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Abstract

In this paper, we have developed an approximate formula for liquid saturation within a two phase

condensing mixture that relates the saturation level to the slip velocity between the gas and liquid

phases. In particular, we have explained why models in which the slip velocity is assumed to be

zero exhibit a saturation that is several orders of magnitude smaller than in other models where

slip velocity was allowed to vary. This is a discrepancy that has appeared in computed results

reported in the fuel cell literature, but which has not yet received a satisfactory explanation. We

demonstrate that the reason behind the large discrepancy is rooted in the type of model used to

treat the slip velocity between phases.
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Nomenclature

A area
a, b, c positive constants, Eqn. (2)
C, C ′ positive coefficient of order 1; Eqns. (20) and (23)
cl liquid specific heat value
cp isobar specific heat value
Cs positive coefficient, Eqn. (6)
dl diameter of liquid droplet
h convective heat transfer coefficient
k thermal conductivity
Lfg local value for enthalpy of phase change
m mass
Nu Nusselt number
Pr Prandtl number

Q̇ heat transfer rate
Re Reynolds number
S saturation
t time
T temperature
V velocity
x spatial dimension

Greek symbols

α vapor phase volume fraction
ρ density
Ψ condensation/evaporation parameter, Eqn. (12)
µ dynamic viscosity

Subscripts

l liquid phase
v vapor phase
s slip velocity
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1 Introduction

In this paper, we investigate the dependence of liquid saturation on slip velocity within a two-phase
condensing mixture. In gas-liquid mixtures in which water is the only condensing component, the
liquid saturation is the ratio of the volume fraction of liquid water to that of the total water
(liquid water + water vapor) and is denoted by S. The slip velocity, Vs, is the relative velocity
between the water vapor and liquid water phases. We focus on an application to multiphase flow
in the cathode of a proton exchange membrane fuel cell (or PEMFC) for which the condensing gas
mixture is typically composed of oxygen, nitrogen and water.

Within the literature on multiphase condensing mixtures, and fuel cells in particular, models
may be separated broadly into two classes: mist models in which the liquid is assumed to move
at the same velocity of the gas (that is, Vs = 0); and true multiphase flow models wherein the
liquid moves at a velocity that is not necessarily the same as the gas velocity, and is determined
by physics such as shearing forces, capillary forces, etc. (so that Vs > 0). Under normal fuel cell
operating conditions, these two classes of model lead to very different values of saturation, which
can differ by up to several orders of magnitude! To the best of our knowledge, no explanation
for this discrepancy has appeared in the literature, and certainly not in any discussion of fuel cell
models. The present paper aims to fill this gap. Prior to computing problems of this type, an
order of magnitude analysis is required to determine the size of the droplet (or liquid pocket), and
we conclude that when droplets are above a micron in size, the mist model should be avoided.

A review of various PEMFC models that include liquid water effects is provided by Weber and
Newman [25]. Among the authors that employ a mist model (for example, [5, 8, 13, 20, 22, 23]),
many depict only the regions in a fuel cell in which condensation is occuring rather than the
quantity of condensed liquid water; those authors that do report saturation levels for mist model
computations obtain values of S below 0.01% by volume. By contrast, multiphase flow models
such as [3, 4, 9, 19, 24, 15, 16] report values of S that lie mostly between 5% and 30%, but may
be as large as 100% in the case of [19].

Our main aim in this paper is to identify the source of this discrepancy in saturation results,
which we attribute to an assumption on the slip velocity that drives the liquid droplets in the gas
phase. As the liquid droplet/pocket sizes increase, their inertia also increases and this causes a lag
in the response of the liquid phase to the corresponding driving force. Therefore, there should be
a strong connection between the droplet sizes and the slip velocity between the phases.

In this paper, a single component (pure) steam flow undergoing condensation process is studied.
The extension to a multicomponent condensing mixtures is straightforward. By writing down an
energy balance for a given volume of liquid water undergoing condensation, we demonstrate that
saturation S increases with the slip velocity between phases (see Eqn. 15). We then employ an order
of magnitude analysis to develop a relationship between saturation and slip velocity (see Eqn. 24),
which is then supported with computational results taken from literature. The extension to a
multicomponent gas mixture is straightforward and so only the single component case is treated
in this work.
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Figure 1: Schematic of a liquid droplet, growing by condensation along its trajectory within the
time step δt.

