation which we will be able to analyze in detail
will be discussed further in section 3.3.

One of the most important examples is the case where the system of equations ex-
presses the series of graphs with a given external leg structure in terms of insertion into all
connected primitive graphs with that external leg structure. More specifically for a given
primitive we insert into each of its vertices the series for that vertex and for each edge all
possible powers of the series for that edge, that is, a geometric series in the series for that

edge. The system of such equations generates all 1PI graphs of the theory.

Example 3.4. For QED the system to generate all divergent 1PI graphs in the theory is

1+2k
» (X“( )
— 2
I D D1
~ primitive with (Xm ) ()(+ )
external leg structure ”‘(

X~ :H—pr" <XM<):
()
()

A P

where || is the loop number of .
XM< is the vertex series. The coefficient of 2™ in XM< is the sum of all 1PI QED

Feynman graphs with external leg structure w( and n independent cycles. In QED all
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graphs have symmetry factor 1 so this example hides the fact that in general each graph
will appear weighted with its symmetry factor. X~ and X are the two edge series.
The coefficient of 2™ for n > 0 in X~ is minus the sum of all 1PI QED Feynman graphs
with external leg structure ~~~ and n independent cycles. The negative sign appears in
the edge series because when we use these series we want their inverses; that is, we are
interested in the series where the coefficient of z consists of products of graphs each with
a given edge as external leg structure and with total loop number n. The arguments to
each BY consist of a factor of the vertex series in the numerator for each vertex of v, a
factor of the photon edge series in the denominator for each photon edge of v, and a factor
of the electron edge series in the denominator for each electron edge of ~.

To illustrate these features lets work out the first few coefficients of each series. First

work out the coeflicient of x.

X% 1 - ocB:<< <XM< ) + O(x?)

X (x=)

=1+ gz:B:<< (I) + O(a?)

- ]1+x_<< +0(a?)
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*&»
X =I1-2B,

)

X"vw X+

AN
=1-zB, 1) + O(2?)

Next work out the coefficient of z2.

(4)

e (v )

e €
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The fact that

appear with coefficient 1 and not 2 is due to the two insertion trees contributing a 2 to the

denominator in Definition 3.1.

By analytic Dyson-Schwinger equations we will mean the result of applying the renor-
malized Feynman rules to combinatorial Dyson-Schwinger equations. These are the Dyson-
Schwinger equations which a physicist would recognize. The counting variable x becomes
the physicists’ coupling constant (which we will also denote z, but which might be more
typically denoted a or g? depending on the theory). The Feynman rules also introduce

one or more scale variables L; which come from the external momenta ¢; and the fixed
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momentum values p; used to renormalize by subtracting. In the case of one scale variable
we have L = logq?/u?. See Example 3.5. Note that in the case of more than one scale
the L; are not just log qf /u?, but also include other expressions in the ¢; and the y;, such
as ratios of the ¢; (such ratios are not properly speaking scales, but there is no need for a
more appropriate name for them since we will quickly move to the case of one scale where
this problem does not come up).

The functions of L; and z appearing in analytic Dyson-Schwinger equations are called
Green functions, particularly in the case where the Green functions are the result of ap-
plying the renormalized Feynman rules to the series of all graphs with a given external leg
structure.

We can begin to disentangle the analytic and combinatorial information in the following
way. Suppose we have a combinatorial Dyson-Schwinger equation, potentially a system.
Suppose the series in Feynman graphs appearing in the Dyson-Schwinger equation are
denoted X" with r € R some index set. Denote G the corresponding Green functions.

For each factor (X”)® in the argument to some BJ take the formal integrand and
multiply it by (G")®. For the scale arguments to these G" use the momenta of the edges
where the graphs of X" are inserted. Then subtract this integral at the fixed external
momenta p; as when renormalizing a single Feynman integral. Then the analytic Dyson-
Schwinger equation has the same form as the combinatorial one but with G" replacing
X" and with the expression described above replacing Bl. Example 3.5 illustrates this
procedure.

In the case with more than one scale the Green functions may depend on ratios of the
different momenta, and we can progress no further in simplifying the setup. Fortunately, in
the case with only one scale, which suffices to describe the general case in view of Chapter
5, we can further disentangle the analytic and combinatorial information as follows, see
[24] for more details.

Suppose we have a combinatorial Dyson-Schwinger equation and a single scale. For
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each primitive graph v appearing as a Bl we have a formal integral expression

It | [ dPk
/RDv H

kev

coming from the unrenormalized Feynman rules. Number the edges, say from 1 to n. Raise
the factor associated to the ¢th edge to 1 + p; where p; is a new variable. We now have an
analytically regularized integral which can be evaluated for suitable values of p;. Finally
set all external momenta to 1. Call the resulting function of py, ..., p, the Mellin transform
F,(p1,...,pn) associated to 7. We are interested in F, near the origin.

Then, another way to see the analytic Dyson-Schwinger equation as coming from the
combinatorial Dyson-Schwinger equation by replacing X" with G" and Bl with F,. The
factor with exponent p; indicates the argument for the recursive appearance of the X/
which is inserted at the insertion place corresponding to edge ¢. This will be made precise

for the cases of interest in the following section, and will be motivated by Example 3.7.

Example 3.5. Broadhurst and Kreimer in [5] discuss the Dyson-Schwinger equation for
graphs from massless Yukawa theory where powers of the one loop fermion self energy
—» » are inserted into itself. The result is that they consider any graph made of

nestings and chainings of this one primitive, for example

A graph like

is not allowed. These graphs are in one-to-one correspondence with planar rooted trees.
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The combinatorial Dyson-Schwinger equation is

X(z)=1- 2By (Xh:)) .

The Mellin transform associated to the single one loop primitive
k+gq
q i

- q
k

is, according to the Feynman rules of Yukawa theory,

F(p1,p2) = q2/d k(k2)1+p1((k+q)2)1+ﬂ2

7*=1

However we are only inserting in the insertion place corresponding to p; so the Mellin

transform we’re actually interested in is

1 k-q
Flp)=— [ d'k :
(p) e / (E2)1+p(k + ¢)2 Sl

Next combine these two facts as described above to get that the Green function satisfies

q2=u2)

where L = log(q?/p?) and - - - stands for the same integrand evaluated as specified. This

the analytic Dyson-Schwinger equation

(= k-q — ..
Gz, L) =1 (qg /d WG, 108212 + 0

is the same as what we would have obtained from applying the Feynman rules directly to

the combinatorial Dyson-Schwinger equation.

3.3 Setup

We will restrict our attention to Dyson-Schwinger equations of the following form.
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3.3.1 Single equations

Fix s € Z. The case s = 0 is not of particular interest since it corresponds to the strictly
simpler linear situation discussed in [21]. However, to include s = 0 as well, we will make
the convention that sign(0) = 1.

Let @ = X% We call @) the combinatorial invariant charge. Applying the Feynman
rules to Q) gives the usual physicists’ invariant charge.

Consider the Dyson-Schwinger equation

X(z) =L —sign(s) Y _ Y a"BY(XQ"). (3.1)

k>1 i=0

This includes Example 3.5 where s = 2 and there is only one B having k = 1.

Let Fi(p1, ..., pn) be the Mellin transform associated to the primitive Bi’i(l). In view
of Chapter 5 we're primarily interested in the case where n = 1 at which point we’ll assume
that the Mellin transforms of the primitives each have a simple pole at p = 0, which is the
case in physical examples. We expand the Green functions in a series in = and in L (which

will in general be merely an asymptotic expansion in x) using the following notation

G(a,L) = 1 —sign(s) S (@) LF (@) = 3 yga? (3.2)

k>1 >k

The idea is to follow the prescriptions of the previous section to obtain the analytic
Dyson-Schwinger equation, then simplify the resulting expression by following the following
steps. See Example 3.7 for a worked example. First, expand G as a series in L. Second,
convert the resulting logarithms of the integration variables into derivatives via the identity
85y"’| p=0 = (—1)Flog"(y). The choice of name for the new variable p is not coincidental.
Third, switch the order of integration and derivation. The result then is a complicated
expression in derivatives of the Mellin transforms of the primitives.

However, to avoid the need for additional notation and for appropriate assumptions on

the Fj, ;, instead of following this path we will instead define our analytic Dyson-Schwinger
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equations to be the final result of this procedure.

Definition 3.6. For a single scale ;2, the analytic Dyson-Schwinger equation associated

to (3.1) is

tg
G(z,L) =1 — sign(s) Z Z 2*G(z, a_pl)fsign(s) Gz, 0-p,, )~sign(s)
k>11=0

(e—L(p1++Pnk) — 1)Fk’z(p1, e ,pnk)
pr="1=pn;; =0

where ny = sign(s)(sk —1).

We only need one subtraction because in view of the discussion at the end of Subsection
2.3.2 all the integrals of interest are log divergent.

