
A Mathematical View of the Weather

. the basic equations that drive the weather patterns

. the calculus of fluid dynamics & thermodynamics

. making sense of real weather forecast maps
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What is Mathematical Thinking?

Ideas, Thinking & Mathematical Science

. mathematics is a language for quantitative & deductive thought

. the universality of math as a language lies in the stories it can tell

. there is often a rift in perception of the power of mathematical thought . . .
. one view would say that math can be applied to understand anything

. another would say that math can be applied to understand everything

. we often focus on teaching, “What is the math?”
. yet more compelling might be, “Why we choose to reveal this particular math?”

Models of the Weather

. a virtual laboratory for atmospheric science
. simulation science: what will tomorrow’s weather be like?
. fundamental science: why is our weather the way it is?



What is Weather?

What determines the Earth’s weather?
. zonal winds & vortices



Partial Differential Equations of Fluid Dynamics

A Description in Multi-Variable Calculus

. Euler’s equations of inviscid fluid motion (1757) & Acheson (2000)

. fluid velocity, ~u(~x, t) =

(
u(~x, t)
v(~x, t)
w(~x, t)

)
; density, ρ(~x, t); pressure, p(~x, t)

. gravity force, ~F = −ρg ẑ

What is the natural interpretation of these equations?



The Meaning of Euler I

Follow a Fluid Particle

. isolate a point “particle” moving with the flow: ~X(t)

. point moves with the flow velocity:
d ~X

dt
= ~u( ~X(t), t)

. derivative of density at ~X(t)

.
d

dt
ρ( ~X(t), t) =

∂ρ

∂t
+
dx

dt

∂ρ

∂x
+
dy

dt

∂ρ

∂y
+
dz

dt

∂ρ

∂z

∣∣∣
~x= ~X(t)

. =
Dρ

Dt

∣∣∣
~x= ~X(t)

Conservation of Mass

. change of local density from convergence/divergence

.
dρ

dt

∣∣∣
~X(t)

= − (∇ · ~u) ρ
∣∣∣

~X(t)

. since all fluid points lie on some ~X(t), then this is true for general ~x



The Meaning of Euler II

Follow a Fluid Particle

. isolate a point “particle” moving with the flow: ~X(t)

Conservation of Mass & Momentum

. change of local density from convergence/divergence

.
Dρ

Dt
= − (∇ · ~u) ρ

. change of local momentum is Newton’s law

.
Dρ~u

Dt
= −~∇p− ρg ẑ

. why doesn’t gravity keep accelerating “particles” downward?
. nature establishes a hydrostatic pressure that (nearly) cancels: pz ≈ −ρg

. four equations in five variables: ~u, ρ, p
. need some thermodynamics . . .



The Speed of Sound

Waves in an Ideal Gas
. ideal gas law introduces temperature: p = ρRT

. simplify Euler’s: linearize
(
D

Dt
→

∂

∂t

)
, no gravity & introduce log

. 2nd-order PDE that is trying to be the wave equation

∂(log ρ)
∂t

= − (∇ · ~u)

∂~u

∂t
= −RT ~∇(log p)

 ∂2(log ρ)
∂t2

− RT ∇2(log p) ≈ 0

Early Theories for the Speed of Sound in Air
. Newton formula (1687), if sound waves are isothermal (T constant) . . .

. log form of ideal gas: log p = log ρ+ logRT

. c =
√
RT ≈ 279 m/s → 15% too small at 0◦C

. Laplace formula (1816), if sound waves are adiabatic (s constant) . . .