2 The Relationship Between Saturation and Slip Velocity

2.1 Theoretical Development

For a condensing two-phase flow mixture, we develop an equation relating the condensation rate
to the slip velocity between phases. There is a long list of parameters that might affect the
condensation rate, but we focus here on the most relevant ones. Some of these parameters are:
droplet size, duct length scale (how spacious is the duct cross section), liquid/gas phase exposure
time, etc. The droplet sizes (or in general the size of any liquid pocket) and the slip velocity
are parameters that are strongly dependent on each other. Small droplets/liquid pockets (if they
are sub-micron in size) follow the gas phase with the same velocity [1, 2] (i.e. zero slip velocity
between the phases). Because the liquid particles are very small, they possess very minor mass
inertia. Hence, they behave as mist or fog suspended within a carrier gas flow.

On the other hand, if the droplets are above one micron in size, they will possess greater inertia
and can lag behind the carrying gas. Hence, a slip velocity between the phases is required. In
other words, neglecting the slip velocity in a two-phase flow is equivalent to assuming that the
droplet size should be small (sub-micron). Although the duct opening size and exposure time of
the liquid and gas phases are important parameters, the slip velocity is of primary importance in
determining saturation levels for the type of two-phase flows considered here.

We now develop an equation relating the steam condensation rate to the slip velocity between
the liquid water and water vapor. To do so, we consider a single liquid water droplet of mass
mℓ, temperature Tℓ, and specific heat cℓ, which is moving with velocity ~Vℓ along the trajectory
shown in Fig. 1. The droplet is surrounded by water vapor having a temperature Tv, and both
phases are embedded within a medium that has convective heat transfer coefficient h. In the case of
transport in a fuel cell cathode, the gas is typically a multicomponent mixture consisting of oxygen,
nitrogen and water vapor; however, extending our argument to deal with a multicomponent gas is
straightforward and so we consider water vapor only.

The heat transfer coefficient h is determined from the Nusselt number Nu (specified at the
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Figure 2: A representation of the latent heat released in a condensation process, which is absorbed
into the liquid droplet and by the surrounding vapor.

surrounding flow conditions) according to

h =
Nu κv

dℓ

, (1)

where κv is the thermal conductivity of the gas and dℓ is the liquid droplet diameter. Assuming
that the fluid can be treated as a continuum, any dependence of the Nu on the Knudson number
can be ignored and therefore Nu can be written in terms of the Reynolds and Prandtl numbers as

Nu = a Reb
v Prc

v, (2)

where a, b, and c are known positive constants that depend on flow conditions and geometry
(see [11], for example). In Eqn. 2 Rev and Prv are, respectively, the Reynolds and Prandtl
numbers obtained at either the gas temperature or the average temperature of the gas and liquid:

Rev =
ρvVsdℓ

µv

, (3)

Prv =
µvcpv

κv

. (4)

Here, we denote by ρv the density, µv the dynamic viscosity, and cpv
the iso-bar specific heat, where

the subscript “v” refers to the gas (vapor) phase. The slip velocity can be written as Vs = Vv −Vℓ,
where Vv is the velocity of the gas and Vℓ is that of the liquid droplet. Finally, we note that Eqn. 2
is a general result that applies to both laminar and turbulent conditions.

We next substitute Eqns. 2, 3 and 4 into Eqn. 1 to obtain a relationship between the convective
heat transfer coefficient and the slip velocity

h = Cs (Vs)
b , (5)

where Cs is a positive coefficient given by

Cs = a

(

ρvdℓ

µv

)b

Prc
v .

It is therefore possible to conclude the following:
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Conclusion 1 The heat transfer coefficient h is an increasing function of the slip velocity Vs; that
is, ∂h/∂Vs > 0.