In view of the following chapters we need not concern ourselves with the complexity
of the general definition as we will further reduce to the case where there is only one

symmetric insertion place and a single scale giving

G(z,L) =1 — sign(s) Z kaG(:c, 0_ ) k(e — 1)FP (p)

k>1i=0

p=0

or rewritten

v-L=>Y aF(1—sign(s)y-0-,)'"F(e " — 1)F¥(p)
k>1

(3.3)

p=0

where - U = S U¥, F¥(p) = St o F*i(p).
The connection between the different forms of the analytic Dyson-Schwinger equation
and the notational messiness of the original presentation can be explained by a motivating

example.

Example 3.7. Let us return to Example 3.5. The analytic Dyson-Schwinger equation is

I k-q .
Gz, L) =1 e /d kk2G(x,log(l€2/M2))(k+Q)2

2

°=p
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where L = log(q?/u?).

Substitute in the Ansatz

G(r,L)=1-) y(x)L*

k>1

Z%(@Lk = ;/d4k Z (k- @)ye, (@) - - - e, () log" (K* / ?) o

2 2 3
k>1 1+ tls= k (k + q) ?=p?
v 4, (k- q)log! (k% /1?)
-5 Z ’Yel(x)...ws(x)/dk o _...q2 )
Jau— - _
i o (- @) (=D 05K /1) | =0
=3 Z wl(x)--'m(a:)/dk - a .
q O +-4Lls= k <k+q) q?=p?
xr
=7 2 u@e @
Jam— -
af(/ﬁ)f’/d‘*k kg _
P (k;2)1+/’(k + q)2 P :0
-1
(N2)p 4 k-q
=z 1_2’%(33)65 5 Ak 5=
( k21 ’ q (k)P (k +q) =2 g
~1
(n?)? 4 ko - qo
—a (1= (@)dt /dk:o o
( 2% |y | TR R ]

where ¢ = rqo with r € R, 7% = ¢2, qg =1and k =rkg

p=0

-1
=2 (1 =S w@et, | (e - DFG)

k>1

using 8§y*p|p:0 = (=1)*log®(y). Thus using the notation - U = 3 v,U* we can write
Yo L=l =7 0_) e = 1)F () pmo

Example 3.8. To see an example of a two variable Mellin transform (a slightly different
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example can be found in [24]) consider again the graph
k+p

e,

k
with the momenta associated to the two right hand external edges summing to p. As an

integral the Mellin transform of ~ is

1
|

?=1

By the calculations of Subsection 2.3.2

1

7w’ T(—p T (—
/d4k(kz)1+p1((k+q)2)1+p2 = (p1+ p2) ( 2)—p1—p2w

2o T+ p)T(1+ po) ['(2—p1—p2)

So the Mellin transform is

WZF(PI + p2) ( 2)—01-02%
T(1+ p1)T(1 + p2) T(2—p1—p2)

F’y(ﬂl»PQ) =

Upon subtracting at ¢> = p? then we get

(%) 772 = ()P P2) Fy(pr, p2) = (7 M0 — 1) (1) 71772, (1, p2)

So the only dependence on ¢ is the dependence on L which is showing up in the correct
form for Definition 3.6. The extra powers of u? would get taken care of by the recursive

iteration as in Example 3.7.

3.3.2 Systems

Now suppose we have a system of Dyson-Schwinger equations

X"(z) =1—sign(s,) Y Y 2" By (X7QF) (3.4)

k>11=0
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for r € R with R a finite set and where

Q=[x . (3.5)

reR

The fact that the system can be written in terms of the invariant charge @ in this form

is typical of realistic quantum field theories. For example, in QED (see Example 3.4)

)
() (=)

Suppose a theory T has a single vertex v € R with external legs e; € R appearing with

Q=

multiplicity m;, i = 1,...,n where the external legs (made of half-edges types under our
definitions) are viewed as full edge types, hence as being in R, by simply taking the full
edge type which contains the given half-edge types (hence ignoring whether the edge is the
front or back half of an oriented edge type). Let val(v) be the valence of the vertex type

v. Then we define Jwalle)—2)
Xv)2 1/(val(v)—2
o (5 )
Hi:1(X ’) ¢

For theories with more than one vertex we form such a quotient for each vertex. We

(3.6)

are again (see section 3.1) saved by the Slavnov-Taylor identities which tell us that these
quotients agree, giving a unique invariant charge [22, section 2]. Then X"Q* is exactly

what can be inserted into a graph with external leg structure r and k loops.

Proposition 3.9. Suppose Q is as defined as in the previous paragraph. Let G be a 1Pl
Feynman graph with external leg structure r and k > 0 loops. Then X"QF is exactly what
can be inserted into G in the sense that we can write X"QF = HjeR(Xj)tj so that G has

t; vertices of type j for j a vertex type and G has —t; edges of type j for j an edge type.
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Proof. In view of (3.6) for r a vertex type it suffices to prove that we can write

Qk+(val(r)f2)/2 _ H (Xj)t}
JER
so that G has g vertices of type j for j a vertex type and G has —215; half edges in edge
type j (including external half edges) for j an edge type. For r an edge type it likewise
suffices to prove that we can do the same where we define val(r) = 2.

This holds for some k by viewing a graph as made from a set consisting of vertices each
attached to their adjacent half edges.

To see that k is correct note that since G has 1 connected component, e —v + 1 = £,
where e is the number of internal edges of G, v the number of vertices of G, and ¢ the loop
number of G. Letting h be the number of half edges (including external half edges) of G
we have

h val(r)

o 1
5 U 2

=1 (3.7)

Each @ contributes val(r)/(val(r) — 2) edge insertions and 2/(val(r) — 2) vertex insertions;

so each () contributes
val(r) 2

val(r) — 2 val(r) — 2 =1

to (3.7). Soif k is so that Q¥+ (v(")=2)/2 counts the half edges and vertices of G' as described

above then
~ val(r)

0=k+ 5

+1

val(r) — 2
—_— =k.
2

So k is the loop number as required.

O]

The specific form of @ from (3.6) will only be used in the renormalization group deriva-
tion of the first recursion, section 4.1.
Write Fi i (P15 - - - 5 Pry ., ) for the Mellin transform associated to the primitive B_’i’i;r(]l).

Again assume a simple pole at the origin. We can then write the analytic Dyson-Schwinger
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equations as in the single equation case.
Definition 3.10. The analytic Dyson-Schwinger equations associated to (3.4) are
G"(z,L,...,Lj)

t
=1 — sign(s,) Z Z 2*G (z, 8_p;)7sign(sr) G (x,0-,

” )*Sign(sT)
sign(sr)(srk—1)
k>1i=0
GO —sign(st) | .. Gt r.0 —sign(st)
H (%,0_y) (=, ‘Pﬁignw(sm)
teR~{r}

; .
( — (1 f kZT)—l)lkZ (‘17 Tk s ) ——e— =0
L P pr="-+ 7p"l .

where the p{ run over the py so that the ith factor of G/ is inserted at pi

The following notation will be used for expanding the analytic Dyson-Schwinger equa-

tions as (in general asymptotic) series about the origin,

G (e.L) = 1 —sign(s,) S k@) LF  Ah(@) = 3447 (3.8)
k>1 >k

In view of the following chapters we will reduce to the case

G"(z,L) =

123
L—sign(s,) D> a6 (2,0-)' " [ G(w.0-,) 7 (e~ FM(p)

k>1i=0 JER~{r} p=0
or rewritten

tr
7L =3"5 b1 —sign(s, )y 0-,) " T (1 —sign(s;)y - 0-,) Y

k>11i=0 JER~{r}

(e —D)FH ()| (3.9)
p=0

where v/ - U = Y- v U*.



Chapter 4
The first recursion

There are two approaches to deriving the first recursion, neither of which is completely self
contained. The first goes directly through the renormalization group equation, and the

second through the Connes-Kreimer scattering-type formula [9].

4.1 From the renormalization group equation

This is primarily an exercise in converting from usual physics conventions to ours.
Using the notation of section 3.3.2 the renormalization group equation, see for instance

[7, Section 3.4] or [17], reads

e adjacent to v

<+ﬂ

where ((z) is the 8 function of the theory, 7¢(z) is the anomalous dimension for G¢(z, L)

9 9 (val(v)~2) /2 (v _

5L + ﬁ(x)ax ) GY(z,L)=0 for v a vertex type
)2
Oz

29( > G¢(z,L) =0 for e an edge type

(both of which will be defined in our notation below), and val(v) is the valence of v. The
edge case and vertex case can be unified by writing val(e) = 2 and taking the edges adjacent
to e to be two copies of e itself (one for each half edge making e). Our scale variable L
already has a log taken so J;, often appears as 0, in the literature where 4 is the scale
before taking logarithms. The use of z(**(")=2)/2G? (2, L) in the vertex case in place of what
is more typically simply G(x, L) comes about because by taking the coupling constant to

count the loop number rather than having the Feynman rules associate a coupling constant
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factor to each vertex we have divided out by the coupling constant factor for one vertex,
that is by z(@(®)=2)/2 " Ag a result our series begin with a constant term even for vertices.
To see that it makes sense that a vertex v contributes a factor of 2(va(*)=2)/2 recall that
that for a graph G with one connected component and external leg structure r» we have

(3.7) which reads
h _ val(r)

——1t+1
2 + 2

=/

where h is the number of half edges of G, ¢t the number of vertices, £ the loop number,
and where we take val(r) = 2 for if r is an edge type. Suppose vertices, but not edges,
contribute some power of z. Then a vertex v contributes val(v)/2 — 1 to the left hand side
of (3.7), so it is consistent that v also contribute the same power of z. The whole graph G

then has z¢Tval(r)/2—1

as expected. If the power of x associated to a vertex depends only
on its valence, then this is the only way to make the counting work.

