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Abstract
We construct and investigate a new nonlocal kinetic model for the formation and movement of
animal groups in two dimensions. The model generalizes to two dimensions the one-dimensional
hyperbolic model from [1]. The main modeling aspect in the present approach concerns the
assumptions we make on the turning rates, to include, in a nonlocal fashion, the three types of
social interactions that act among individuals of a group: attraction, repulsion and alignment.
We show that solutions to the new mathematical model are bounded, along with their gradients.
We also present numerical results to illustrate three types of group formations that we obtained
with the new model, starting from random initial conditions : (i) swarms (aggregation into a
group, with no preferred direction of motion), (ii) parallel/ translational motion (uniform spatial
density, movement in a certain preferred direction) and (iii) parallel groups (aggregation into a
group, with movement in a preferred direction).
Keywords: Two-dimensional swarms; non-local interactions; kinetic models.
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Introduction

The mathematical modeling of collective behavior of biological aggregations (such as fish schools,
ungulate herds, insect swarms, bird flocks) has received a great amount of interest in recent years.
Nature offers spectacular formations of animal groups [2] (zigzagging flocks of birds [3] or milling
schools of fish for instance [4, 5]) that have intrigued scientists, who tried to understand their
formation and long-time behavior. On a practical level, understanding the collective behavior of
animals could be useful in many instances, for example: provide fishing strategies [6, 7] or predict
and control the devastating effects of desert locust outbreaks [8].
There are two main classes of mathematical models used for biological aggregations: 1) particlebased (Lagrangian) models, which track the movements of all individuals in the group, and 2) partial
differential equations (PDE) models, formulated as evolution equations for the population density
field. Some particle-based models are simply formulated in terms of decision rules that govern the
evolution of each individual as it interacts with the other members of the group [9, 10]. Other
models are given by a system of nonlinear ordinary differential equations for the positions and
velocities of all individuals [11], typically expressing Newton’s laws of motion [12, 13]. The size
of the system is proportional to the number of individuals in the group, leading to limitations of
∗
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the Lagrangian approach in regards to solid analytical studies of the mathematical properties of
the model. Nevertheless, computational studies of particle-based models revealed very interesting
patterns and state transitions, that closely agree with various biological aggregations observed in
nature [10, 12, 13].
The second approach casts the problem as a partial differential equation for the dynamics of the
population density field. PDE models for aggregation can be classified into two categories: kinetic
[14] and continuum (macroscopic). The latter category is better represented in the literature on
biological aggregations, with a diverse range of parabolic [15, 16] and hyperbolic [1, 17, 18] models.
Presently, there exits however a fast growing interest on kinetic models for aggregation and their
corresponding hydrodynamic limits [19, 20, 21], along similar lines to the more established kinetic
theory of gases [22]. Other recent works [23, 12] introduce macroscopic aggregation equations as
continuum limits of individual based (microscopic) models and compare the results obtained with
the two approaches. A very active line of research has focused recently on a high dimensional
aggregation model described by the continuity equation for the population density field, where the
velocity is assumed to have a prescribed functional dependence on the density [15, 16, 24, 25].
The functional dependence of the velocity on density typically incorporates nonlocal attraction and
repulsion effects via convolution with a social interaction kernel. Our approach in this paper is
different, as we include social interactions in turning rates.
The factors that can influence group formation can be external in nature, for example chemotactic, phototactic, thermotactic effects, or internal, such as the social interactions among individuals.
The PDE aggregation models incorporate to various degrees such factors, that can be either local,
where immediate neighbors or local environmental effects are important [26, 17], or nonlocal, where
distant individuals and nonlocal factors play the dominant role [1, 15, 18, 16].
The present research deals with a two-dimensional, nonlocal kinetic model for animal aggregation that considers only internal interaction factors, such as attraction, repulsion and alignment.
There are only a few works in the existing literature on PDE models for aggregation that deal with
both the spatial and orientational aspects of interactions among individuals of a group. Alignment
(angular orientation) interactions have been treated separately in various specific biological problems (e.g., self-organization of the actin cytoskeleton [27], fibroblast cultures [28], parallel alignment
in myxobacteria swarms [29]) or in a more general framework in works such as [30, 31]. There are
a few exceptions, when spatial dependence was considered, for example in the general study of
the dynamic behavior of ensembles of “objects” [32] and in the one-dimensional aggregation model
from [17].
This article introduces and investigates a two-dimensional extension of the nonlocal hyperbolic
model for biological aggregations derived in [1] and further investigated in [33, 34]. The onedimensional model from [1] consists in the following system of conservation laws for the right and
left moving densities of individuals u+ and u− , respectively:
∂t u+ + ∂x (γu+ ) = −λ+ [u+ , u− ]u+ + λ− [u+ , u− ]u− ,
−

−

+

+

−

+

−

+

−

−

∂t u − ∂x (γu ) = λ [u , u ]u − λ [u , u ]u .

(1a)
(1b)

Here γ is a constant 1 speed, and λ+ (λ− ) denote the turning rates of the individuals that were
initially moving to the right (left) and then turn to change direction. The main merit of model
(1) is that it takes into account all three social interactions (attraction, repulsion and alignment)
1
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that govern the response of an individual to signals perceived from its neighbors. The three social
interactions are modeled by nonlocal terms that enter in the expressions of the turning rates λ± .
Model (1) was shown to capture a wide variety of spatial and spatiotemporal patterns [33]. Some of
those patterns, such as traveling pulses or stationary pulses, are classical, and have been obtained
with other models. Other patterns were new (ripples, zizgags, feathers and breathers [33]) and
apparently emerged only as a result of interactions between all three social forces (attraction,
repulsion and alignment).
The two-dimensional analogue of (1) introduced and studied in this article reads:
Z π
T (x, φ′ , φ)u(x, φ′ , t)dφ′ .
(2)
∂t u + γeφ · ∇x u = −λ(x, φ)u +
−π

Here u(x, φ, t) is the total density of individuals at x = (x, y) moving in the direction φ ∈ (−π, π],
measured from the positive axis x. Individuals move with constant speed γ in the direction eφ =
(cos φ, sin φ). The function λ(x, φ) describes the reorientation rate of individuals at (x, φ) and the
function T (x, φ′ , φ) describes the rate at which an individual located at x changes direction from
φ′ to φ after interaction with neighbors. The precise forms of λ and T are deferred to the next
section2 . Equation (4) expresses the fact that the change in the density of individuals at (x, φ, t)
is the result of two processes: (i) reorientation of individuals at x from φ to some other direction,
encoded in the term −λu and (ii) orientation of individuals from directions φ′ into φ, described by
the integral term. Consistency between the definitions and interpretations of λ and T is contained
in the following equation connecting them:
Z π
T (x, φ, φ′ ) dφ′ .
(3)
λ(x, φ) =
−π