Next, we consider the effect of the heat transfer coefficient on saturation. Consider again
Fig. 1, which divides the region of interest into three subregions labeled 1, 2 and 3. Region 1 is
at the core of the liquid droplet at time t and remains liquid throughout the trajectory. Region 3
consists of vapor at time t and remains so until time t + δt. Finally, Region 2 begins as a vapor
layer surrounding the core liquid at time t, and is converted to liquid after a time δt owing to
condensation. We consider an energy balance for this condensing layer, and recognize that the
latent heat contained within Region 2 must transfer either outward (into the gas) or inward (into
the liquid droplet) as shown in Fig. 2. This process is represented by the following energy balance

(Lfg)
dmℓ

dt
= Q̇v + Q̇ℓ, (6)

wherein (Lfg) is the local value of latent heat. The quantity Q̇v is the portion of latent heat that
flows toward the vapor, and is given by

Q̇v = hAℓ(Tℓ − Tv), (7)

where Aℓ = πd2
ℓ is the surface area of the liquid droplet. The second source term in Eqn. 6, Q̇ℓ,

represents the latent heat that moves into the droplet core which is responsible for increasing the
droplet temperature

Q̇ℓ = mℓ cℓ

dTℓ

dt
. (8)

Substituting Eqns. 7 and 8 into 6, we can rewrite the energy equation for the liquid droplet as

(Lfg)
dmℓ

dt
= h Aℓ (Tℓ − Tv) + mℓ cℓ

dTℓ

dt
. (9)

We can then integrate Eqn. 9 with respect to time over the interval [t, t + δt] and obtain

∫ mℓ(t+δt)

mℓ(t)

(Lfg) dmℓ =

∫ δt

0

h Aℓ (Tℓ − Tv) dt +

∫ Tℓ(t+δt)

Tℓ(t)

mℓ cℓ dTℓ .

Assuming that all quantities vary only mildly over the infinitesimal time step δt, we can then
approximate the integrals above to get

(Lfg)∆mℓ = h Aℓ (Tℓ − Tv) δt + mℓ cℓ ∆Tℓ, (10)

where ∆mℓ = mℓ(t + δt) − mℓ(t) is the mass of condensate added and ∆Tℓ = Tℓ(t + δt) − Tℓ(t) is
the temperature rise within the liquid over the same time interval.

It was shown in [14] that the latent heat convected away from the condensate layer of Region 2
into the surrounding vapor is much larger than that which is transferred into the liquid (see Figs. 1
and 2); consequently, hAℓ (Tℓ − Tv) δt ≫ mℓ cℓ ∆Tℓ. This is true for both small droplets (i.e., small
mℓ) and large droplets in which the term cℓ∆Tℓ is considerably smaller than the latent heat value
of (Lfg) [1, 2]. We are therefore led to neglect the second term on the right hand side of Eqn. 10. If
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we also let δt = δx/Vℓ (see Fig. 1) and use Eqn. 5 to replace the convective heat transfer coefficient
h, then Eqn. 10 can be rewritten as

∆mℓ =
Cs (Vv − Vℓ)

b Aℓ (Tℓ − Tv)

(Lfg)

δx

Vℓ

. (11)

In this equation, we note that ∆mℓ > 0 when condensation occurs, and Tℓ > Tv to guaran-
tee the removal of latent heat from the condensate. We can then define the parameter Ψ ≡
(CsAℓ(Tℓ − Tv)δx) / (Lfg), so that

∆mℓ = Ψ
(Vv − Vℓ)

b

Vℓ

, (12)

where Ψ > 0 for condensation.
We can now investigate the effect of changes in Vℓ on condensation rate ∆mℓ (or similarly on

the saturation). By differentiating Eqn. 12, we obtain

∂

∂Vℓ

(∆mℓ) = −
Ψ

V 2
ℓ

(Vv − Vℓ)
b

[

1 +
bVℓ

Vv − Vℓ

]

. (13)

Here, we expect to always have Vv/Vℓ > 1 since the gas phase provides a driving force to the
motion of liquid, which leads to the following conclusion.

