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Trigonometric Substitution. In this section we learn how to find antiderivatives of functions which
contain expressions of the form va2 — 22, Va2 + 22, and V22 — a2.

(a) [ V1 — 22dxz =7 We use the substitution = = sin §. Note that sin # maps the interval [—7/2,7/2] on the
interval [—1, +1], which is the domain of definition of our function of interest, v/1 — 2. This substitution
succeeds, because

cos?0 +sin’0 =1 = V1—22=1/1-sin?60 = Vcos? 6 = cos¥.

Note, that for —7/2 < 0 < +7/2 we have cosf > 0, so we have the correct square root. To summarize,
here are all the transformation formulas:

d
x =sinf, d—Z:COSG = dzx = cos6db, V1 — 22 = cosé.

After substituting we obtain
/ V1 —22dx = /cos@cos 0do = /cos2 0do.

To evaluate this integral we use the trigonometric identities

1
cos?f = 3 (1+ cos(26)), sin(26) = 2 cos O sin 6.

/\/ﬁdz = /C082 6do = / % (1+ cos(20))df = E <9 + %sin(%)) +C

2
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= §9+ZSIH(26)+C: 59—1— §COSHSln0+C’: 5 Sin (z) + 53:\/1 — 22+ C.

(b)
VA — 22
/4721:d$_/2c‘70s2920080d0_/00t29d9,
x 4sin” 0

where we have used the substitution
z = 2sin0, dx = 2 cos 0d0, V4 — 2?2 = 2cosb.
To find the antiderivative of cot? @ we may proceed as follows:
cos? 0 1 —sin’6
1200 = / d@:/ide
/ «© sin® 6 sin® 6

:/ ! d&—/ld@z—cot6—0+0

sin2 6

1
= —5\/4—x2 —sin! <;3) +C.

(c) For integrals involving a term
z2 4+ a?
we use the substitution

r =atan, 22 +a? =a*(tan®0 + 1) = a®sec’§ = Va2 +a? = asech, dz = asec? 0df.