. entropy of air: log s = C logT − R log p

. c =
√
γRT ≈ 330 m/s



Incompressible Vorticity Dynamics

Incompressible Euler (∇ · ~u) = 0

. Helmholtz (1858), vorticity vector: ~Ω = ∇× ~u
. curl of Euler equation (ρ constant):

D~Ω
Dt

= (~Ω · ~∇) ~u

. for 2D flow (∂/∂z → 0, w ≡ 0) gives a scalar vorticity variable: ~Ω = ω(x, y, t) ẑ

Dω

Dt
= 0

Zero-Divergence 2D Velocity

. 2D streamfunction, ψ(x, y, t), where ~u = ∇× (ψ ẑ):

u =
∂ψ

∂y
and v = −

∂ψ

∂x

. vorticity inversion (with BCs)

ω =
∂u

∂y
−
∂v

∂x
= ∇2

ψ



Waves in Flow

An Exact Travelling Wave Solution

. streamfunction, ψ(x, y, t):

ψ(x, y, t) = cy + A cos(k(x− ct)) sin(ly)
. vorticity, ω(x, y, t):

ω(x, y, t) = −(k2 + l
2)A cos(k(x− ct)) sin(ly)

. a natural coexistence of vortices in flow



Simple Equations for Atmospheric Weather

Euler Equations with Coriolis Rotation (1835)

. incompressible and adiabatic

∇ · ~u = 0

D~u

Dt
+ f(ẑ × ~u) = −

1
ρ
~∇p− g ẑ

Ds

Dt
= 0

. hydrostatic pressure & Coriolis effect → thermal wind

An Extended Version of Vorticity

. Ertel potential vorticity (1942)

D

Dt

(
(f ẑ +∇× ~u) · ( ~∇s)

ρ

)
= 0

. this makes it possible to analyze how vortex formation creates midlatitude weather



Simple Equations for Atmospheric Weather

Euler Equations with Coriolis Rotation (1835)

. incompressible and adiabatic

Dv

Dt
+ fu = −

1
ρ

∂p

∂y

Dw

Dt
= −

1
ρ

∂p

∂z
− g

Ds

Dt
= 0

. hydrostatic pressure & Coriolis effect → thermal wind → jetstream

An Extended Version of Vorticity

. Ertel potential vorticity (1942)

D

Dt

(
(f ẑ +∇× ~u) · ( ~∇s)

ρ

)
= 0

. this makes it possible to analyze how vortex formation creates midlatitude weather



The Origins of Storms

Life Cycle of Cyclones, Bjerknes & Solberg (1922)
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Figure IC). Cold air curves around the northern end of 
the warm air and arrives in the rear of the cyc.lone as a 
northwesterly wind. This ty e corresponds to the pre- 

the further increase in amplitude (Fig. Id)  the tongue of 
warm air narrows laterally, especially rn the southern part 
of the cyclone. Finally as in Fi ure l e  cold air from t.he 

of warm air. In  t!Ilis phase the c clone is said to be “ se- 

the center, also soon disap ears so that the cyclone on 

this type the authors have chosen the term “occluded” 
cyclone. At the place where the warm sector disap- 
peared, a boundary line persists for some time between 
the cold air from the rear and the front of the cyclone, 
respectively. Finally this boundary also disappears 
Figure lg, and the cycione becomes a nearly symmetrical 
vortex of cold air. The large zones of continuous rain 
have then disappeared and precipitation occurs only as 
intermittent showers. These conditions then persist un- 
til the cyclone is wasted awa . 
-from  it.^ origin to the moment of occlusion-the warm 
air is lifted by the two wed es of cold air as they gradu- 
ally approach each other. %‘his process transforms part 
of the potential energy of the initial system into kinetic 
energy and from this fact the authors predicate the fol- 
lowing rule: All cyclones which are not yet occluded have 
increasing kinetic energy. This is exemplified on the 
weather maps by an increase of wind force and usually a 
deepenin of the depression. When a cyclone is found 

forecast with great confidence that it will deepen. 
After the two wedges of cold air have met on the ground 

the still existing up er warm sector will be further lifted 
by the cold air untxi t  is cooled adiabaticall to the tem- 

As long as this stage has not been reached, kinetic energy 
wi l l  be gained by the process. Later, when the cyclone 
has become a homogeneous air vortex, it has no store of 
potential energy, and the existing motion can only be 
maintained by the inertia of the moving air-masses. 