Conclusion 2 Assuming that Vv > Vℓ, the condensation is a decreasing function of liquid droplet
velocity; that is, ∂ (∆mℓ)/∂Vℓ < 0. Alternatively, we can recast Eqn. 12 in terms of the slip velocity
to obtain

∆mℓ = Ψ
V b

s

Vv − Vs

(14)

so that
∂

∂Vs

(∆mℓ) =
Ψ V b

s

(Vv − Vs)
2

[

1 +
b

Vs

(Vv − Vs)

]

> 0, (15)

which indicates that condensation rate (and consequently also the saturation) is an increasing
function of slip velocity. That is, in a model for which the slip velocity between phases is ignored,
the condensation rate will be negligible. Alternately, if a model predicts significant saturation levels
(say above %20), then the slip velocity between the phases is certainly not zero.

This is the key observation in this paper, and it is supported in the next section by more quanti-
tative arguments that indicate how saturation is affected by various choices of slip velocity.

3 Quantitative Effect of Slip Velocity on Saturation

We begin by writing a mass balance for liquid water

∂

∂t
(ρℓS) + ∇ · (ρℓSVℓ) =

ṁℓ

V
, (16)

where ρℓ is the density of liquid water (defined based on the volume Vℓ that the liquid phase
occupies), S = Vℓ/V is the volume fraction of liquid (or saturation), Vℓ is the liquid velocity, and
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ṁℓ/V is the condensation rate per unit volume. Similarly, mass conservation for the vapor phase
can be written as

∂

∂t
(ρvα) + ∇ · (ρvαVv) = −

ṁℓ

V
, (17)

where ρv is the density of the water vapor (defined based on the volume that the vapor phase
occupies, Vv), α = Vv/V = 1−S is the vapor volume fraction, Vv is the vapor velocity, and −ṁℓ/V
is the evaporation rate per unit volume (which is equal in magnitude but opposite in sign to the
condensation rate). By adding together Eqns. 16 and 17, we obtain a conservation equation for
the total mass of water (liquid + vapor):

∂

∂t
(ρvα + ρℓS) + ∇ · (ρvαVv + ρℓSVℓ) = 0. (18)

In order to evaluate the effect of slip velocity on saturation, we consider in particular the water
flux terms from Eqn. 18:

ρvαVv + ρℓSVℓ. (19)

We assume that within the condensing regions of a PEMFC electrode, these two terms are of
relatively equal importance, and so we write to a first approximation

ρv α Vv = C ρℓ S Vℓ, (20)

where C is an O(1) constant. Using this notation, the ratio of gas to liquid volume fraction can
be written as

α

S
= C (ρℓ/ρv) (Vℓ/Vv) . (21)

We next compute a concrete value for the volume fraction ratio based on typical PEMFC
operating conditions. The density of liquid water is ρℓ ≈ 970 kg/m3 at an operating temperature
of 80 ± 5oC. The density of water vapor can be calculated using the ideal gas law as

ρv =
Pv

RvTv

. (22)

Using Rv = 461 J/kgK as the gas constant for water vapor, and taking Pv = Psat(80oC) = 47400
Pa as the partial pressure of the vapor (which we assume is equal to the saturation pressure in the
two-phase case) we find that ρv ≈ 0.290 kg/m3. For comparison, using thermodynamic tables ρv

at T=80oC is found to be 0.293 kg/m3 [17]. Therefore, the ratio of volume fractions in 21 can be
written as

α

S
≈ 3340 C (Vℓ/Vv) ,

≈ C ′ × 104 (Vℓ/Vv) , (23)

where C ′ is an O(1) constant. With α = 1 − S,

log10

(

Vℓ

Vv

)

≈ −3.35 − log10

(

S

1 − S

)

(24)

Equation 24 is a simple but fruitful expression that relates the ratio of volume fractions to the
ratio of velocities for the condensing component of a mixture.
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Figure 3: Post-processed data from different references for Vs and S; and a line-fit to the data:
log10(Vℓ/Vv) ≈ −3.35 − log10 (S/(1 − S)). Note that: Vℓ/Vv ≡ 1 − Vs/Vv.