Indeed, λ(x, φ), the turning rate from direction φ to any other direction should be obtained by
integrating T (x, φ, φ′ ), the turning rate from direction φ to φ′ , over all possible new directions φ′ .
For constant turning rates λ, equation (2) can be reduced to a model of dispersal of organisms
derived in [14] using a discrete stochastic approach called velocity jump process. In [14], the
random velocity changes are the result of a Poisson process of intensity λ. Alternatively, λ−1
has the meaning of mean run length time between the random choices of direction. T has the
interpretation of a turning kernel, providing the probability of a velocity jump from one velocity
to another. The equation presented in [14] assumes a constant turning rate λ, but the authors
mention that λ may depend on other variables as well. The model from [14] has attracted a fair
amount of interest in the subsequent literature, but there have been no attempts to consider specific
models for λ and T that incorporate social interactions and furthermore, no numerical experiments
tested the capabilities of the model to capture biologically relevant features of animal aggregations.
Some attempts to model two-dimensional group formations using density-dependent turning rates
are presented very briefly in [29] and in the Appendix of [34]. We follow a different approach in
the present article.
In our work we model the turning rate λ and the reorientation rate T to include all three social
interactions (attraction, repulsion and alignment). We assume that λ depends non-locally on the
density u via convolutions with interaction kernels. The three interactions are accounted for in
an additive manner, each being represented by a distance and an orientation kernel acting at a
2
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certain range (repulsion, alignment and attraction are assumed to act at short, intermediate and
long distances, respectively). The reorientation rate T is modeled similarly, except that here we
introduce turning probability functions to describe the likelihood of turning from one direction to
another [27] as a result of interactions with neighbors. Section 2 contains the description of the
mathematical model. Equation (2) has some readily available properties, such as conservation of
mass (following from (3)) and boundedness of the solution and its gradients. We present these
results in Section 3. Also in Section 3 we show how one can recover the one-dimensional model
(1) from (2). Finally, in Section 4 we present numerical results that illustrate three types of
group formations that we obtained with model (2), starting from random initial conditions : (i)
swarms (aggregation into a group, with no preferred direction of motion), (ii) parallel/ translational
motion (uniform spatial density, movement in a certain preferred direction) and (iii) parallel groups
(aggregation into a group, with movement in a preferred direction).

2

Model Description

We restate the integro-differential equation
∂t u + γeφ · ∇x u = −λ(x, φ)u +

Z

π

T (x, φ′ , φ)u(x, φ′ , t)dφ′ ,

(4)

−π

for the total density of individuals u(x, φ, t), at space location x = (x, y) in the direction φ ∈
(−π, π], measured from the positive axis x. Individuals move with constant speed γ in the direction
eφ = (cos φ, sin φ) and turn to approach, to avoid or to align with their neighbors. Turning is
modeled by λ(x, φ), which describes the reorientation rate of individuals at (x, φ) and by T (x, φ′ , φ),
which represents the rate at which an individual located at x changes direction from φ′ to φ after
interaction with neighbors 3 .
The two terms, λ(x, φ) and T (x, φ′ , φ), depend on the assumptions we make about how individuals interact with each other. Here, we will assume that these inter-individual interactions are
influenced by two factors:
• Distance from neighbors. This results in three concentric, possibly overlapping, interaction
zones for repulsion, alignment and attraction (see Figure 1)4 . These zones can be modeled
mathematically using distance kernels Kjd (x), j = r, al, a:
Kjd (x) =

1 −(√x2 +y2 −dj )2 /m2j
, j = r, al, a,
e
Aj

(5)

where dj describe the repulsion (j = r), alignment (j = al) and attraction (j = a) interaction
ranges, and mj gives the width of these ranges. The constant Aj ensures that each kernel
integrates to 1:


√
√
2
2
Aj = πmj mj e−dj /mj + πdj + πdj erf (dj /mj ) .
3

The right-hand-side of the model equation (4) is in the loss/ gain form reminiscent of the Bolzmann collision
operator [22]. Bolzmann-type collisional mechanisms have been recently adapted to model velocity changes in bird
flocking [36].
4
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Figure 1: Interaction zones in 2D. (a) Generic interaction zones for an individual placed at the
center of the three concentric circles that define its interaction ranges. (b) Contour plot of the
superposition of the three (j = r, al, a) distance kernels given by (5). The values of the parameters
correspond to Run 2 presented in the numerics section.
• Neighbors’ orientation. The reference individual weighs the information it receives regarding
the direction of movement of its neighbors, and then decides whether to change its direction
(to avoid collision, to approach or to align with its neighbors). This behavior can be described
mathematically using rotation kernels which depend on the movement direction φ and position
x of the reference individual, as well as on the movement direction θ and position s of its
neighbors.
Modeling the turning rate λ. We consider the social interactions between individuals (alignment, attraction, repulsion) to distinguish 3 mechanisms for turning:
(i) Turning to align with neighbors. An individual located at x moving in the direction φ changes
its direction of motion due to interactions with individuals s in its alignment range. Suppose that
the individual at s moves in the direction θ. We assume that individuals are less likely to turn if
their neighbors are approximately moving in the same direction (i.e., |φ − θ| small). In contrast,
individuals are very likely to reorient themselves if their neighbors are moving in the opposite
direction (i.e., |φ − θ| large) — see Figure 2(a). Such a behavior can be described by the following
function:
1
o
(− cos(φ − θ) + 1) .
(6)
Kal
(θ; φ) =
2π
o (θ; φ) is lowest (= 0) if φ = θ, when the individuals are already aligned, and highest
Note that Kal
( = 1/π) if φ = θ ± π, when individuals move in opposite directions. We model the turning rate
due to alignment only by the following nonlocal expression:
Z Z π
d
o
Kal
(x − s)Kal
(θ; φ)u(s, θ, t)dθds,
(7)
λal (x, φ) = qal
R2

−π

where qal is a constant that gives the strength of alignment. The alignment turning rate at (x, φ),
as defined by (7), takes into account the densities u(s, θ) of its neighbors, with proper weights given
d ) and the likelihood
by their distance from x (convolution with the distance alignment kernel Kal
o
of a turn, given by Kal (θ; φ).
5

(a)

(b)
Figure 2: A generic individual located at x moving in the direction φ changes its direction of motion
due to interactions with its neighbors. (a) Alignment interaction. The individuals at s and s′ in the
alignment range of x move in the directions θ and θ ′ , respectively. The individual at x is more likely
to turn due to its interaction with s′ than with s, as |φ − θ ′ | is larger than |φ − θ|. (b) Attraction
interaction. The individuals at s and s′ are in the attraction range of x. The individual at x is
more likely to turn due to its interaction with s′ than with s, as |φ − ψ ′ | is larger than |φ − ψ|.
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(ii) Turning to approach individuals due to attraction. This turning mechanism depends on the
movement direction φ of the reference individual located at x versus the position s of the neighbors
inside the attraction range. We consider the relative location s − x of the individual at s with
respect to the reference individual and denote by ψ the angle that this vector makes with the
positive x axis — see Figure 2(b). Provided s − x = (sx , sy ), the angle ψ is defined by
sy
sx
, sin ψ = q
.
(8)
cos ψ = q
s2x + s2y
s2x + s2y

The reference individual is more likely to turn to approach its neighbor at s provided |φ − ψ| is
large (s is behind x). On the other hand, the individual at x is less likely to turn provided |φ − ψ|
is small (s is ahead of x and the reference individual maintains its direction of motion to meet s)
— see Figure 2(b). We use the following function to describe this behavior:

1
Kao (s; x, φ) =
− cos(φ − ψ) + 1 .
(9)
2π
Note that Kao does not depend on the direction of motion of the neighbor located at s. If s is
right ahead of x (ψ = φ), Kao (s; x, φ) = 0, as there is no need to turn, as far as attraction is
concerned. Moreover, Kao (s; x, φ) = 1/π, the highest possible value, provided s is right behind x
(|ψ − φ| = π). Introducing a constant qa that describes the strength of attraction, the turning rate
due to attraction only is modeled similarly to (7), by
Z Z π
Kad (x − s)Kao (s; x, φ)u(s, θ, t)dθds.
(10)
λa (x, φ) = qa
R2

