Math 232, Jan 19, 2001:
LU Factorization, switch rows ("pivoting"), zero pivots

A =
2 1
-4 -1
2 2
6 5
2 3

n=[2 -1 -3 -1];
P=eye(5); L=eye(b);

El=eye(5); E1(2:5,1)=m’
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m=[-1 -2 -2]; E2=eye(5);

El =
1 0
2 1
-1 0
-3 0
-1 0
L(2:5,1)=-m’
L =
1 0
-2 1
1 0
3 0
1 0
Al1=E1xA
Al =
2 1
0 1
0 1
0 2
0 2
E2(3:5,2)=m’
E2 =
1 0
0 1
0 -1
0 -2
0 -2
L(3:5,2)=—m’
L =
1 0
-2 1
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%apply E1 to A to simultaneously create
%hzeros in the first column



3 2 1 0
1 2 0 0 1
A2=E2xA1
A2 =
2 1 1 1 1
0 1 1 1 1
0 0 0 -2 0
0 0 -3 -3 -1
0 0 6 8 3

% In the (3,3) position, the next "pivot" is
% zero; switch rows 3 and 4 to get nonzero pivot
% ("pivoting"). Note the permutation matrix as a way to
% keep track of row changes in matrix language
P([3,4],:)=P([4,3],:)

P =
1 0 0 0 0
0 1 0 0 0
0 0 0 1 0
0 0 1 0 0
0 0 0 0 1
A2=Px*A2
A2 =
2 1 1 1 1
0 1 1 1 1
0 0 -3 -3 -1
0 0 0 -2 0
0 0 6 8 3 %No we have nonzero element in pivot position
L =
1 0 0 0 0
-2 1 0 0 0
1 1 1 0 0
3 2 0 1 0
1 2 0 0 1
L([3,4],1:2)=L([4,3],1:2) % We must update the entries of L, as we
% have switched rows 3 and 4
L =
1 0 0 0 0
-2 1 0 0 0
3 2 1 0 0
1 1 0 1 0
1 2 0 0 1
A2
A2 =



elemat(5,5,3,2)

E3 =

E3

L(5,3)=_2

A3=E3*A2

A3 =

elemat(5,5,4,1)

E4 =

E4

L(5,4)=-1;
U=E4x*A3

harrived at triangular form

LxU

ans



6 5 2 2 4
2 2 2 0 2
2 3 9 11 6
A
A =
2 1 1 1 1
-4 -1 -1 -1 -1
2 2 2 0 2
6 5 2 2 4
2 3 9 11 6
A-LxU
ans =
0 0 0 0 0
0 0 0 0 0
-4 -3 0 -2 -2
4 3 0 2 2
0 0 0 0 0 % LxU does not give A -- we switched rows!
PxA
ans =
2 1 1 1 1
-4 -1 -1 -1 -1
6 5 2 2 4
2 2 2 0 2
2 3 9 11 6
PxA-LxU
ans =
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

JNow we factor a singular matrix (precise definition of singular later;
% for now: singular matrix leads to zero pivots in the final U.
A=

1 1 1 0

1 1 2 1

1 1 2 2

1 1 3 0
L=eye(4); El=eye(4);
m=[-1 -1 -1];

E1(2:4,1)=m’; L(2:4,1)=-m’;



=E1xA

Al

Al

m=[-1 -2];

eye(4);E2(3:4,2)=m’;

E2=

E2

E2 =

L(3:4,2)=-m’,

L

A2=E2xA1l
A2 =

elemat(4,4,3,2);

L(4,3)=-2

L

E3=

E3%A2

U=



LxU

ans =
1 1 1 0
1 1 2 1
1 1 2 2
1 1 3 0

A

A =
1 1 1 0
1 1 2 1
1 1 2 2
1 1 3 0

U

U =
1 1 1 0
0 0 1 1
0 0 0 1
0 0 0 0

%This U has Os on the diagonal. It is in "staircase" form, or
Jrow-echelon form.
% Solving Ax = b is equivalent to solving Ux = c, where Lc=b.

We can only solve Uz = ¢ (i.e., Axr = b) when ¢4 = 0, otherwise there is NO SOLU-
TION! If ¢4 = 0 then:
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implies
Ty = C3 T3 = Cy — C3 SUQIt $1:C1—I3—5L’2:C1—C2+C3—t.

x9 is called a free variable (it is not determined by the system), and ¢ denotes a free parameter
which can take any (real) value. In vector form:

I c1 — Cy + C3 —1
T = T2 0 +t 1
I3 Cy — C3 0
Xyq C3 0

The solutions form a ”line in R*”", i.e., there are infinitely many solutions with one free
parameter (”one-dimensional solution space”).