E’rom the moment of occlusion-that is, when the cold 
air on the ground in the front and rear of the cyclone 
‘oh-portions of the cold air must also begin to rise. ks ascending motion is, however, not directly due to 
gravity. “he adiabatic coolin will soon make the as- 

on the same level, so that the force of gravity will coun- 
teract the ascendmg motion of the cyclone. The kinetic 
energy of the cyclone from that movement is used to 
pum the cold air upward against gravity, a process by 
w h i 8  the system loses kinetic energy. Thus in the inter- 
val of time just after occlusion kinetic energy is gained 
in the higher layers and lost in the lower. The first 
process, however, will stop just as soon as the upper 
warm sector reaches the layers having its own potential 
tem erature, and the effect of the second process will 
hAy alone determine the transformation of energy in 
the cyclone. Friction of air-masses favors the second 
process, so that the influences which cause kinetic ener y 

sion takes place. 
Therefore, the following precept: After the occlwion. the 

cyclone soon begins to,fill u.p. 
“he authors s eci6cally state that their considerations 

viously described “ ideal ” cvc f one. Simultaneously with 

rear joins the cold air in front an % thus cuts off the supply 

cluded.” The remaining part o 9 the warm sector, neai 

the ground consists of co P d air only. (Fig. 1 . )  For 

During the first phase of t E e development of the cyclone 

to be of t % e type shown by Figure 1 a, b? c,  or d it may be 

perature of air at the same level into whic 3: it ascends. 

cenrling column of cold air col % er than its surroundings 

to be transformed wil l  soon preponderate after the occ B u- 

of the problem l! ave been upon the supposition that the 
18004-L9 

warm and the cold air masses are se arated by sharply 

ideal condition that is never perfectly fulfilled-and, 
further, that no thermal boundary surface forms between 
the two wed es of cold air meeting each other at the 
occlusiQn of t E e cyclone. They are of opinion that so far 
as the mechanism of the cyclone is concerned it makes no 

defined boundaries or real surfaces o P . discontinuity-an 

e 

d 

Re. l.--[OrigiMl flg. 2.1 The “life cycle” of cyclones. 

great difference whether, instead of a real surface of dis- 
continuity, there exists merely a less accentuated bound- 
ary surface: nevertheless, the essential condition for the 
.formation of a e?yclone is the coexistence of cold air and 
warm air nmses adjacent to each other. 

POLAR FRONT. 

New cyclones usually form on thermal boundary sur- 
faces which run through an existing primary’ cyclone. 

7 The reviewer has taken the liberty of aubstitutlng ‘‘primary” for “mother” when 
thelatter appeamln the text. 



An Unstable Atmosphere

Waves in the Atmosphere
. Rossby (1939)

. identifies waves in the midlatitude atmosphere

. equator-to-pole temperature gradient & jetstream
. On the Scale of Atmospheric Motions, Charney (1948)

. simple mathematical solutions for propagating Rossby waves (QG theory)
. Charney (1947) & Eady (1949)

. baroclinic instability of Rossby waves in the tropospheric jetstream

Baroclinic Instability & the Formation of Storms
. asymmetric dynamics to surface low pressure

. leads to a “turbulent” weather pattern
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Midlatitude Weather Patterns

(12Z, 26 Apr 2019 – 5am PDT) 500 mB Vorticity & Height



Midlatitude Weather Patterns

(12Z, 26 Apr 2019 – 5am PDT) Sea-Level Pressure



Midlatitude Weather Patterns

(12Z, 26 Apr 2019 – 5am PDT) 200 mB Streamline & Windspeed



Computational Weather Forecasts

Numerical Weather Prediction

. first forecast (∼ 1950), first operational forecasts (∼ 1955)



Computational Weather Forecasts

Numerical Weather Prediction

. first forecast (∼ 1950), first operational forecasts (∼ 1955)

. Environment Canada (36h forecast for 0Z, 28 Apr 2019)



Sensitivity to Initial Conditions

Non-periodic Deterministic Motions, Lorenz (1963)
. a simple set of ODEs extracted from the fluid equations

. vorticity & entropy

. mode equations



The Challenges of Mathematical Weather & Climate

Dynamic Meteorology

. human-level understanding

Computational Forecasting

. large-scale computing

Statistical Methods

. large-data

. forecast sensitivity