−π

(iii) Turning to avoid individuals due to repulsion. This turning mechanism is the opposite of
that for attraction. Using the same notations as above, a reference individual located at x that
moves in the direction φ is very likely to turn to avoid encounters with neighbors s in its repulsion
range, provided |φ − ψ| is small (s is ahead of x) and less likely to turn provided |φ − ψ| is large (s
is behind x). Similarly, we introduce the function

1
cos(φ − ψ) + 1 ,
(11)
Kro (s; x, φ) =
2π
and we model the turning rate due to repulsion by
Z Z π
Krd (x − s)Kro (s; x, φ)u(s, θ, t)dθds.
(12)
λr (x, φ) = qr
R2

−π

Here, the constant qr gives the strength of repulsion.
Finally, by taking contributions from all three social interactions, the turning rate λ(x, φ) in
(4) is defined as the sum:
λ(x, φ) = λal (x, φ) + λa (x, φ) + λr (x, φ).

(13)

Remark. Let us revisit (7), (10) and (12). Note that the kernels used in these definitions
integrate to 1, that is,
Z Z π
o
d
(θ; φ)dθds = 1,
(14)
(x − s)Kal
Kal
R2 −π
Z Z π
Kjd (x − s)Kjo (s; x, φ)dθds = 1,
j = a, r
(15)
R2

−π

7

Equation (14) follows immediately from (5) and (6), as the space and angle integrals decouple, and
both the distance and the orientation kernels integrate to 1. For the attraction kernel, use (8) and
(9) to calculate, after expanding cos(φ − ψ):


s
s
1
y
− cos φ q x
− sin φ q
+ 1 .
Kao (s; x, φ) =
2π
2
2
2
s +s
s + s2
x

y

x

y

Hence, since Kao (s; x, φ) does not depend on θ and the distance kernel Kad integrates to 1, we have,
Z

R2

Z

π

Kad (x − s)Kao (s; x, φ)dθds =
−π
Z
Z
sx
sy
d
Ka (x − s) q
− cos φ
ds + − sin φ
ds +1.
Kad (x − s) q
R2
R2
s2x + s2y
s2x + s2y
|
|
{z
}
{z
}
=0

=0

Observe that the integrals multiplying cos φ and sin φ are zero, as the integrands are odd in the
first and second coordinates, respectively. Equation (15) follows for j = a. Similarly for repusion.
Modeling the reorientation terms T (x, φ′ , φ). This term describes the rate at which an individual positioned at x changes its orientation from φ′ to φ due to interaction with its neighbors
— see Figure 3. We model the change in orientation using a turning probability function [27]
w(φ′ − φ, φ′ − θ) that gives the probability of turning from direction φ′ to φ as a result of interactions with individuals located at/ moving at direction θ (the latter distinction will be made precise
shortly).
Since w is a probability of reorientation, it yields 1 when integrated over all possible new
directions φ:
Z
π

−π

w(φ′ − φ, φ′ − θ) dφ = 1.

(16)

As we account for the three types of social interactions, we have turning probability functions wal ,
wa and wr corresponding to alignment, attraction and repulsion, respectively.
We consider the same turning mechanisms described in the previous paragraph and model the
reorientation rates due to three types of interactions by
Z Z π
d
o
′
Kal
(x − s)Kal
(θ; φ′ )wal (φ′ − φ, φ′ − θ)u(s, θ, t)dθds
(17)
Tal (x, φ , φ) = qal
R2

Ta (x, φ′ , φ) = qa
Tr (x, φ′ , φ) = qr

Z

Z

R2

R2

−π

Z

π

−π
Z π
−π

Kad (x − s)Kao (s; x, φ′ )wa (φ′ − φ, φ′ − ψ)u(s, θ, t)dθds

(18)

Krd (x − s)Kro (s; x, φ′ )wr (φ′ − φ, φ′ − ψ)u(s, θ, t)dθds.

(19)

Here, qal , qa and qr are the constants introduced in (7), (10) and (12) to describe the strengths of
alignment, attraction and repulsion, respectively.
The definitions (17)-(19) are in similar spirit to the modeling assumptions on λ’s from (7), (10)
and (12), except that the former set addresses specifically the turning probability functions. For
8

Figure 3: Reorientation mechanisms in 2D. An individual positioned at x changes its orientation
from φ′ to φ due to interaction with its neighbors. A generic neighbor is indicated by the individual
located at s that moves in the direction θ. The reorientation mechanism in the figure may correspond to either alignment (the individual at x changes its direction to align with θ, the moving
direction of s) or attraction (the individual at x steers toward the location s).
instance, the reorientation term Tal (x, φ′ , φ) defined by (17) considers the densities u(s, θ) of its
neighbors in the alignment range, with weights given by their distance from x (convolution with
d ), the likelihood of a turn, given by K o (θ; φ), and the probability
the distance alignment kernel Kal
al
′
′
′
wal (φ − φ, φ − θ) that (x, φ ) changes direction to φ in order to align with θ, the moving direction
of s. For attraction and repulsion, the turning probabilities depend on the angle ψ that gives the
relative location of s with respect to the reference individual located at x.
Finally, T (x, φ′ , φ) includes the contributions from all social interactions:
T (x, φ′ , φ) = Tal (x, φ′ , φ) + Ta (x, φ′ , φ) + Tr (x, φ′ , φ).

(20)

Remark. The definitions and interpretations of the turning rates λ and T are consistent. Indeed,
λ(x, φ), the turning rate from direction φ to any other direction can be obtained by integrating
T (x, φ, φ′ ), the turning rate from direction φ to φ′ , over all possible new directions φ′ :
Z π
λ(x, φ) =
T (x, φ, φ′ ) dφ′ .
−π

To obtain the equation above one has to use (16).
In fact, we could have used a more direct approach and introduce the turning rates T first
(through formulas (17)-(19)), then simply define λ by the equation above. Hoping for a more
transparent presentation, we preferred however a more gradual approach instead.
9

Modeling the probability functions wal , wa and wr . We follow [27] and take the turning probability functions wal , wa and wr in the form:
w(φ′ − φ, φ′ − θ) = gσ (φ′ − φ − v(φ′ − θ)),

(21)

where gσ is an approximation of the delta function with width σ and v is a turning function. With
highest probability an individual moving in the direction φ′ turns to direction
φ = φ′ − v(φ′ − θ),
due to its social interaction with another individual. Depending on the nature of interaction, θ can
represent the direction of motion of the other individual (alignment) or the relative direction of the
positions of the two individuals (attraction and repulsion).
The parameter σ > 0 measures the uncertainty of turning [27]. Larger σ means less exact
turning, while σ very small indicates a very exact turning mechanism. Possible expressions for gσ
are: a periodic Gaussian or a normalized step function:
1 X −( θ+2πz )2
σ
,
e
gσ (θ) = √
πσ
z∈Z

gσ (θ) =

(

1
2σ

θ ∈ (−π, π),

|θ| < σ
σ < |θ| ≤ π.