Returning to 5 and +, define

B(z) = OLror(Q)|L=0 (4.1)

and

1 1
V(@) = =506 (&, D)l 1m0 = 57 (4.2)

for e an edge, that is s, > 0 as discussed in subsection 3.3.2. The factor of x in 5 comes again
from our normalization of the coupling constant powers to serve to count the loop number
(recall from the discussion surrounding (3.6) that @) contributes a 1 to (3.7) and so, in view
of the previous paragraph, @ is short one power of x), while the factor of 1/2 in (4.2) is
usual. The sign in (4.2) comes from the fact that our conventions have the Green functions
for the edges with a negative sign, while the second equality uses the explicit expansion
(3.8). Note that this S-function is not the Euler 5 function, I'(x)I'(y)/T'(z + y); rather it
encodes the flow of the coupling constant depending on the energy scale. Another way to

look at matters is that the S-function measures the nonlinearity in a theory, specifically it



51

is essentially the coefficient of L in the invariant charge, as in the definition above.

In the case of an edge type e we obtain quickly from (4.1), (4.2), (3.5), and (3.8), that
0 0 . .
0= (g + ) <x>) G (r. 1)

( + Y Isild @z — i )) G(x, L).

JER

In the case of a vertex type v compute as follows.

e adjacent to r

0 0
0= (aﬁ gy = 2 ﬂw)) 202260 (g, 1)

:x(val(v) 2)/2 aaLGv(x L)+x(val 2)/2,8( ) Gv(w L)

val(v) — 2 _ » val(v)— e v
O Z2 b2 0) G 2, )~ OB S ()G e, L)

e adjacent to r

— w(val(v)—?)/? aa Gr(l‘ L) +x(Val(U /26( ) GT(Z‘ L)

ol D/ 2va1(vl) =2 (271’(9«“) + D ve(w)) G*(z,L)

e adjacent to r

Vi V)— 1 € v
OB ST )G (e, 1)

e adjacent to r

from (4.1), (3.6), and (3.8)

) B
— L(val(v)-2)/2 [ ¥ v Y o v YU
- (576" )+ Blo) 5 G0, 1) + 246 )

Dividing by z(*(*)=2/2 and using (3.5) and (3.8) we have

(fL + Y Iyl + vi’(w)) G, 1) = 0.

JER

In both cases extracting the coefficient of L*~! and rearranging gives
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Theorem 4.1.
e ]' s
Te(@) = o | sign(s)n(z ) = > I8l (@)20: | 4 ().
JER

Specializing to the single equation case gives

Theorem 4.2.
1 .
= 2 n(@)(sign(s) — |slzde)vp-1(2).
Note that the signs in the above do not match with [25] because here the sign conven-

tions have that the X" have their graphs appear with a negative sign precisely if r is an

edge type, whereas in [25] there was a negative sign in all cases.

4.2 From S*Y

Definition 4.3. Y is the grading operator on H. Y (v) = ||y for v € H.

Definition 4.4. Let

01 = 0or(S*Y)|L=0

and

1 _ _
Opn = Em” Yoy @ @ o)A
| —_———
n times

Lemma 4.5. S*Y is zero off Hin

Proof. First SxY (I) =1-0 = 0. Suppose I'1,I's € H\ QL Since S is a homomorphism

and Y is a derivation,

SHY(T1T2) =D S(m5)Y (15)

(ZS ek} ) (ZS ) + (Z S(viW(vi’)) (Z S('Vé)'vé’)

=0
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since by definition S % id(I';) = S *id(I's) = 0. Here we used the Sweedler notation,

2o @) = A(Ty). O

Lemma 4.6.

k
A(fMXT) = [P)XTQMT @ [F )X
5=0
k
A(MXTQY) =) [IXTQM T @ [oF X Q1

.
Il
=)

where [-] denotes the coefficient operator as in Definition 2.2.

Proof. The proof follows by induction. Note that both equations read I® I = I ® I when
k = 0. For a given value of £ > 0 the second equality follows from the first for all 0 < ¢ < k
using the multiplicativity of A and the fact that partitions of k into m parts each part then
partitioned into two parts are isomorphic with partitions of & into two parts with each part
then partitioned into m parts.

Consider then the first equation with & > 0. By Assumption 3.3, for all 1 < ¢,

Z?:o Bii;r is a Hochschild 1-cocycle. Thus using (3.4)

A([z"X7) = A | —sign(s,) > B (2FX7QY)

1<0<k i=0

= —sign(s,) > > (id® By )A(2*)X"Q")

1<0<k i=0

_ sign(s,«) Z Z(Bii;r([xk—é]XrQé) ® ]D

1<¢<k i=0
= —sign(sy,) > > (ide By [ Y ) X"QM @ [# ] xTQ!
1<0<k i=0 j=0
+ [N X" @1

=

-1

ty
@) XTQN T @ —sign(s,) Y. Y BYT([#FIXTQY)

1<0<k—j i=0

.
Il
o
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+ XTI

N
—

=) [)X"QF T @ [¢F X" + [2M X" @1

<
Il
o

The result follows. O

Note that A(X") = Y22, X"QF @ (terms of degree k in X").

4.2.1 Single equations
Proposition 4.7. 0,(X) = sign(s)y,(x)

Proof. For n = 1 this appears as equation (25) of [9] and equation (12) of [4]. For n > 1
expand the scattering type formula [9, (14)]. The sign is due to our sign conventions, see

(3.2). O
Rephrasing Lemma 4.6 we have

Corollary 4.8. Suppose T'z* appears in X with coefficient ¢ and Z @ T'z¥ consists of all
terms in AX with T' on the right hand side. Then Z = c¢XQ".

Proposition 4.9.
(Pin @ 1 d)AX =X ® X — sX ® 20, X

Proof. The Corollary implies that every graph appearing on the right hand side of AX
also appears in X and vice versa. Suppose I'zF appears in X and Z ® I'z* consists of all
terms in AX with I' on the right hand side.

By Corollary 4.8 XQ* = Z. So in (Pj, ® id)AX we have the corresponding terms
Pin(XQF) ®T.

Compute

Pin(X Q%) = Pin X + PinQ”

= Pin X + kHinQ
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= PiinX — ksPin X

=X —ksX

Thus
(Pin @ id)AX = X @ X — sX @ 20, X

Theorem 4.10.

e = (@) sign(s) — [sledh)ye1(2)

Proof.

i = sign(s)or(X) by Proposition 4.7

= Slgn(s) mk_l(Ul (SR Ul)Ak_l(X)
k! —_

k times

sign(s)m 1
2 1)

m* 2oy @ - @ 0p)AF2 | A(X)
N——
k—1 times

= Slgz(s)m(alP]in ® op—1)A(X) by Lemma 4.5

1
= Esign(s)al (X)ok—1(X) — so1(X)x00%—1(X) by Proposition 4.9

- %’Yl (z)(sign(s)yk—1(x) — [s|z0zyk—1(x))

4.2.2 Systems of equations
Proposition 4.11. 0,(X") = sign(s; )7, (x)

Proof. The arguments of [9] and [4] do not depend on how or whether the Green functions
depend on other Green functions, so the same arguments as in the single equation case

applied. The sign comes from our conventions, see (3.8). Note that (3 in [9] is the operator
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associated to the g-function only in the single equation case, otherwise it is simply the

anomalous dimension. O

As in the single equation case we can rewrite Lemma 4.6 to get

Corollary 4.12. Suppose T'z* appears in X" with coefficient ¢ and Z @ Tz consists of all
terms in AX" with T' on the right hand side. Then Z = c¢X"QF.

Proposition 4.13.
(Pin ®I)AX" = X" @ X" = Y 5; X @ 20, X"
JER
Proof. As in the single equation case every graph appearing on the right hand side of AX"
also appears in X" and vice versa. Suppose I'z¥ appears in X" and Z ® I'z* consists of all

terms in AX with I on the right hand side.

