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1 Proving theorem B

Theorem B: If R is an affine domain over a field F' then KdimR = trdegrR.

Proof. By induction on n = trdegpR. n = 0 follows from theorem A. Take
n > 0, by Noether normalization R is integral over Ry = F[by, b, ..., b,]
and Ry = F[A, \a,..., A\;]. We have that every maximal ideal of Ry has
height > n so Kdim Ry > n and integral extensions preserve Krull dimension
so KdimR > n. Now suppose we have Py 2 P, D --- 2 P, 2 0 a chain
in Spec(Ry) which has length > n let R = Ry/P,, so trdegR < n. So by
induction KdimR < n but Py/P, 2 P,/P, 2 --- 2 P,/P, = 0 is a chain of

length n in Spec(R). O

2 Chain conditions and modules

For the rest of today R not necessary commutative.

Definition. Let S be a poset, S satisfies the ascending chain condition (ACC)
if there is no infinite strictly ascending chain in S s1 < sy < ---, equivalently
any weakly ascending chain in S s; < s9 < --- eventually stabilizes. i.e. In
8.8 8y = Spqp1 ="

S satisfies the descending chain condition (DCC) if there is no infinite strictly
descending chain in S sy > sy > ---, equivalently any weakly descending
chain in S s1 > s9 > - -+ eventually stabilizes. i.e. In s.t 5, = Sp41 = ---.
In the case M is a left R-module and Lr(M) is the lattice of submodules.
Then say M is Noetherian(Artinian) if Lr(M) satisfies ACC(DCC).

Property. Let S be a poset,



(1) S satisfies ACC iff every nonempty subset of S has a mazximal element
(2) S satisfies DCC' iff every nonempty subset of S has a minimal element

Proof. (1) <= : Suppose we have s; < sy < --- an ascending chain in S,
consider {s1, Sa,...} € S this has a maximal element say s;. But s; < s;,1 <
... 80 8§ = Si41 = Siy2 = ...

= : Suppose there is a subset Sy C S which doesn’t have a maximal element.
Take s € Sy, given s1 < s9 < -+ < 8 € Sy since s is not maximal in
So, dskr1 € So, Sk < Sky1 this builds an infinite strictly ascending chain
contradicting ACC.

(2) same by flipping <g i.e by dual poset. m

Property. Suppose N C M submodule,
(1) M is Noetherian iff N is Noetherian and M/N is Noetherian.
(2) M is Artinian iff N is Artinian and M/N is Artinian.

Proof. (1) =: Any infinite ascending chain in N is also infinite ascending
chain in M so N is Notherian. An infinite ascending chain in M/N looks
like Mo/N Q Ml/N g MQ/N g --+. Then M() Q M1 Q M2 Q .-+ 18 an
infinite ascending chain in M so it eventually stabilizes, so My/N C M; /N C
M,/N C - stabilizes.

<: let My € M; C --- be an ascending chain of submodules of M. Then
MyNN C M;NN C --- is an ascending chain of submodules of N and hence
stabilizes. Also (M; + N)/N C (My+ N)/N C --- is an ascending chain of
submodules of M/N and hence stabilizes. Take i large enough that both these
chains stablized. So M;NN = M; ;1NN and (M; + N)/N = (M;41 + N)/N
but modularity of modules says

M, = M;+(NnM)
= M;+ (NN Myq1)=(M;+N)N M,
= (Miy1+ N)N My
= M
So M is noetherian. (2) The same proof. O

Corollary. Let M be a left R-module if M is Artinian and Noetherian then
M has a composition series.

Proof. Given any nonzero module M; consider the set of proper submodules
of M;. This has a maximal element M, so M;/M;; is simple. Iterating we
get M = My 2 M; 2 --- and this terminates by Artinianess. 0
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Property. Let M be an left R module, M is Noetherian iff every submodule
of M s finitely generated.

