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For U € C, H(U) is a complex algebra under pairwise addition and multiplication.

We would like to define a topology on H(U) which we shall call the topology of uniform convergence (Also
known as the compact-open topology). To do this we will construct open sets using seminorms.
Definition 0.1. A seminorm on an C-vector space X is a map p : X — R™ such that:

plz+y < p(z) + py) Y,y X
p(yx) = vlp(x) Ve X,yeC

We note that a norm has the additional property that p(z) = 0 if and only if « = 0.

For each compact subset, K € U, we define || - ||k as:

1fl|x = sup |f(2)]-
zeK

Note that || - ||k is a seminorm on H(U).
Definition 0.2. A neighbourhood basis at a point g € H(U) is a set {f € H(U) : ||f — gl|lx < €} for some
eeR.

To define a topology on H(U) we shall look at the following theorem that defines a topology on a more
general space.
Theorem 0.3. Let V' be a vector space over (C\R) and (p;)icr be a family of seminorms.

For F C I finite define:

Ure =Nicr{z € V : p(x) <€}

Define

UM = {Upp:e>0,F CI finite}

and

r={0CV:VYxeO03U e s.t. x +U C O}.

Then T defines the open sets of a topology on V.



Proof. To prove that 7 defines a topology on V' we need to show that it satisfies the three axioms of open
sets.

1. V,0 € 7. (trivial)

2. 7 is closed under union. (take x € O and then take the ¢ and F' from whichever set of the union it
comes from)

3. 7 is closed under finite intersection. (take z € O and then take minimum ¢; and union of F} of each
intersecting set)

O

We can also make H(U) a metric with the following measure:

o~ 27 "pu(z —y)
d(x,y) = — = Va,yeV,
(.9) ngo L+ pp(z —y)
where p, = || - ||k, for some nested sequence of compact subsets of U, {K,}.

Theorem 0.4. Let (f;)jen be a sequence of functions in H(U). Then (f;)jen converges with respect to T if
and only if (fj)jen converges compactly on U.

Proof. Let K C U be compact. Then there exists j; such that K C Kj, .

If f; — f with respect to 7 then
sup 1f5(z) = £(z) = If; = fllx < |If5 = fllk,,. =0

So (f;)jen converges uniformly on K.

Conversely if

lim sup |f;(z) — f(z)] =0V compact K C U
)70 e K

then

lim d(f;, fy = lim imzol
jooo 7 ) j—)OOnzol—i—Hfj_fHKn

The following theorem shows that H(U) is complete on the topology 7.
Theorem 0.5. If {f,} is a sequence of holomorphic functions on U which is uniformly convergent on each
compact subset of U then the limit is also holomorphic.

To prove this theorem we shall employ Morena’s Theorem, given below.



Theorem 0.6 (Morena’s Theorem). If f is continuous complez-valued function defined on a connected open

//
8l

for all closed curves v in D then f is holomorphic on D.

Now to prove Theorem 0.5:

Proof. We apply Morena’s Theorem to each variable. This means the limit is continuous. By applying
Osgood’s Lemma we get that the limit is holomorphic. O

We just showed that H(U) is a Fréchet Space - it is a complete metric. Now we shall show it is also a Montal
Space - it is a Fréchet Space with the additional property that every closed bounded subset is compact.
Theorem 0.7. Every closed bounded subset of H(U) is compact.

Proof. Since H(U) is a metric space it is sufficient to show that every bounded subsequence in H(U) has a
convergent subsequence.

Let {f.} be a bounded sequence in H(U).

We would like to show that {f,} that {f,} has a uniformly convergent subsequence on each compact subset
K C U. We know by the previous theorem that if the limit of the subsequence is continuous then it is
holomorphic.

By the Adcoli-Arzela Theorem, a bounded equicontinuous sequence of functions on a compact set has a
uniformly convergent subsequence.

By the Cauchy Inequality Theorem {f,,} has a uniformly bounded sequence of complex sequence of complex
partial derivatives {%} for each complex variable, z;.
J

By the Cauchy Riemann Theorem, the real and imaginary partial derivatives of {f,} have a uniformly
bounded sequence of partial derivatives.

By applying the Minimum Value Theorem we obtain a continuous limit. O
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