By Corollary 4.12 X"Q* = Z, and

Pin(X"Q%) = Pin X" + PinQ”
== PlinXT + kBinQ

= Pin X" k) 5jAinX

JER
— k Z Sij
JER
The result follows. O
Theorem 4.14.
T 1 'S
=7 sign(sy )71 (2 Z ’39|’Yl )20x -1 ()

JER

Proof.

i = sign(s;)or(X") by Proposition 4.11
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_ sign(s,)

’ m(o1Pin ® op—1)A(X") as in the single equation case

=z sign(s,)o1(X")or—1(X") 23301 X x0,sign(s,)op_1(X")
JER
by Proposition 4.13

1 .
== sign(s, )71 (2)75—1( E |17 (2) 200771 ()
JER

O

As in the previous section the signs do not match with [25] because here the sign
conventions have that the X" have their graphs appear with a negative sign precisely if r

is an edge type, whereas in [25] there was a negative sign in all cases.

4.3 Properties

The following observation is perhaps obvious to the physicists, but worth noticing

Lemma 4.15. As a series in x, the lowest term in vy is of order at least k. If v, #

€Y jer SjV{,l’ for £ =0,...,k —1 then the lowest term in vy is evactly order k.

Note that in the single equation case, the condition to get lowest term exactly of order

k is simply 71,1 # 0.

Proof. Expanding the combinatorial Dyson-Schwinger equation, (3.1) or (3.4), in = we see
immediately that the z° term is exactly I. The Feynman rules are independent of z so the
20 term in the analytic Dyson-Schwinger equation is 1 — 1 = 0 due to the fact that we
renormalize by subtractions.

Then inductively the 7 recursion, Theorem 4.1 or 4.14, gives that as a series in x, 7},

has no nonzero term before

zk

— | sien(sr)riy — (k—1) > Isilra | Vo
JER
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The result follows. O

We also can say that 71:,j is homogeneous in the coefficients of the Mellin transforms
in the sense indicated below. This will not be used in the following. For simplicity we will
only give it in the single equation case with one insertion place.

Expand Fi.i(p) = 3251 Myjpip’.

Recall (3.3)

v L= Zxk(l — sign(s)y - 8_,,)178]6(67@ —1)F*(p)
k=1 =0

Taking one L derivative and setting L to 0 we get
==y > aF (1= sign(s)y- 9-p)'FpFii(p)] o0 (43)
ko1

Proposition 4.16. Writing Yk; = > ¢p i 55Mj1 61 " My b, JOT § 2 k we have

that j1 + -+ ju=j — k

Proof. The proof proceeds by induction. Call ji + - - - + j, the m-degree of 74 ;. First note
that Y1,1 = EZ mo, from (4.3).
Assume the result holds for k,j < n.

Then from Theorem 4.2 or 4.10 71, is a sum over s of terms of the form

0751,151 C Vs, s (4.4)

where {1 +---+ ¢, = s and t; + ---t, = n — 1. By the induction hypothesis 7y, ;, has
m-degree t; — £;, so (4.4) has m-degree > t; —> li+s=n—1—s+s=n—1 as desired.
Next from Theorem 4.2 or 4.10 74 j, for k,j < n, is a sum over 1 < ¢ < n of terms of

the form

CY1,iVk—1,j—i (4.5)

By the induction hypothesis -1 ; has m-degree i — 1 and yx_1 1 has m-degree j —i—k+1



so (4.5) has m-degree j — k as desired.
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Chapter 5
Reduction to one insertion place

5.1 Colored insertion trees

From now on we will need to carry around some additional information with our Feynman
graphs. Namely we want to keep track of two different kinds of insertion, normal insertion,
and a modified insertion which inserts symmetrically into all insertion places. Symmetric
insertion does not analytically create overlapping divergences, but simply marking each
subgraph by how it was inserted may be ambiguous as in the example below. We will use
insertion trees to retain the information of how a graph was formed by insertions.

In examples without overlaps, and even in simple overlapping cases, it suffices to label
the divergent subgraphs with one of two colors, black for normal insertion and red for
symmetric insertion. To see that coloring does not suffice in the general case consider the

graph

>0

There are three proper subdivergent graphs; give them the following names for easy refer-

ence

A

>y
I

Q
I

<
>
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Then if A is red while B and C are black then this could represent A inserted symmetri-
cally into XO(Cx or it could represent B inserted into >Q< while B itself is made of A

symmetrically inserted into >Q< and likewise for C.

Definition 5.1. A decorated rooted tree is a finite rooted tree (not embedded in the plane)

with a map from its vertices to a fixed, possibly infinite, set of decorations.

The polynomial algebra over Q generated by (isomorphism classes) of decorated rooted

trees forms a Hopf algebra as follows.

Definition 5.2. The (Connes-Kreimer) Hopf algebra of decorated rooted trees, Hcx, con-
sists of the QQ span of forests of decorated rooted trees with disjoint union as multiplication,
including the empty forest I. The coproduct on Hox is the algebra homomorphism defined

on a tree by

A(T) = ZPC(T) ® RC(T)

where the sum runs over ways to cut edges of T' so that each path from the root to a
leaf is cut at most once, R.(T) is the connected component of the result connected to the
original root, and P.(T) is the forest of the remaining components. The antipode is defined

recursively from S xid = en (as in the Feynman graph situation),

See [10] for more details on Hex. Insertion trees are decorated rooted trees where each
element in the decoration set consists of an ordered triple of a primitive of H (potentially a
sum), an insertion place in the primitive of the parent of the current vertex, and a bijection
from the external edges of the Feynman graph to the half edges of the insertion place. The
second and third elements of the triple serve to unambiguously define an insertion as in

Subsection 2.2.3. Often the insertion information will be left out if it is unambiguous.

Definition 5.3. For a 1PI Feynman graph G in a given theory let F'(G) be the forest of

insertion trees which give G.

From F(G), or even just one tree of F(G), we can immediately recover G simply by

doing the specified insertions. The result of the insertion defined by a particular parent
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and child pair of vertices is unambiguous since all the insertion information is included in

the decoration. The choice of order to do the insertions defined by an insertion tree does

not affect the result due to the coassociativity of the Feynman graph Hopf algebra.
Extend F' to ' : H — Hox as an algebra homomorphism. In fact it is an injective

Hopf algebra morphism by the following proposition.
Proposition 5.4. F(A(G)) = A(F(G)).

Proof. Let v be a (not necessarily connected) divergent subgraph of G. Since G can be
made by inserting 7 into G/7, then among F(G) we can find each tree of F(v) grafted
into each tree of F/(G/v). Cutting edges where F'(v) is grafted into F(G/v) we see that
F(y) ® F(G/v) appears in A(F(G)). The coefficients are the same since each insertion
place for v in G/ which gives G we have a grafting with this insertion information and
vice versa. Finally every cut of F'(G) consists of a forest of insertion trees, which by doing

the insertions gives a divergent subgraph of G. The result follows. O

Now we wish to extend this situation by coloring the edges of the insertion trees.

Definition 5.5. Let T be a decorated rooted tree with edge set E. Define an insertion
coloring map to be a map f: E — {black,red}. If T is an insertion tree when call T with

f a colored insertion tree.

Definition 5.6. For a colored insertion tree define the coproduct to be as before with the

natural colorings.

To translate back to Feynman graphs think of the edge as coloring the graph defined by
the insertion tree below it. The result is a Feynman graph with colored proper subgraphs.
The coproduct in the tree case forgets the color of the cut edges. Correspondingly in the
Feynman graph case the color of the graphs, but not their subgraphs, on the left hand

sides of the tensor product are forgotten.

Proposition 5.7. Colored insertion trees form a Hopf algebra with the above coproduct

which agrees with Hox upon forgetting the colors.
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Proof. Straightforward. O

Call the Hopf algebra of colored insertion trees H.. In view of the above R : H — H,
by taking R : H — Hcok and coloring all edges black.
Analytically, black insertion follows the usual Feynman rules, red insertion follows the

symmetric insertion rules as defined in subsection 2.3.3.

Definition 5.8. For v a primitive element of H or H., write Rl : H. — H,. for the
operation of adding a root decorated with v with the edges connecting it colored red. Also
write Bl : He — H, for ordinary insertion of Feynman graphs translated to insertion trees
with new edges colored black. Note that this is not the usual By on rooted trees in view

of overlapping divergences.

When working directly with Feynman graphs R} corresponds to insertion with the
inserted graphs colored red and no overlapping divergences.

Another way of understanding the importance of Definition 3.1 and Theorem 3.3 is
that Zio Bi’m is the same whether interpreted as specified above by By on Feynman
graphs translated to H,, or directly on H. simply by adding a new root labelled by v and

the corresponding insertion places without consideration for overlapping divergences.
Lemma 5.9. R} is a Hochschild 1-cocycle for H.