In the case of a mixture having no slip between phases of the condensing component, we clearly
have Vℓ = Vv or Vs = 0. Consequently, α = C ′ × 104 S. Assuming for the sake of simplicity that
C = 1, we obtain a saturation of S = 0.0001 and so the volume occupied by liquid is negligible. This
observation is consistent with the saturation values computed using the mist model by Shimpalee
et al. in [22] and Kermani et al. in [13]. A plot of Eqn. 23 is given in Figure 3 on a log-log scale,
along with the corresponding data points from these last two sets of computations.

When the slip velocity is non-zero, and in particular when the volumes occupied by liquid
and vapor are of approximately equal size, then Eqn. 23 requires that the liquid velocity be
approximately four orders of magnitude smaller than the vapor velocity. This is borne out by
other computational results reported in the literature using multiphase flow models [3, 4, 24],
which lie very close to the straight-line approximation but cluster near the point B in Figure 3.

It is not possible, based on the data available in the literature, to identify specific constraints
on flow speed and liquid droplet size for which the mist flow assumption is valid in general. This
can be partly attributed to the complexity of two-phase flow, which depends on many parameters
like the Weber number (a measure of the tendency of droplets or bubbles to either form or break),
Knudsen number, skin friction, Reynolds number, and the second phase parameters.

Nonetheless, it is widely accepted that in certain high-speed two-phase flow applications – such
as low pressure steam turbines or vapor nozzles, where Vv can be as high as 400 to 500 m/s and
droplet sizes as small as 1 µm – the mist flow assumption (Vs = 0) can be safely applied [14,
7, 6]. However, for droplets larger than 1 µm (in the same speed range) the no-slip assumption
between the phases of the condensing component is no longer correct [1, 2]. Another example that
demonstrates the failure of the mist flow assumption is the condenser in a steam cycle, in which a
liquid water film forms around cooling tubes and the vapor flow is 30 to 40 m/s [18]. Large pockets
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of liquid water around the cooling tubes move much slower than the vapor, and it is only at the
liquid-vapor interface where water droplets are under 1 µm in size and can be separated from the
surface.

We now address the question of whether or not the mist flow assumption is reasonable in the
context of a multiphase flow model of a PEM fuel cell. In the gas delivery channels, where the gas
velocity can be as large as a few meters per second, the mist flow assumption may be applied if
the size of liquid pockets is on the order of a few microns. However, the situation in the porous
electrodes is very different since the gas flow velocities are much smaller. Simulations of flow in
the gas diffusion layer of the PEMFC have demonstrated that conventional flow fields exhibit a
gas velocity on the order of 0.01 cm/s, while for interdigitated flow fields the velocity can be as
large as 5 cm/s [9, 10]. Considering that liquid droplets within the electrodes can be much larger
than a micron in size, the liquid has too much inertia to be entrained by the impinging gas flow
even when the gas velocity is as high as 5 cm/s in the interdigitated case.

4 Concluding Remarks

We have shown in this paper, using order of magnitude estimates of the equations governing
multiphase condensing mixtures, that the liquid saturation depends strongly on the slip velocity
between the liquid and gas phases. For mist models in which the liquid phase is assumed to
be dispersed as small droplets within the gas phase, the slip velocity is zero and we argue that
the saturation is consequently on the order of 10−4. For multiphase flows, in which the liquid
velocity is typically determined using Darcy’s law along with some other physical assumption on
liquid dynamics (such as when capillary pressure is the driving force), the saturation should be
several orders of magnitude larger. We use several examples from the current fuel cell literature
to illustrate this discrepancy and confirm our estimates. This is the first time that the connection
between slip velocity and saturation in condensing mixtures has been explicitly addressed in the
context of fuel cells.

The gas mixture velocities generated within the porous electrodes of a PEMFC appear to
be insufficient to suspend liquid droplets within the gas stream. Consequently, the mist flow
assumption must be critically examined in the context of fuel cells.
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