Proof. <: Take My C M; C --- chain of submodules of M. [ J M; is finitely
generated so there is some j such that all the generators (finitely many) are
n Mj,SO Mj gMj+1 Q QUMIQM] thus Mj :Mj+1 =

=: Say N is a submodule which is not finitely generated. Consider the set
of finitely generated submodules of N. This is nonempty since it contains 0.
So it contains a maximal element call it N', N C N since N is assumed not
finitely generated. Take a € N — N’ then N 4 Ra is submodule of N and is
finitely generated and properly contains N contradicting the maximality of
N'. O

3 Noetherian and Artinian rings

Definition. A ring R is left(right) Noetherian if R is Noetherian as a left(right)
R module. A ring R is left(right) Artinian if R is Artinian as a left(right) R
module.

A ring R is Noetherian(Artinian) if it is both left and right Noetherian(Artinian,).
For R commutative left Noetherian(Artinian) and right Noetherian(Artinian)
are the same.

Note. (rephrasing one of the module results) A ring R is left Noetherian iff
every left ideal is finitely generated.

Property. (1) Let R be a left Noetherian ring then every finitely generated
left R-module is Noetherian.

(2) Let R be a left Artinian ring then every finitely generated left R-module
is Artinian.

Proof. (1): Any such module M has the form M = R™ /K where K is a
submodule of R™. It suffice to show R™ is Noetherian. Prove this by
induction on n.

n = 1, given. Take n > 1, R™W/R = RM™ 1 50 RV is Noetherian by
induction and R is given Noetherian. So R™ is Noetherian.

(2) Same. O

A theorem we won’t prove.
Theorem. (Corollary of Hopkins-Levitzki)
All left Artinian rings are left Noetherian.



Example. (1) Let F be a field viewing F as a ring. Then F is both Noethe-
rian and Artinian.

(2) Let V be a vector space over a field viewing as a module. V is Noethe-
rian iff V is finite dimensional iff V is Artinian.

(3) R a PID. Since every ideal is cyclic hence finitely generated, so R is
Noetherian.

(4) R = F[\i, o, ...] is not Noetherian since 0 C< Ay >CT< A, Ay >C -+ -.

(5) Fiz p prime, let M = {™ : n is a power of p} viewing M as a 7-
module (i.e an abelian group). Let N = M/Z suppose K is a submod-
ule of N, if ™ + 7 € K with g.c.d(m,n) = 1. Write am +bn = 1 so
W(24+7Z) =3 -2 Z =147 Sy - +7ZeK, 5+7Z€K with
a < b then pb’“(# +7Z) = z% + 7 so every nonzero submodule of N is
generated by the elements of the form % + 7.

We have a chain (11—) +7Z)N C (I% +7Z)N C .-+ thus n N is not Noethe-
rian.

Given a set of submodules of N take the minimum denominator of gen-
erators, this generates the minimal element of the set. Thus N is Ar-
tinian.

4 Hilberts Basis theorem

Theorem. (Hilberts basis theorem)
If R is a left Noetherian ring then the polynomial ring R[] is also left Noethe-
rian.

Proof. Suppose I C R[)] is a left ideal take f; # 0, f1 € I of least degree
proceeding inductively on i, for ¢ > 1, < fi, fa,..., fi >= I then we are
done. If not then pick fiy1 € I\ < fi,..., fi > of least degree.

Let a; be the leading coefficient of f;. Since R is Noetherian so < ay,as,... >C
R generated by aq,...,a,. Claim fi,..., f, generates I. Suppose not,

Umy1 = . Ca; 50 let g = > ¢ f\de9Fm+1=deafi) by construction deg fy, 1 —
i=1 i=1

degf; > 0. Note f,,.1—g has degree strictly lower than f,,,1 but f,,.1—¢g €<

fi,--., fm > contradicting the choice of f,,11. Result follows. ]
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Corollary. Every affine algebra is Noetherian.

Proof. An affine algebra is of the form F[\i, ..., \,]/A, it suffices to show

F[A1, ..., Ay is Noetherian which is true by Hilberts basis theorem applied

inductively. O]