Proof. The standard By of adding a root is a Hochschild 1-cocycle in Heg, see [10, The-
orem 2|. Edges attached to the root on the right hand side of the tensors are red on both
sides of the 1-cocycle identity. The remaining edge colors must also satisfy the 1-cocycle
property which we can see by attaching this information to the decoration of the node

which is further from the root. O

5.2 Dyson-Schwinger equations with one insertion place

To reduce to one insertion place we need to show that we can write Dyson-Schwinger

equations in which only involves Ris but which, results in the same series X" which
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contains only black insertions. We can achieve this recursively, while viewing H — H,.

Suppose our combinatorial Dyson-Schwinger equation is as in (3.4)

t
X"(x) =1 — sign(s,) Z Z ka_lf_’i;T(Xer).

E>1 i=0

Then, using [-] to denote the coefficient operator as in Definition 2.2, define

q; = —sign(s;)[ ZB“T
n—1 -
d;, = —sign(s,)[a"1X" +sign(s,) Y B (" HX7 Q")
k=1
n o =
=3 ST BY (X Q) +sign(s,) Y R (2" xTQY)
k=1 i=0 k=1

In order to know that the ¢, are well defined we need to know that they are primitive.
Proposition 5.10. g, is primitive forr € R and n > 1.

Proof. First note that B4 (I) is primitive for any By and the sum of primitives is primitive,
so ¢f is primitive for each r € R.

Then inductively for n > 1

n by n—1
_ Z Z(ld Q B_k'}—,i;?")( [ n—k XTQk Z ld ® qu nfk]Xer)
k=1 1i=0 k=1
n ) n—1 ,
+ Z > B HXTQM @ 1= Y R (2" MXTQM) @ T
k=1 i=0 k=1

n th n—k '
_ ([J:Z]Xer ® B_]T_,ET([xanfk]Xer))
k=1 i=0 ¢=0

-1
- (1X7Q © B (" H1x7QY) + g @ 1
=1 /=i

3
3
B

Eod
o~
o

=1l®q +q, I
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n—1n—~¢ 125
+ Z Z [xf]Xranf ® Z Bj:_,z;r([xnfffk]Xer) o R(_]f ([xnféfk]Xer)
(=1 k=1 =0
n—1
=1eq+gol-Y (21XQ"" & (G - )
(=1

=1l®q +q, L

O
Theorem 5.11.
X" =1-sign(s,) Y "R (X" Q).
k>1
Proof. The constant terms of both sides of the equation match and for n > 1
—sign(s,)[z"] Y a* RE(XQF) = —sign(s,) Y 2" RY (2" M X7 Q¥)
k>1 k=1
n—1 .
— —sign(s,)aj, — sign(s,) > a* R ([ 4] X7 QF)
k=1
= [z"]X".
O

The interpretation of the Theorem is that we can reduce to considering only red inser-
tion, that is to a single symmetric insertion place.

In simple cases we can avoid the not only the insertion trees, but also the subgraph col-
oring, and literally reduce to a single insertion place in the original Hopf algebra. However
this cannot work with different types of insertions or with vertex insertions where each
vertex can not take an arbitrary number of inserted graphs. Consequently such simple

examples can only arise with a single type of edge insertion as in the following example.
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Example 5.12. Suppose we have the Dyson-Schwinger equation

1 1

where we insert into both internal edges. In this case we need not resort to red insertion
in order to reduce to one insertion place.

Let

1
Q1:§{}

where we only insert into the bottom edge and let

1
ijl—me<)
+ X12

Then to order 3 we have that

X=1-21 - ~a2-O _x?»(l Ll ﬁ@)

and

SO

1 % 1 1
q2:O and q3:§ —E@——@

where in the first graph of g3 we insert only in the bottom edge of the bottom inserted
bubble, in the second graph we insert only in the bottom edge of the leftmost inserted
bubble, and in the third graph we insert only in the bottom edge of the rightmost inserted

bubble.

Note that ¢3 is primitive. Let

1 1
Xo=1—2zB" <> — 23B®B <>
+ X12 + XS
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The order 2* we have

X =1-03 O =025 o (3O 4B+ 40 )
_$4<;$& +%A +%@ +é® +i®
piBY e gm)

8 4
and
1 91 31 3 5D
X2=1—x7{} - 5@ —z 5@ +§
A3 > Ly (e (3 oy 3 o
8 4 2 8 8
IRNZ N W
8 8
where the first 2 lines come from inserting Xs into ¢; and the third line comes from inserting

X into qs.

Consequently let
%224@p_éJQL_EA@u+%J%L+é4&L

which we can check is primitive. Continue likewise.
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Reduction to geometric series

6.1 Single equations

Let D = sign(s)y - 0_, and Fi(p) = .5, Fr.i(p) so the Dyson-Schwinger equation (3.3)
reads

v L=3"a*(1 - D) (e — 1)Fr(p)
k>1 p=0

Only terms L7z* with k > j > 1 occur by Lemma 4.15 so this series lies in (R[L])[[z]].

Then we have the following

Theorem 6.1. There exists unique r,r; € R, k> 1,1 <1i <k such that

Y (1= D) e — 1) Fy(p)

p=0

L
— Zxk(l _p)lsk(eLe [ TRy Z Thjil

% p(L=p) 1<i<k P

p=0

Proof. For ¢ > 0 the series in z
l‘k(l . D)l—skp€|p:0

has no term of degree less than k+ /¢ since v;(x) has no term of degree less than ¢ by Lemma

4.15. It follows that

1

21— Dyl-sk(e—Le _
(1= Dy 1>p(1—p) p=0

— 7ka + O(CE]H_I)
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and
k 1-sk( —L r
(1 — D) (e7 P —1)

= Ltk 4 O@zF )
p

p=0
Now expand

oo
Fii= Z Frip

j=-1

and define r,, 7, ; recursively in n so

S k(1= D) — 1) Fy(p)
k

p=0
Lt
=Y Aa-D) e -y (e Y L +0(a"t).
! Pl=p) S P p=0
This is possible since as noted above the coefficient of 2™ in Y, 2%(1 — D)1=5F(e=Lr —
1)Fi(p)|p=0 is a polynomial in L with degree at most n — 1. O

The meaning of this theorem is that we can modify the Mellin transforms of the prim-
itives to be geometric series at order L. The higher powers of p in the Mellin transform of
a primitive at k loops become part of the coefficients of primitives at higher loops. Note

that there are now terms at each loop order even if this was not originally the case.

Example 6.2. Consider the case s = 2 with a single By at order 1 as in Example 3.5.
Write
e .
F=73" fir
j=—1

then computation gives

r1=f-1
ro =f21 — f-1fo
2,1 =0

rs =213 + 2 (—4fo + f1) + fo1 f3
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rs1=— 21+ 21 fo
r3,2 =0
ra =24+ [21(=12fo + 61 = fo) + 210905 = 3fof1) — ffg
ran == [+ f21(6f0 — 2f1) = 321 f3
P = L gy
r4,3 =0
rs = —10f2, + f2(—6fo +18f1 — 8fa + f3) + f3,(40f2 — 32fo f1 + 4fofa + 2f2)

+ f2(-16f8 + 63 f1) + f-1fo

These identities are at present still a mystery. Even the coefficients of f* 1 in 73 do not

appear in Sloane’s encyclopedia of integer sequences [28] in any straightforward manner.

In the case
-1
p(1=p)(2—=p)(3—p)

as in the ¢3 example from [5], the above specializes to the also mysterious sequence

F(p) =

7"' — }
T 6
5
T9g = — 673 7’271 =0
14 -5
=T 31 = 6T 3,2 =0
563 —173 —-35
T4 :ﬁ T41 = 66 T4,2 :6T
13030 .
rs = 69
194178
re — — T

Note that even if the coefficients of the original Mellin transforms are all of one sign

the r; may unfortunately not be so.
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6.2 Systems

As in the single equation case we can reduce to geometric series Mellin transforms at order

L.

Theorem 6.3. There exists unique Ti,T’ii eER, kE>1,1<1i1<k, j€ER such that

>t =sign(s ) 0-,) 7t [T (1= sign(s)n70-,) " (7 — 1)FM(p)

k>1i=0 jER~{r} p=0
ti
— Z Z xk(l — sign(s;)y" 8,/))1_5’"’“ H (1-— sign(sj)vjﬁ,p)_sjk
k>11i=0 JER~{r}
r r 7
(e-bp _ 1) Tk " Z Tl

Proof. The proof follows as in the single equation case with the observation that for ¢ > 0
zF H(l +’}/j . 8_p)7sjk+1p8|p:0
JER

still has lowest term zFt7. O



Chapter 7
The second recursion

7.1 Single equations

Reducing to geometric series Mellin transforms at order L allows us to write a tidy recursion

for v1. Again let D = sign(s)y - 0—, and Fi(p) = Ek:() F.i(p). By Theorem 6.1 we have

il
v L= k(=D et 1y [ 3 TR (7.1)
k

Taking the coefficients of L and L? gives

I—0p

_ 2R(1 — p)i-sk Tk _
72—%: (1-D) <p2(1p) k,1>

"= zk:xk(l — D)tk <_”“>

So

4292 =Y 21— D) F(—ry, — 2rpy)
k p:O k

where p(k) = —rj, — 2r 1. Then from Theorem 4.2 or 4.10
" = P(x) = 272 = P(x) — 7(sign(s) — [s[xdz)m

giving
Theorem 7.1.

n(x) = P(x) — 7 (z)(sign(s) — [s|2d:)m (z)
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or at the level of coefficients

n—1

Yn =p(n) + Y _(|slj — sign(s))y1,/710
j=1

Notice that in defining the r; and r; we only used a geometric series in the first case.
Specifically, we used 1/(p(1—p)) for ry, but 1/p for r; ;. We could have used 1/p in all cases;
then one L derivative would give 1 (z) = 3" rrz* so all the information of 7; is in the 7, we
learn nothing recursively. The choice of a geometric series at order L was made to capture
the fact that conformal invariance tells us that the Mellin transform will be symmetrical
when p+— 1 — p, and it also entirely captures examples such as the Yukawa example from
[5] and Example 3.5. On the other hand choosing to use a geometric series for the 7 ; as
well would not have resulted in a tidy recursion for v; using these techniques. We hope that
the choice here gives an appropriate balance between representing the underlying physics
and giving tractable results all without putting too much of the information into P(z).