0

(22)

(23)

Possible choices of the turning function v are discussed in [27] in the context of orientation of
actin filaments. Among other choices we have
v(θ) = κ sin θ,

(24)

v(θ) = κθ,

(25)

where κ is a constant, −1 ≤ κ ≤ 1. Both cases give a certain rule for turning, either proportional
to the sine of the relative angle or proportional to the relative angle itself. The sign of κ is very
important, as it indicates if the orientation mechanism is attractive or repulsive, with −1 ≤ κ ≤ 0
for repulsive turning and 0 ≤ κ ≤ 1 for attracting-like turning mechanisms (that includes attraction
and alignment).
To conclude, the functions wal , wa and wr have the form:
wj (φ′ − φ, φ′ − θ) = gσj (φ′ − φ − vj (φ′ − θ)),

with j = al, a, r,

(26)

where the functions gσj are approximations of the delta function with widths σj . The turning
functions vj (see (24) and (25)) involve a parameter κj , whose sign defines the type of interaction:
non-negative for attraction-like interactions, i.e., 0 ≤ κal , κa ≤ 1, and non-positive for repulsion-like
ones, i.e., −1 ≤ κr ≤ 0. The magnitude of κj gives the extent to which an individual is attracted/
repelled by another individual’s position or direction, while σj measures the uncertainty of turning
due to the respective interaction.
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3

Properties of the mathematical model

Conservation of mass. Integrate (4) over space x ∈ R2 and angle φ ∈ (−π, π). The advection
term in the left-hand-side renders 0 since u vanishes at infinity. Using (16) with the definitions of
λ and T one concludes that the right-hand-side also renders 0, therefore yielding the conservation
of the total mass:
Z Z π
d
u(x, φ, t) dφ dx = 0.
(27)
dt R2 −π
Denote by
M=

Z

R2

Z

π

u0 (x, φ) dφ dx,

(28)

−π

the constant total mass.
Positivity of the solution. Note that, provided the initial data u0 (x, φ) is non-negative, the
solution to (4) remains non-negative for all times. Indeed, if u vanishes at (x, φ, t), then its material
derivative in the direction φ is non-negative
Z π
D
T (x, φ′ , φ)u(x, φ′ , t)dφ′
u(x, φ, t) =
Dt
−π
≥ 0,

implying that u cannot drop below 0.
Boundedness of the solution. The left-hand-side of (4) is advection in the φ direction. We
show below that the right-hand-side grows at most linearly in u and conclude from Gronwall’s
lemma that the solution remains bounded at all finite times. This rules out a finite-time density
blow-up scenario driven for instance by a quadratic (of type u2 ) right-hand-side. Indeed, from
(17)-(20),
Z Z π
′
u(x, φ, t) dφ dx
|T (x, φ , φ)| ≤ C1
R2

−π

= C1 M,

(29)

where
o
d
wal kL∞ , qa kKad Kao wa kL∞ , qr kKrd Kro wr kL∞ }.
Kal
C1 = 3 max{qal kKal

Hence,

D
u(x, φ, t) ≤ 2πC1 M ku(·, ·, t)kL∞ (R2 ×(−π,π)) ,
(30)
Dt
since the first term in the right-hand-side of (4) is non-positive. To simplify notations, let C denote
the constant 2πM C1 . We write (30) as
d
u(x + tγeφ , φ, t) ≤ Cku(·, ·, t)kL∞ (R2 ×(−π,π)) ,
dt
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and after integration with respect to t we derive
Z t
ku(·, ·, t)kL∞ (R2 ×(−π,π))
u(x + tγeφ , φ, t) = u0 (x, φ) + C
0
Z t
ku(·, ·, t)kL∞ (R2 ×(−π,π)) .
≤ ku0 kL∞ (R2 ×(−π,π)) + C
0

The inequality holds for all x, φ and t, therefore
ku(·, ·, t)kL∞ (R2 ×(−π,π)) ≤ ku0 kL∞ (R2 ×(−π,π)) + C

Z

0

t

ku(·, ·, t)kL∞ (R2 ×(−π,π)) ,

for all t. Then, Gronwall’s lemma gives finite time boundedess of the solution, provided the initial
data is bounded:
ku(·, ·, t)kL∞ (R2 ×(−π,π)) ≤ ku0 kL∞ (R2 ×(−π,π)) eCt ,

for all t.

Boundedness of the gradients. A similar argument applies to the space-gradients of the
solution, showing that shocks cannot occur in finite-time. Take a derivative with respect to x in
(4) and denote v = ux to get
Z π
Z π
′
′
′
T (x, φ′ , φ)v(x, φ′ , t)dφ′ . (31)
Tx (x, φ , φ)u(x, φ , t)dφ +
∂t v + γeφ · ∇x v = −λx u − λv +
−π

−π

We show that the right-hand-side of (31) can grow at most linearly in v. Using conservation of the
total mass (27) it follows easily that the turning rate λ from (13) is bounded by
|λ| ≤ C2 M,
d K o k ∞ , q kK d K o k ∞ , q kK d K o k ∞ }. Hence,
with C2 = 3 max{qal kKal
a
r
a a L
r r L
al L

|λv| ≤ C2 M kv(·, ·, t)kL∞ (R2 ×(−π,π)) .
Also, using (29) we derive
Z π
T (x, φ′ , φ)v(x, φ′ , t)dφ′ ≤ 2πC1 M kv(·, ·, t)kL∞ (R2 ×(−π,π)) .
−π

Regarding the first term in the right-hand-side of (31), we calculate
λx = λal,x + λa,x + λr,x .
From (7),
d
o
|λal,x | ≤ qal kKal,x
kL∞ kKal
kL∞ M.

Also, from (10),
λa,x = qa

Z

R2

Z

π
−π



d
o
Ka,x
(x − s)Kao (s; x, φ) + Kad (x − s)Ka,x
(s; x, φ) u(s, θ, t)dθds.
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(32)

The distance kernels (5) are exponentially decreasing functions, therefore their derivatives are
bounded and the first term in the right-hand-side of (32) can be bounded by
d
qa kKa,x
kL∞ kKao kL∞ M.

Regarding the second term, differentiate (9) with respect to x and use (8) to get,
sy
1
sin(φ − ψ) 2
2π
sx + s2y
1
1
= − sin(φ − ψ) sin ψ
,
2π
|s − x|

o
Ka,x
(s; x, φ) = −

o is a singular, but integrable kernel.
where we remind the reader that s−x = (sx , sy ). Note that Ka,x
By passing to polar coordinates with origin at x, the singular component 1/|s−x| goes away, leaving
a bounded term. Finally, using the finite-time boundedness of u derived in the previous paragraph,
the second term in (32) can be bounded by

CkukL∞ kKad (|x|)kL1 (R) ,
and combined with the previous result, we conclude that |λa,x | is bounded. Boundedness of λr,x
follows similarly. Therefore, λx stays bounded at finite times.
Now return to the first term in the right-hand-side of (31) and use the boundedness of u to
conclude that |λx u| remains bounded at finite times. We omit to show the boundedness of the
third-term in the right-hand-side of (31), as the derivation involves similar arguments.
Collecting the results, we get
D
v(x, φ, t) ≤ C(T )kv(·, ·, t)kL∞ (R2 ×(−π,π)) ,
Dt
for all t ∈ [0, T ], with T arbitrary. Gronwall’s lemma provides the boundedness at finite times of
v = ux . As a similar estimate can be derived for uy , we conclude that k∇x u(·, ·, t)kL∞ (R2 ×(−π,π))
remains bounded for finite times, provided the initial data has a bounded gradient.
Finally, similar Growall-type arguments can be used to argue that kuφ (·, ·, t)kL∞ (R2 ×(−π,π))
remains bounded for finite times, provided uφ is bounded initially.
Global existence of solutions. Local existence and uniqueness of solutions to equation (4) can
be shown using standard fixed point arguments or the vanishing viscosity method. The a priori
W 1,∞ estimates derived in the previous paragraphs can then be used with a standard continuation
principle to extend the local solutions globally in time. More precisely, one can conclude that given
an initial datum u0 ∈ C 1 ∩ W 1,∞ (R2 × (−π, π)) for equation (4), then for every T > 0, there exists
a unique classical solution u ∈ C 1 ∩ W 1,∞ (R2 × (−π, π) × [0, T )) to the aggregation model (4).
Reduction to other models.
and time t, that is

