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308 CHAPTER 5

EXAMPLE 1

SOLUTION

FIGENVALUES AND EIGENVECTCRS _
THEOREM 5.3 Independence of Eigenvectors
Let 4 be an n X n matrix. If Y, ¥, ..., ¥, are eigenvectors of A4

corresponding to distinct eigenvalues A, A,, .. ., A,, respectively, the
set {v,, v,, . . ., v,} is linearly independent and A is diagonalizable.

PROOF Suppose that the conclusion is false, so the eigenvectors v, v, . . . )V,
are linearly dependent. Then one of them is a linear combination of its
predecessors. (See Exercise 37, page 203.) Let v, be the first such vector, so that

Ve =dv Hdyy o d v )

and {v,, v, . . ., ¥._} is independent. Multiplying Eq. (2} by A;, we obtain

Akvk = dIAkVI + dZAkVZ BRI o dk_j).kvk_l. (3)
On the other hand, multiplying both sides of Eq. (2) on the left by the matrix 4
vields

Ade = dAyg + dhidgvy + - d M Ve, 4)
because Av, = Ay, Subtracting Eq. (4) from Eq. (3), we see that

0 =d(A — A, +d{A - v, + -0+ d (A= A Viers

This last equation 1s a dependence relation because not all the coefhcients are

zero. (Not all 4, are zero because of Eq. (2) and because the A, are distinct.) But .

this contradicts the linear independence of the set {v,, v,,. .., v, }. We
conclude that {v,, v, . . ., v,} is independent. That 4 is diagonalizable follows

at once from Corollary 1 of Theorem 5.2. A
Diagonalize the matrix 4 = [___g Z], and compute A% in terms of k.

We compute

det(d - an =24 S lop_a-2=0-20+ 0
24—

The eigenvalues of 4 are A, = 2 and A, = —1. For 4, = 2, we have
_[=5 51_ 11 -1
A-2r= [—2 2} {0 0}’

which yields an eigenvector

For A; = —1, we have