Another important question is how to interpret P(x). In cases like the Yukawa example
of [5] where the various reductions are unnecessary, then P(z) is simply the renormalized
Feynman rules applied to the primitives. In that particular example there is only one
primitive, and P(x) = cz for appropriate c. In the general case we would like to interpret
P(x) as a modified version of the renormalized Feynman rules applied to the primitives.
For the first reduction this is a reasonable interpretation since that reduction simply makes
new primitives, either within the Hopf algebra of Feynman graphs or more generally. For
the second reduction the idea is that the geometric series part of each Mellin transform is
the primary part due to conformal invariance. At order L the rest of the Mellin transform
gets pushed into higher loop orders, while at order L? the reduction is a bit more crass.
This information together gives the r and the r;; and hence gives P(x). So again, in
view of the previous paragraph, we view this as a modified version of the Feynman rules

applied to the primitives.
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7.2 Systems

Theorem 6.3 gives us

v L

123
= Z Zwk(l — sign(s,)y" - O_,) 7k H (1 —sign(s;)y/0_,) %"

k>1 i=0 JERN{T}
r r 7
Tk rk,iL

7L_ kg
=1 p(l—p)+H p

1<i<k

p=0

As in the single equation case we can find tidy recursions for the 4] by comparing the

coefficients of L and L? in the above. We get

L—p

== a1 —sign(s,)y"-0-,)' " F [ (1—sign(sj)y? - 0-,)**
k JERN{T}

|p:0
and

2v5 = Z 2¥ (1 — sign(s,)y" - Ofp)l_s’”k H (1 — sign(s;)y” - 6#))_8]%
k JERN{r}

Thus letting p"(k) = —r}, — 2}, ; and using the first recursion (Theorem 4.1 or 4.14)

W= pF(k)at — 295 = " p (k)ak —sign(s,)7] (@)% + D [s5]7] (2)20a7 ()
k>1 k>1 JER

giving
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Theorem 7.2.

= Y () - sign(s @ + X s )0t (2)

k>1 JER
or at the level of coefficients
n—1 n—1 )
Vip =p"(n)+ Z(‘Sr‘i — sign(s;)) Vi1 n—i + Z Z(‘Sj‘i)’}’{,nfﬂii
i=1

JER i=1
J#T

7.3 Variants

The value of the reduction to geometric series is that if F'(p) = r/(p(1— p)) then p?F(p) =
pF(p) — 1. However this reduction is rather crass, particularly for higher orders of L, so it

is worth considering other special forms of F' as in the following example.

Example 7.3. Consider again the ¢* example from [5] as setup in Example 6.2. We have

s =2 and

SO

PO = e G )

1 p_161p2+6p

- 6<L%u—>@ P pJ
1
6

11

+PF() G0 F o) + 0 F(p)

This gives that

m=—z(1—7-8_,) " pF(p)]p=0

1 - _
=—x(1—7-0-p) "lpmo — 2(L =7 9_,) " p*F(p)|p=0

6
11 1 _
Fx(l -7 8—p) 1p3F(p)|p:0 - éx(l -7 8—p) 1P4F(p)|p:0
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X
=5~ 270 — 11793 — 4.

In view of Theorem 4.2 or 4.10, which in this case reads

= () (1~ 200,) 31 (2,

we thus get a fourth order differential equation for «; which contains no infinite series and

for which we completely understand the signs of the coefficients.



Chapter 8
The radius of convergence

8.1 Single equations

We see from the second recursion, Theorem 7.1, that if > p(k)z* is Gevrey-n but not
Gevrey-m for any m < n, then ~; is at best Gevrey-n.

Of most interest for quantum field theory applications is the case where only finitely
many p(k) are nonzero but all are nonnegative and the case where p(k) = c*k! giving
the Lipatov bound. In both cases > p(k)2* is Gevrey-1. Also for positivity reasons we
are interested in s > 1 or s < 0. Thus for the remainder of this section the following

assumptions are in effect.

Assumption 8.1. Assume |s| > 1 or s < 0. Assume p(k) > 0 for £ > 1 and

> P )

E>1
has radius of convergence 0 < p < oo and is not identically zero.

Under these assumptions ~; is also Gevrey-1 and the radius is the minimum of p and
1/(sa1) (where we view 1/(sa1) as +o0 in the case a; = 0) the proof of which is the content

of this section.

Definition 8.2. Let a, = v ,/n!, A(z) = En21 anx™, and let p, be the radius of conver-

gence of A(x).
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Then a; =11 = p(1) and

pln) n\ !
an == F (Is]s — sign(s)) ajan—;
St

p(n) 1 nl n\

2O LSl = sen(s) + (=) — sea(s) () s

j=1

p(n) n o\t

=—5+ (|S|§ — s&gn(s)) E:l (j) ajan—;j (8.1)

j:
Inductively, we see that ai, ao, ...are all nonnegative

Note that if s =1, p(1) > 0, and p(n) = 0 for n > 1 then a; = p(1), a, =0 for n > 1
solves the recursion. In this case p, = p = 0o, but 0 < 1/(|s|a1) < co. This boundary case

is the only case with this behavior as we see in the following Proposition.

Proposition 8.3. Suppose that either s # 1, or p(n) > 0 for some n > 1. Then p, <

min{p, 1/(|sla1)} where 1/(|s|la1) = oo when a; =0

Proof. Take the first and last terms of the sum (8.1) to get

p(n)

an > =5

n—2
+ |8| n a1an—1 (82)

for n > 2. In particular

ap 2> —=

p(n)
n!

50 pg < p. Further if a; and at least one a;, j > 1 are nonzero then by (8.2) a, > 0 for all

n > j, since the p(n) are assumed nonnegative. In this case, then, we also have

an—1 n

an, ~— (n—2)ayls|

and so pg < 1/(|sla1). The inequality p, < 1/(]s|a1) also holds by convention if a; = 0.
Finally suppose a1 # 0 but a,, = 0 for all n > 1. Then p(n) = 0 for all n > 1, and, from

(8.1) for n =2, s = 1. This is the case we have excluded. The result follows. O
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For the lower bound on the radius we need a few preliminary results. First, some simple

combinatorial facts.

Lemma 8.4.

forn,k€eZ, n>k>0.

Proof.

O
Lemma 8.5. Given 0 <0 <1
1/n g—i+1
()1
n\J J
for1<j<0n andn > 2.
Proof. Fix n. Write j = An, 0 < A < 6. Then using Lemma 8.4
1/n 1 n n)\nfl Af)\’riri’l 97j+1
— .| == > = > -
0) =)= o =25
O

Second, we need to understand the behavior of ) a,z™ at the radius of convergence.
Lemma 8.6.

sl d

Ax) < f(@) + ols|(1+ QA (Br)A(x) + o -

<$2A2(991‘>> + P.(x)

for all0 < 0 < 1/e, € > 0, and 0 < x < pg, where P.(x) is a polynomial in x with

nonnegative coefficients.
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Proof. Take 0 < 6 < 1/e and € > 0.

an —p@ + (15l —sien(s)) > (") s

|
n PV
p(n) n\ ! n—+2 n\ !
</ +lsl(n+2) ) ajan—j + s ) ) ajan—;
n! - J 2 ; J
1<5<6n On<j<n—6n
—1
p(n) n+2 i n n+2
==t |s| - E 7 ajan—; + |s| o] 5 g ajan—j
1<j<0n n<j<n—0n
by Lemma 8.5

e s
= + |5 " Z je’ 1ajan_j+‘2‘(n+2)09" Z ajan—;j

1<5<0n On<j<n—6n

by Lemma 8.5 and since (z/n)* is decreasing for 0 <z < n/e

Thus for n sufficiently large that (n + 2)/n < 1+ € the coefficients of A(x) are bounded

above by the coefficients of

f(x) +z|s|(1 + e)A'(0x)A(z) + ’;mjx <x2A2(903:)) .