Denote by ρ(x, t) the spatial density of individuals at location x
ρ(x, t) =

Z

π

u(x, φ, t) dφ.
−π
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(33)

The velocity in the direction φ is γeφ , where γ is the constant speed and eφ = (cos φ, sin φ) is the
unit vector in the direction φ. Define the average velocity v(x, t) at (x, t) by
Z π
γeφ u(x, φ, t) dφ.
(34)
ρ(x, t)v(x, t) =
−π

Integrating the equation of motion (4) with respect to φ one gets
ρt + ∇x · (ρv) = 0,

(35)

as the right-hand-side of (4) yields 0 after integration.
Similarly, multiply (4) by γeφ , integrate with respect to φ and derive an evolution equation for
ρv:
Z π
2
u eφ ⊗ eφ dφ =
(ρv)t + γ ∇x ·
−π
Z π Z π
Z π
T (x, φ′ , φ)u(x, φ′ , t) eφ dφ′ dφ, (36)
λ(x, φ)u(x, φ, t) eφ dφ + γ
−γ
−π

−π

−π

where ⊗ denotes tensor product.
Reduction to 1D. Consider the one-dimensional problem, where individuals move along the
x-axis in the only two admissible directions, that is φ = 0 and φ = π. The solution u(x, φ, t) is
then in the form:
u(x, φ, t) = u+ (x, t)δ(φ) + u− (x, t)δ(φ − π),
(37)
where u+ and u− denote the densities of individuals that move right and left, respectively.
Plug (37) into (33) to get the total density in both directions:
ρ(x, t) = u+ (x, t) + u− (x, t).
Similarly, from (37) and (34), the (horizontal) average momentum is
ρ(x, t)v(x, t) = γu+ (x, t) − γu− (x, t).

(38)

Here we used that in 1D, for the two directions of motions (right-moving with φ = 0 and left-moving
with φ = π), we have, respectively
e0 = 1

and

eπ = −1.

(39)

(u+ + u− )t + γ(u+ − u− )x = 0.

(40)

The continuity equation (35) then becomes

We now turn to the one-dimensional version of (36). We plug the one-dimensional solution (37)
into (36) and use (39). The second term in the left-hand-side simply becomes

γ 2 u+ (x, t) + u− (x, t) x .
(41)
The first and second integrals in the right-hand-side of (36) yield, respectively,
− γλ(x, 0)u+ (x, t) + γλ(x, π)u− (x, t),
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(42)

and
γ

Z

π
−π


T (x, 0, φ)u+ (x, t) + T (x, π, φ)u− (x, t) eφ dφ.

(43)

We first look at the alignment components in (42) and (43). Before starting the calculation, let us
inspect the alignment components of the first terms in (42) and (43). In 1D the set of directions
eφ is discrete (see (39)). We expect Tal (x, 0, 0) = 0, as the right-moving individuals do not turn
to remain aligned with the other right-movers. Therefore, the only non-trivial contribution from
the first term in (43) comes from φ = π. From (39), eπ = −1. Also, Tal (x, 0, π) represents the
turning rate due to alignment of the right-moving individuals, so it equals λal (x, 0). Based on these
considerations we conclude that, upon summation, the alignment components of the first terms in
(42) and (43) combine. Similar arguments hold for the second terms and also, for repulsion and
attraction components, leading to the final outcome (46). Below we present the calculations that
validate these intuitive considerations.
From (7) and (37) we calculate the alignment component of the turning rate λ,


Z
Z
−
d
+
0
d
0
λal (x, φ) = qal Kal (0; φ) Kal (x − s)u (s, t) ds + Kal (π; φ) Kal (x − s)u (s, t) ds .
Using (6) we compute
1
λal (x, 0) = qal
π

Z

d
Kal
(x − s)u− (s, t) ds,

o (0; 0) = 0 and K o (π; 0) = 1/π. Similarly,
as Kal
al
Z
1
d
λal (x, π) = qal
Kal
(x − s)u+ (s, t) ds.
π

(44)

(45)

The alignment components of T (x, 0, φ) and T (x, π, φ) can be computed from (17), using (37):
Z
1
d
Kal
(x − s)wal (0 − φ, 0 − π)u− (s, t) ds,
Tal (x, 0, φ) = qal
π
and
Tal (x, π, φ) = qal

1
π

Z

d
(x − s)wal (π − φ, π − 0)u+ (s, t) ds,
Kal

o (0; 0) = K o (π; π) = 0 and K o (π; 0) = K o (0; π) = 1/π.
where we used Kal
al
al
al
Assume that an individual changes direction whenever it interacts with an individual moving
in the opposite direction. This implies that the turning probability function wal has the form:

wal (φ′ − φ, φ′ − θ) = δ(φ − φ′ − π),

when φ′ 6= θ.

The equation expresses the fact that an individual that moves in the direction φ′ interacts with
an individual that moves in the opposite direction θ and as a result it turns and changes its direction
to φ = φ′ + π. As we work in the one-dimensional setting, φ′ , φ and θ take values only in the set
{0, π}. As a result,
Z
1
d
Kal
(x − s)u− (s, t) ds,
Tal (x, 0, φ) = δ(φ − π)qal
π
Z
1
d
(x − s)u+ (s, t) ds.
Tal (x, π, φ) = δ(φ)qal
Kal
π
15

From (44) and (45) we further infer that
Tal (x, 0, φ) = δ(φ − π)λal (x, 0)

Tal (x, π, φ) = δ(φ)λal (x, π),

and upon substitution in (43) with use of (39) we conclude that the alignment component of the
expression given by (43) equals that of (42).
Hence the alignment components of (42) and (43) combine and contribute to the right-hand-side
of (36) the expression:
−2γλal (x, 0)u+ (x, t) + 2γλal (x, π)u− (x, t).
As a similar result holds for the attraction and repulsion components (we included these calculations in the Appendix), we conclude that the right-hand-side of (36) is given by
− 2γλ(x, 0)u+ (x, t) + 2γλ(x, π)u− (x, t).

(46)

Make the notations
λ+ = λ(x, 0)

and

λ− = λ(x, π),

for the turning rates of the individuals that move right and left, respectively.
Collecting (38), (41) and (46), we finally derive the one-dimensional version of (36) to be


u+ − u− t + γ u+ + u− x = −2λ+ u+ + 2λ− u− .
(47)

By adding and subtracting the continuity equation (40) and the momentum equation (47) one
recovers the one-dimensional model (1), introduced and studied in [1, 33].
Special 1D solutions.
1. Alignment only. Suppose alignment is the only social interaction between individuals (qa =
qr = 0) and consider a two-dimensional motion along two opposite directions only, say the
horizontal directions φ = 0 and φ = π. Assume the solution u does not depend on the y
variable, that is
u(x, φ, t) = u+ (x, t)δ(φ) + u− (x, t)δ(φ − π).
(48)
The average momentum, as computed from (34), is horizontal:
ρ(x, t)v(x, t) = (γu+ (x, t) − γu− (x, t), 0)T ,

(49)

where we used
e0 = (1, 0)T

and

eπ = (−1, 0)T .