Adding a polynomial to dominate the earlier coefficients of A (x) we get that the coefficients

of A(z) are bounded above by the coefficients of

|s| d

f(x) +z|s|(1 +e) A (0x)A(z) + %% d

<x2A2 (0%:)) + P.(x).

Since all coefficients are nonnegative, for any 0 < x < p, we have

A(x) < (@) + a]s|(1+ ) A’ (b)A(x) + ';'d (+242(672)) + P(w).

- x dx

Lemma 8.7. If p, < p and p, < 1/(|s|a1) then A(p,) < co.
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Proof. Consider Lemma 8.6. Choose 6 > 0 and € > 0 so that

1
S+ A (Gp0)

Pa < (8.3)

which is possible since limg_.g A’(6z) = a1 and p, < 1/(|s|a1). Letting x — p, we see that

lim A(z) < C+ pals|(1+¢€)A'(0p,) lim A(x)
T—pq,

T—pPq

where C' is constant, since 8% < 1, and p, < p. So

(1 — pals|(1 +€)A’(0p,)) lim A(x) < C.

T—pq
But by (8.3), 1 — pa|s|(1+€)A’(0pg) > 0, so A(p,) < . O
Lemma 8.8. If p, < p and p, < 1/(|s|a1) then A(x) is unbounded on 0 < x < pq.

Proof. Take any € > 0. Then there exists an N > 0 such that for n > N

n—1

p(n)

an < ==~ + |s|laian—1 + € E Ajln—j
n!
Jj=1
Define
if p(n) n—1 )

G, if ap, > 57 + |s|cica—1 + er:1 CjCn—;
Cp =

p(

Tn!) + |slcien—1 + 62;;2—11 cjcn—j otherwise (in particular when n > N)

In particular ¢; = a;. Let C(z) = >, cpz™ (which implicitly depends on €) have radius

Pe. Since an < Cp, pg > pe. Rewriting with generating series
C(z) = f(z) + |s|a1xC(x) 4+ eC?*(x) + P.(z)

where P.(z) is some polynomial. This equation can be solved by the quadratic formula.
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The discriminant is

Ac = (1~ |sla1z)? - 4e(f(z) + Pe()).

pe is the closest root to 0 of A..
By construction, the coefficient of 2™ in P,(z) is bounded by a,. Suppose A(p,) < oo.
Thus f(pa) + Pe(pa) < f(pa) + A(pa). By the nonnegativity of the coefficients of f and P,

then f(z) + P.(z) independently of € for for 0 < x < p,. Thus
lin% A= (1 - |s|aipa)?

for 0 < x < pg. So

1
> Pa Z Pe T
|slay |s|a1
as € — 0 which is a contradiction, giving that A(z) is unbounded on 0 < z < pj. O

Proposition 8.9. p, > min{p,1/(|s|a1)}, where 1/(|s|a1) = co when a; = 0.

Proof. Suppose on the contrary that p, < p and p, < 1/(|s|a;) then Lemmas 8.7 and 8.8

contradict each other so this cannot be the case. O
Taking the two bounds together we get the final result

Theorem 8.10. Assume ) ;. o¥p(k)/k! has radius p. Then > x"y1 ,/n! converges with

radius of convergence min{p,1/(sy1,1)}, where 1/(|s|y1,1) =00 if y11 =0.

Proof. Immediate from Lemmas 8.3 and 8.9. O

8.2 Systems

Now suppose we have a system of Dyson-Schwinger equations as in (3.4)

th
X"(z) =1 — sign(s,) Z Z 2F BRI XTQF)

E>1 i=0
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for r € R with R a finite set and where
Q=[x
reR

for all r € R.
To attack the growth of the 7] we will again assume that the series of primitives is

Gevrey-1 and that the s, give nonnegative series.

Assumption 8.11. Assume s, > 1 or s, < 0 for each » € R. Assume that

Z xkpr(!]@ _ fT(ZL‘)

k>1 &
has radius 0 < p, < oo, p"(k) > 0 for k£ > 1, and the f"(z) are not identically 0.
We’ll proceed by similar bounds to before.
Definition 8.12. Let aj, =97, /n! and A"(z) = 3_, -, apa™.

Again the a are all nonnegative.

Then

o= O S st (1) S et () s

i=1 JER =1
J#T

Proposition 8.13. For all v € R, the radius of convergence of A" (x) is at most

. 1
min< pp, ———
{ Yjer |silal }

interpreting the second possibility to be oo when Y .cp |sjlag = 0.

Proof. Taking the last term in each sum of (8.4) we have

p'(n) | n—2
a2 S S sglad | e
' JER
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Let b], be the series defined by b] = a’ and equality in the above recursion. Then argue as

in the single equation case, Proposition 8.3, to get that the radius of A"(z) is at most
| { 1 }
min ¢ pp, ————— ».
ZjeR |sjlai

Proposition 8.14. The radius of convergence of Y, . A™(x) is at least

. 1
min < pp, —————
reR { djer |sjla} }

interpreting the second possibility to be co when ) cp |sjlal = 0.

Proof. The overall structure of the argument is as in the single equation case.

The equivalent of Lemma 8.6 for this case follows from

"(n) n ; i, ; n\ !
ILED BLC SRR BIVED AR D B CRSH EAC 4

reR reR JER reR rjeER i=1
p'(n)  n+2 j
B S AGRE S I
reER JER reR
n—2 n —1
max(os 30+ 1) () (Z) (Zaz>
J =2 rerR rer
p'(n)  n+2 j
B ARSI
reR JER reR
1
n
smax(lshn+2) 3 (") (Z) (Za;")
J 2<i<6n rerR rer
n+ 2 n\ !
o)™ S () (S ()
J On<i<n—60n reR reER

for 6 as in Lemma 8.6 with ) _» A”"(z) in place of A(z), where A"(x) = > a"(n)z". Then
continue the argument as in Lemma 8.6 with ) 5 f"(z) in place of f(z) and max;(s;) in

place of s, and using the second term to get the correct linear part.
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For the argument as in Lemma 8.8 Take any € > 0 then there exists an N > 0 such

that for n > N we get

n—1

p"(n) : :
an < = [ D Isslal | al €D aja

JER i=1 jER

Taking C"(z) to be the series whose coefficients satisfy the above recursion with equality

in the cases when this gives a result > a], and equal to a, otherwise we get

C'(x) = f"(x)+ | D Isjla] | 2C"(x) + €Y C"(2)C/(x) + P! ()

JER JER

where P! is a polynomial.

Summing over 7 we get a recursive equation for ) ., C"(z) of the same form as in
the single equation case. Note that since each C” is a series with nonnegative coefficients
there can be no cancellation of singularities and hence the radius of convergence of each

C" is at least that of the sum. Thus by the analysis of the single equation case we get a

lower bound on the radius of 3, A"(z) of minser{ps,1/> e ]sj]a{}. O
Proposition 8.15. Each A®(x), s € R, has the same radius of convergence.

Proof. Suppose the radius of A®(x) was strictly greater than that of A"(z). Then we can
find 8 > § > 0 such that

a, > p[">d" >a;
for n sufficiently large. Pick a k > 1 such that a7 > 0. Then

|5, |klag a s |sr|klag
n-o--(n—k+1) " n..(n—k+1)

sk s\ F k!
— >
|sr|as <ﬁ> n---(n—k+1)

which is false for n sufficiently large, giving a contradiction. O

ﬁn—k

0" > ay >

SO
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Theorem 8.16. For allr € R, Y a" ,/n! converges with radius

min{pr, 1/ 15171}

JER
where the second possibility is interpreted as oo when Z]ER |sj]7{71 =0.

Proof. Take s € R such that ps is minimal.
Since we are working with nonnegative series the radius of A®(x) is at least that of

> rer AT(z). Hence by Lemmas 8.13 and 8.14 A®(z) has radius exactly

i 1 Jadl.
min{pr,1/ > |sjlai}

JER

Thus by Lemma 8.15 all the 3 ap2™ have the same radius minyer{pr,1/ 3 ;cr |sj|a{}
O

8.3 Possibly negative systems

Let us relax the restriction that p"(n) > 0. It is now difficult to make general statements

concerning the radius of convergence of the A" (z). For example consider the system

=1 J
2 p*(n) = 2 2 n -
an = —, +Z(]+1)ajan_j<j> +22]a] a, _ J< >
j=1
so s1 = 2 and sy = —1. Suppose also that
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Then a2 = 0 and inductively a2 = 0 for n > 2 so the system degenerates to

1 _p(n) S 1.1 (T e 11
a, = + 2(2] - Daja,_; i T
al ifn=1

0 otherwise

We still have a free choice of p'(n), and hence control of the radius of the a! series. On
the other hand the a? series trivially has infinite radius of convergence.