Then follow a similar procedure as above and plug (48), (49) into (35) and (36). The key
observation is that the space and angle variables decouple in the calculations. The turning
rates continue do depend on the locations of individuals in the alignment range, but the
turning is essentially a one-dimensional process (from right to left or viceversa). Hence one can
derive two-dimensional versions of the density equation (40) and of the momentum equation
(47), where the momentum equation is a trivial identity in the vertical direction and the
divergence ∇x · is simply the derivative with respect to the horizontal space variable x.
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Therefore, we can simply add a vertical dimension to the the one-dimensional solutions of
(1) and recover solutions of the system (4), the latter being considered in the particular case
when alignment is the only interaction force between individuals.
If attraction and repulsion are considered as social interactions, this observation no longer
holds. In this case turning is genuinely two-dimensional, as individuals turn to meet or avoid
individuals in their range of attraction/ repulsion.
2. Translational solution. Provided alignment is the only social interaction (qa = qr = 0), system
(4) admits a purely translational solution. Indeed, consider the initial data
u(x, φ, 0) = u0 (x)δ(φ),
where u0 (x) has compact support Ω ⊂ R2 . We show that its translation with speed γ in the
direction e0 ,
u(x, φ, t) = u0 (x − γe0 t)δ(φ),
(50)

is a solution of (4). Inspecting (4), we infer that it is sufficient to show that its right-hand-side
vanishes at all φ. The first term in the right-hand-side is 0, as
Z
d
o
Kal
(x − s)u0 (x − γe0 t) ds,
λal (x, φ) = qal Kal (0; φ)
R2

and taking its product with u(x, φ, t) from (50) it yields the factor
o
(0; φ)δ(φ) = 0.
Kal
o (0; 0) = 0. The second term in the right-hand-side of (4) is 0 as well.
Here, we used Kal
Indeed, calculate
Z π
Tal (x, φ′ , φ)u(x, φ′ , t)dφ′ = Tal (x, 0, φ)u0 (x − γe0 t).
−π

Using (17) and (50), we further infer that
Tal (x, 0, φ) = 0,
o (0; 0) = 0.
as its expression includes the factor Kal

Case λ = const. For constant turning rates, λ(x, φ) = λ, and T (x, φ′ , φ) = λT̃ (x, φ′ , φ), our
model (4) reduces to
Z π
T̃ (x, φ′ , φ)u(x, φ′ , t)dφ′ .
(51)
∂t u + γeφ · ∇x u = −λu + λ
−π

This model was derived in [14] using a discrete stochastic approach called velocity-jump process.
In [14], the random velocity changes are the result of a Poisson process of intensity λ (alternatively,
λ−1 has the meaning of the mean run time between the random choices of direction). The function
T̃ (x, φ′ , φ) in [14] represents the probability of a change in direction from φ′ to φ, similar to our
turning probability functions wj , j = al, a, r from (26). There has been a fairly extensive amount
of literature [1, 27, 34] dedicated to the dispersal model from [14], but no research except the
present work attempted to include nonlocal social interactions in the turning rates and also, present
numerical results to test the model in higher dimensions.
17

4

Numerical results

Numerical method. The definitions of λ and T involve space and angle convolutions of the distance and orientation kernels with the solution. For numerical purposes, Fourier methods provide
an excellent means for calculating convolution integrals, rendering significant computational advantages over quadrature methods for instance. To calculate a convolution numerically, one simply
performs a multiplication in the discrete Fourier space:
\
K
∗ u (l) = K̂(l)û(l).
In addition, Fourier methods conveniently handle linear terms. Upon applying the 2D Fourier
transform to the linear convective term in the left-hand-side of (4), we obtain
γ(cos φ l1 + sin φ l2 )û,
where l1 and l2 are the horizontal and vertical components of the wavenumber, respectively. The
resulting expression above is now algebraic and is being dealt with using the integrating factor
method.
To advance the solution in time we use the 4th order Runge-Kutta method. For space discretization we use a rectangular grid on [−L/2, L/2) × [−L/2, L/2) with N 2 points, ∆x = ∆y = L/N . For
angle discretization we use an equidistant grid on [−π, π) with M points, ∆φ = 2π/M . To avoid
2
aliasing, all multiplications of Fourier modes are done on an extended spatial grid of size 32 N
and an angular grid of size 32 M . The procedure is standard [39]: the extension is done by padding
the spectrum matrix with zeros, calculations are performed in the extended space and then the
spectrum is restricted back to the original size.
We give some brief details regarding the implementation of discrete convolutions used to compute the turning rates. The integral defining λal in (7) (see also (6)) represents a convolution in
space and angle and it is trivial to compute its discrete Fourier spectrum. The integrals that define
λa and λr in (10) and (12) (see also (9), (11) and (8)) however represent a convolution in space
only. To see this, expand Kao from (9), using (8):
1
(− cos φ cos ψ − sin φ sin ψ + 1)
2π 

1
sy
sx
=
− sin φ 2
+1 ,
− cos φ 2
2π
sx + s2y
sx + s2y

Kao (s; x, φ) =

where sx and sy are the x and y components of the relative position s − x. Therefore, the product
Kad Kao that enters in the integrand of (10) is only a function of x − s and we can write
Z π
Z
u(s, θ, t)dθds.
λa (x, φ) = qa
Kad (x − s)Kao (s; x, φ)
R2

−π

The θ-integral is the zero-mode (with respect to angle) of u, and the remaining space integral is a
convolution. Similarly for λr .
We explain now briefly the calculation of the reorientation terms included in T . The integral
defining Tal (x, φ′ , φ) in (17) is clearly a convolution in space and angle. The integrals in (18)
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and (19) that define Ta (x, φ′ , φ) and Tr (x, φ′ , φ) also represent convolutions (but in space only!),
provided we use the turning functions va and vr in the form (24). Indeed, for every φ′ and φ fixed,
wa (φ′ − φ, φ′ − ψ) = gσa (φ′ − φ − κa sin(φ′ − ψ))


= gσa φ′ − φ − κa (sin φ′ cos ψ − cos φ′ sin ψ)



sy
sx
′
′
′
− cos φ 2
,
= gσa φ − φ − κa sin φ 2
sx + s2y
sx + s2y

is a function of x − s. Hence, using the observation above regarding Kao we conclude that the
integral in (18) is a convolution in the space variable. Similarly for Tr (x, φ′ , φ).
Numerical experiments. In all numerical simulations we take L = 4 and speed γ = 1. We take
gσj , j = al, a, r from (26) in the form of a periodic Gaussian (22) with widths σj = 0.2, j = al, a, r,
and the turning functions vj , j = al, a, r, in the form (24). We fix the parameters that define
the distance kernels (5): the interaction ranges dr = 0, dal = 0.4, da = 0.8 and the widths of the
interaction ranges mr = 0.2, mal = 0.2, ma = 0.2 — see also Figure 1. The numerical experiments
presented below use N = 65, K = 64 and ∆t = 0.05.
Run 1 (aggregation): Random in space and direction initial data (at every space location and
angle direction the initial data is produced by a uniform random number generator). The parameters that give the strength of interactions are: qr = 1, qal = 1, qa = 5. The proportionality
constants that describe the amount or turning are: kr = −0.1, kal = 0.1, ka = 0.9. Attraction is
the dominant social interaction between individuals. After a certain time, the individuals aggregate
in a group with well defined boundaries.
The contour plot of the spatial density ρ(x, t) (see (33)) at t = 35 is shown in Figure 4(a).
As alignment is relatively weak, all directions are almost equally preferred, corresponding to a
state of swarming. This can be observed in Figure 4(b) where we plot the density u(x, φ, t) as a
function of the orientation angle φ at t = 35 and x fixed at four space locations. The first space
location is the center of the swarm, where the density is highest (solid line). The other three space
locations are horizontal translations of the center of the swarm, to the right, by 3∆x, 6∆x and 9∆x,
corresponding to the dashed, dotted and dash-dotted lines, respectively. The density decreases as
the points approach the edge of the swarm, as reflected by the amplitudes of the four curves in the
figure. Note that there is no preferred direction of motion at the center of the swarm. Toward the
right edge of the swarm (dotted and dash-dotted lines) preference is given to motion in the negative
horizontal direction φ = π, as individuals move to preserve the aggregate. The solution settles into
a steady state corresponding to a motionless swarm where individuals move in all directions.
A very interesting account on the various insect swarms observed in nature is given in [40] (see
also references therein). Special techniques designed to track individual trajectories of mosquitos
in a swarm showed that individuals do not seem to have preferred positions within a swarms, but
appear to drift at random. The concentration distribution of the swarming insects (Figure 7.6
in [40]) has a bell-like shape, i.e., it is symmetric with respect to the swarm center, with high
concentration in the center that decays to zero toward the edges. More specifically, [41] reports
studies on the male swarms of Anopheles gambiae, a mosquito species that includes the most
important vectors of malaria. Male mosquitos form swarms for mating purposes: the swarms
attracts inseminated females, increasing the probability of efficient sexual encounters. It has been
observed that swarms in this species are approximately spherical, “with an unexpectedly high
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density of individuals close to the swarm centroid”. Figure 4 captures all the features mentioned
above: random drift, symmetrical shape and high density at the center.
Figure 4 may also correspond to the formation of a “bait ball”, a tightly packed school of small
fish (such as sardines) that forms under the threat of predation. An example of such pattern is
offered by [42], which reported how under the threat of predation, a school of fish collapsed into
a tight ball which became almost motionless. Note in Figure 4 that, despite the fact that the
individuals in the swarm keep moving in all directions, the (macroscopic) swarm reaches a steady
state, with a fixed center and shape.
Spatial density ρ at time = 35

Angular distribution at time = 35
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Figure 4: Run 1(attraction dominated): qr = 1, qal = 1, qa = 5, kr = −0.1, kal = 0.1, ka = 0.9. The
initial data is randomly generated in space and direction. (a) Contour plot of the spatial density ρ
at t = 35. Note the formation of a group at t = 35. (b) Plot of the density u as a function of angle
φ at t = 35 at four space locations. The first space location is the center of the swarm (solid line).
The other three space locations are horizontal translations of the center of the swarm, to the right,
by 3∆x, 6∆x and 9∆x, corresponding to the dashed, dotted and dash-dotted lines, respectively.
There is no preferred direction at motion at the center of the swarm. Towards the right edge of
the swarm (dotted and dash-dotted lines), preference is given to the negative horizontal direction
φ = π, in order to maintain the aggregate.
Run 2 (translation): The initial density is the constant 1 plus a uniform number generator
in space and angle. The parameters are qr = 1, qal = 3, qa = 1 and kr = −0.25, kal = 0.75,
ka = 0.25. Note that attraction and repulsion have equal strength that is smaller than the strength
of alignment. This is an alignment dominated interaction, where individuals eventually align their
motion along a preferred direction (translational solution). As attraction and repulsion balance
each other, the individuals spread uniformly in the computational domain.
In Figure 5(a) we show the contour plot of ρ(x, t) at time t = 48. The distribution of the
individuals is almost uniform in the domain. In Figure 5(b) we plot the angular distribution of the
solution u at a fixed space location at times t = 0, 6, 14 and 48. Note the peak around φ = 1.37
radians (about 78.75 degrees) and the drop to 0 in the other directions, indicating an almost 5
translational solution. We plot the solution at t = 48, but in fact there is no noticeable change
5
We also captured numerically genuine translational solutions of (4) when alignment is the only social interaction
between individuals (qa = qr = 0). This solutions were discussed in Section 3, see equation (50). Since this is virtually
a one-dimensional motion, we did not include these numerical results.
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Spatial density ρ at time = 48

Angular distribution (time evolution)
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Figure 5: Run 2 (alignment dominated): qr = 1, qal = 3, qa = 1 and kr = −0.25, kal = 0.75,
ka = 0.25. Attraction and repulsion balance each other, alignment is the principal interaction
mechanism. The initial density is the constant 1 plus a uniform random distribution in space and
angle. (a) Contour plot of the spatial density ρ at t = 48. Note that the density is virtually uniform.
(b) Plot of density u as a function of angle φ at a fixed location in space at t = 0 (dashed-dot),
t = 6 (dashed), t = 14 (dotted) and t = 48 (solid). The individuals align along a preferred direction
at φ = 1.37 radians (about 78.75 degrees) creating an almost translational group motion. There is
no noticeable change in the angular profile beyond t = 20.
in the angular profile of the solution after t = 20. The alignment of individuals observed in this
run is similar to the alignment found in the orientational distribution of actin cells [27], with the
caveat that our model considers in addition space-dependence and also attraction and repulsion
interaction forces.
The solution depicted in Figure 4 is typical to observations of fish schools moving from one
location to another, where behavioral matching is expressed by the tendency of each individual
to match its orientation with that of its nearby neighbors (parallel orientation). Swimming in
groups can have various advantages, such as enhanced foraging success, increased access to mates,
hydrodynamic efficiency and better predator avoidance. We refer to [43] for a brief, but detailed
survey of mathematical models for fish schooling, with referrals to the experimental observations
that validate the models. Similar alignment behaviors are observed in migrating herds of ungulates
[44] or flocks of birds [45].
Remark. By taking the alignment turning function val (see (24) and (25)) in the form
val (θ) = kal sin(2θ),