Generally, finding a lower bound on the radii of the solution series, remains approach-
able by the preceding methods while control of the radii from above is no longer apparent.

Precisely,

Theorem 8.17. The radius of convergence of >, -4 x”’y{’n/n! is at least

. 1
rer 1 i |
ZjeR ’3j|71,1

where the second possibility is interpreted as oo when }_cp \sj]*yil =0.

Proof. for any € > 0

r ‘pr(n)’ 7 r = . . T n -1
lap) < |3 Isilad | laal + 3 (seli = sign(s ) llafaf, )

n!
JER 1=1
n—2 ) n —1
# Y Il ()
jER i=1
JFr
-1
[p"(n)] : S :
< S D Isilat|lanoal ey Y laflla )
’ JER i=1jER

So, for a lower bound on the radius we may proceed as in the nonnegative case using the

absolute value of the coeflicients. O



Chapter 9
The second recursion as a differential equation

In this final chapter let us consider the second recursion derived in Chapter 7 as a differential

equation rather than as a recursive equation. That is, in the system case

Yi(x) = Pr(x) = sign(s,)7i (@)” + | Y Isji (@) | 2071 (x) (9.1)
JER

as r runs over R, the residues of the theory. While in the single equation case
my1(z) = P(x) — sign(s)y1(2)” + sl (@)zdemn («) (9.2)

The parameter m was added to keep the QED example in the most natural form, however
it is not interesting since since we can remove it by the transformation v (x) — myi(x),
P(z) — m?P(z).

No non-trivial results will be proved in this chapter, we will simply discuss some features
of some important examples. More substantial results will appear in [31].

As a consequence of the renormalization group origin of the first recursion discussed in

section 4.1 the B-function for the system shows up as the coefficient of (77)'(x), namely

Blx) =z |sj|r(z)

JER

in the system case and

Bx) = x[s|yi(x)
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in the single equation case. Consequently this differential equation is well suited to im-
proving our understanding of the S-function.

In particular in the single equation case, we see immediately from (9.2) that any zeroes
of f(z) must occur either where P(x) = 0 or where ] (z) is infinite. The second of these
possibilities does not turn out to be physically reasonable as we will discuss in more detail
below. The system case is not quite so simple. Assume [(x) = 0. If we rule out infinite

(7])(x), then we can only conclude that for each r € R

71 (@) + sign(s;)7] (2)* — Pr(z) = 0.

In order to extract further information in both the single equation and the system case
we will proceed to examine plots of the vector field of (77) (), first in some toy single
equation cases, second in the case of QED reduced to one equation, and finally in the 2

equation example of ¢*.

9.1 Toys

First let us consider a family of examples which are simpler than those which occur in full

quantum field theories, namely the family where m = 1 and P(z) = =.

9.1.1 The case s =2

If we set s = 2 we get the situation explored in [5] which describes the piece of massless
Yukawa theory consisting of nestings and chainings of the one loop fermion self energy into
itself as discussed in Example 3.5. The second recursion viewed as a differential equation
is

(@) =2 = @)1 - 220:)7(2).

Broadhurst and Kreimer [5] solved this Dyson-Schwinger equation by clever rearranging

and recognizing the resulting asymptotic expansion. The solution, written in a slightly
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Figure 9.1: The vector field of v} (z) with s =2, m = 1, and P(z) = z.

different form, is given implicitly by

with integration constant C'.

We can proceed to look at the vector field of ] (z), see Figure 9.1.

We are primarily interested in the behavior in the first quadrant. Of particular interest
are possible zeros of solutions since, in this simple single equation situation, zv;(x) = ()
where ((z) is the g-function of the system.

From the figures we notice a family of solutions which come down to hit the = axis
with vertical tangent. These solutions have no real continuation past this point. These
solutions are consequently unphysical. It is not clear from the figure whether all solutions
have this behavior. One of the major goals of [31] is to find conditions guaranteeing the

existence of a separatrix.
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Figure 9.2: Solutions which die in finite time along with the curve where v} (z) = 0.
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Figure 9.3: The four loop approximation near the origin.
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Viewing the vector field near the origin can be quite misleading, since it appears to
have both types of behavior simply because all the solutions have the same asymptotic
expansion at the origin. Additionally this implies that the apparent, but potentially false,
separatrix is well matched by the first four terms of the asymptotic expansion as illustrated
in Figure 9.3. Of course given that we have a recursive equation and an implicit solution
we can easily calculate the asymptotic series out to hundreds of terms [5], and the use of
a four loop approximation is merely meant to be illustrative.

Another simple observation is that we can derive the equation for the curve where the
solutions are horizontal by solving for 4 (x)

sy @) i) —a
N = 29?711(37)

and then solving the numerator to get the curve

—1++v1+4x
Yy=——5—
2

illustrated in Figure 9.2.

9.1.2 Other cases

Let us return to general s while maintaining the assumption m = 1, P(z) = z.
The case s = 0 is degenerate, giving the algebraic equation v;(z) = x — v1(x)? with

solutions

B —1++v1+4x

Y1() 5

From now on we will assume s # 0.

We can obtain implicit solutions for a few other isolated values of s using Maple

s=1my(x)=x+zW <Cexp (—11:3:)),

5= g A(X) — 232184 (X) = C (B (X) — 2323 B (X )) where X =

1+7(z)
22/322/3
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Figure 9.4: The vector field of 4} (z) with m = 1 and P(z)

on s > 0.

3:(n(z) + DA(X) - 2224 (X)

S

where X

(1+(x)?+ 2z
94/3,2/3

where A is the Airy Ai function, B the Airy Bi function and W the Lambert W function.

Qualitatively the vector fields are rather similar, see Figure 9.4. The same qualitative

picture also remains for values of s > 0 where we do not have exact solutions. For s < 0

the picture is somewhat different, see Figure 9.5, but we still see solutions which die and

can still ask whether there are solutions which exist for all z > 0
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Figure 9.5: The case P(x) = x and s = —2. A typical example with s < 0.

In the case s = 1, 1 (x) = z is manifestly a solution, so there are solutions which exist
for all x for some values of s. v1(z) = « is illustrated in Figure 9.6.

Note also that we can, as before, calculate the curve where solutions are flat for general
s, and it depends only on the sign of s since

[ = 21@) Fsign(shi(e) — @
|s|lzy1 ()

giving the curve

-1+ /1 +sign(s)dz
Y= 9 .

9.2 QED as a single equation

In this section we are interested in the case where m = 2, and s = 1 in (9.2). In view of
the Ward identities and the work of Johnson, Baker, and Willey [19] the QED system can

be reduced by a suitable choice of gauge to the single equation with those values of m and
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Figure 9.6: The case s = 1 compared to the curve v1(z) = x

s describing the photon propagator.

The first question is how to choose P(z). To 2 loops

X 562

To 4 loops we need to correct the primitives in view of the reductions of the previous

chapters. Values are from [16].

2
P@):%4¥%~%@00m2+00mmnx3+@0ﬁ%5+00&ﬁ@x4

In the first of these cases little has changed from the simple examples of the previous
sections. At 4 loops, however, P(0.992...) = 0 which causes substantial changes to the
overall picture, see Figure 9.7.

This zero in P(z) is expected to be spurious, due only to taking the 4 loop approxima-
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Figure 9.7: The vector field of v{(z) for QED with different choices for P(z).

tion out beyond where it is valid, and the qualitative behavior of the solutions looks much
more familiar if we restrict our attention to 0 < z < 0.992..., see Figure 9.8.
Note that if P(z) > 0 for x > 0 then by the same analysis as in the P(z) = = case we

can determine the curve where the solutions are flat. The curve is

y:

—1+4/1+4P(z)
5 .

The first four loops of perturbation theory give a good approximation to reality, and
also as expected match the apparent separatrix for small values of x, which is illustrated

quite strikingly in Figure 9.9.

9.3 ¢

Let us now consider ¢* as an example which legitimately leads to a system of equations, but
for which it remains possible to create illustrations, and perhaps even to analyze. Taking
advantage of the graphical similarity between the vertex and propagator in ¢* and the

symbols + and — respectively we will write the specialization of (9.1) for ¢* as the system

W (2) = PH(2) + 7 (@)* + (0 (@) + 297 (2))20:7 ()
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1 (2) = P (2) = 77 (2)* + (3 (2) + 297 (2))20:77 (2)

The values of 7;" and 7; up to order z° can be obtained from [20] and hence so can
those of P and P~. Close to the origin we see a distinguished solution, see Figure 9.10.
As in subsection 9.1.1, this may not indicate a solution which exists for all z, but we hope
that this solution is physical.

There are many tantalizing features appearing in these examples which will hopefully
be the genesis for future work linking to different fields. The equations derived in Chapter
7 seem considerably more tractable than the original Dyson-Schwinger equations when
viewed either as recursive equations or as differential equations. They have already led to

physically interesting results as in Chapter 8 and hold much promise for the future.
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