(52)

we obtained numerically a ”two-way” translational solution, along two opposite directions, similar
to the bipolar angular distributions in actin networks [27]. The function val from (52) describes
alignment at acute interaction ranges and anti-alignment at obtuse angles. A plot similar to Figure
5 (not shown here) would indicate convergence to a spatially homogeneous stationary distribution
with two peaks of equal height, at π angular distance from each other.
Run 3 (aggregation with alignment): Random in space and direction initial data as in Run 1,
with parameters: qr = 1, qal = 5, qa = 5 and kr = −0.1, kal = 0.75, ka = 0.75. Alignment and
attraction dominate in strength the repulsion. Also, the turning, as indicated by the magnitude
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of κj ’s, j = r, al, a, is primarily driven by alignment and attraction interactions. The individuals
aggregate in a group and also align their directions of motion.
Figures 6(a) and 6(c) show the spatial density at t = 20 and t = 35, respectively. Having
started from a random initial distribution, individuals aggregate at t = 20. Note the scale on the
right-hand-side of Figure 6(a), indicating a density range between 3.55 and 4.6 with a high density
group centered at around (0.09, −1.26). At t = 35 (Figure 6(c)) we observe the formation of a
group with well-defined boundaries, similar to that seen in Run 1 (Figure 4(a)).
Figures 6(b) and 6(d) display, respectively, the angular distribution of the density u at t = 20
and t = 35, at four space locations. For both figures, the first space location is the point of highest
density (solid line). The other three space locations are horizontal translations of the point of
highest density, to the right, by 16∆x, 32∆x and 48∆x (Figure 6(b)) and 3∆x, 6∆x and 9∆x
(Figure 6(d)). Note that both figures show an alignment of individuals along the same preferred
direction at φ = −2.35 radians (−135 degrees). The individuals have not yet formed a well-defined
group by t = 20, but they did align along a preferred direction and they maintained that preferred
orientation through the aggregation process that took place until t = 35. Also note in Figure 6(c)
the elongated shape of the group at t = 35. The elongation is precisely along the direction of
motion, that is φ = −135 degrees.
The solution from Figure 6 combines features from the previous two runs: aggregation into a
group with higher density at the core (as in Figure 4) and movement along a preferred direction
(as in Figure 5). This pattern may correspond for instance to the prey-flock escaping behavior in
response to a predator’s attack. According to the selfish herd model [46], the risk of predation is
reduced if an individual places himself between another prey individual and the predator. This
behavior results in an aggregation that runs away from the predator, with individuals in the center
potentially being favored. We refer to [47] and references therein for a recent account on the
theoretical, modeling and experimental aspects of the selfish herd concept. Finally, it is interesting
to point out that the “tail” behind the moving group (Figure 6) has also been observed in simulations
of particle-based models [48].

5

Discussion and future directions

The purpose of this paper is to introduce and make a preliminary investigation on the twodimensional extension of the nonlocal continuum model for aggregation (1) from [1, 33]. To extend
(1) to two dimensions we adopt a kinetic formulation that leads to a generalization of the model
of dispersal of organisms derived in [14] using a discrete stochastic approach called velocity jump
process. The main novelty in the present model (2) (as adapted from its one-dimensional case (1))
concerns the assumptions we make on the turning rates, to include, nonlocally, the three types of
social interactions that act among individuals of a group: attraction, repulsion and alignment. The
mathematical model (2) conserves mass, has solutions of bounded amplitude and gradients and
reduces nicely (but non-trivially) to the one-dimensional model (1).
The two-dimensional model (2) exhibits several collective behaviors of biological aggregations
observed in nature. When attraction is the dominant interaction force and individuals have little
or no tendency to align with their neighbors, we observe the formation of a circular swarm group
(Figure 4), with a higher density at the center and random drift of the individuals in the swarm.
This solution agrees very well to the observations on the structure and dynamics of mosquito
swarms [40], in particular the male swarms of Anopheles gambiae [41] that form to serve various
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Figure 6: Run 3 (attraction and alignment dominated): qr = 1, qal = 5, qa = 5 and kr = −0.1,
kal = 0.75, ka = 0.75. Random in space and direction initial data. (a) Contour plot of the spatial
density ρ at t = 20. (b) Angular distribution of the density u at t = 20 and four space locations. The
solid line corresponds to the highest density point. The other three space locations are horizontal
translations of the point of highest density, to the right, by 16∆x, 32∆x and 48∆x, corresponding
to the dashed, dotted and dash-dotted lines, respectively. (c) Contour plot of the spatial density
ρ at t = 35. (d) Angular distribution of the density u at t = 35 and four space locations. The
first location is the center of the swarm (solid line). The other three space locations are horizontal
translations of the center of the swarm to the right, by 3∆x, 6∆x and 9∆x, corresponding to the
dashed, dotted and dash-dotted lines, respectively. The individuals align along a preferred direction
φ = −2.35 radians (−135 degrees) and aggregate in a group with well-defined boundaries. Also
note that the shape of the group at t = 35 is elongated along the direction of motion.
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purposes with respect to mating. Relatively large alignment and low attraction and repulsion
interactions result in a spatially homogeneous solution with movement along a preferred direction
(Figure 5), similar to patterns observed in migrating schools of fish [43], herds of ungulates [44] or
flocks of birds [45]. For attraction and alignment dominated interactions, we observe aggregation
into a group that moves along a preferred direction (Figure 6). The pattern may correspond to the
escaping behavior of a prey species under the threat of predation, conforming to the selfish herd
model [46, 47].
A very interesting aspect of the mathematical modeling is the study of transitions between
various group patterns as the model parameters are varied. Studies [1, 33, 34] of (1), the onedimensional version of our model, showed very interesting transitions between patterns, corresponding to different daily activities of the individuals. For instance [33], by changing the values of
several parameters, the model can be used to describe the following succession of activities: forage,
rest, travel, then back to forage. Moreover, by changing the parameters back to their previous
values one typically observes a hysteresis phenomenon. We expect our model to capture an even
more diverse range of state transitions and hysteresis effects and we plan to address such studies
in our future work.
The patterns obtained with particle-based models are typically more diverse, as they include
milling solutions (turning around in a torus-like formation) [10, 13, 12], rotation clumps, ring and
ring clumping patterns [13], etc. Milling formations in particular are mostly observed in schooling
fish, such as jack, barracuda and tuna [49, 10]. The occurrence of such mills in nature is a relatively
rare event, and this is reflected in the small sets of parameter values for which these solutions are
obtained. Figure 3(e) in [10], for instance, maps the parameter space to show the occurrence of
four types of patterns obtained with their model: swarm, torus, parallel groups and highly parallel
groups. The set of parameters corresponding to the milling solution is much smaller than the rest,
making the pattern hard to detect. In future work we want to perform a more extensive numerical
exploration of the parameter space for our PDE model (2) to test its capabilities in capturing
milling (and other) patterns not presented in the present article.

6

Appendix

1D reduction: calculation of attraction and repulsion components of (42) and (43).
Regarding the attraction component of λ, calculate from (10) and (37) that, for a right-moving
individual x with φ = 0,
Z
λa (x, 0) = qa Kad (x − s)Kao (s; x, 0)(u+ (s, t) + u− (s, t)) ds.
Recall from (9) that Kao (s; x, φ) depends on the orientation φ of x and the angle ψ that the relative
location s − x makes with the x-axis. In the one-dimensional setting, for a right-moving individual
x with φ = 0, individuals that are ahead have ψ = 0, while those behind have ψ = π. From (9),
we have Kao (s; x, 0) = 0 for individuals ahead (s > x, ψ = 0) and Kao (s; x, 0) = 1/π for individuals
behind (s < x, ψ = π). Therefore,
Z
1 x
K d (x − s)(u+ (s, t) + u− (s, t)) ds.
λa (x, 0) = qa
π −∞ a
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Also, from similar arguments,
1
λa (x, π) = qa
π

Z

x

∞

Kad (x − s)(u+ (s, t) + u− (s, t)) ds.

The attraction components of T (x, 0, φ) and T (x, π, φ) can be computed from (18), using (37):
Z

1 x
Kad (x − s) wa (0 − φ, 0 − 0)u+ (s, t) + wa (0 − φ, 0 − π)u− (s, t) ds,
Ta (x, 0, φ) = qa
π −∞

and

1
Ta (x, π, φ) = qa
π

Z

∞

x


d
Kal
(x − s) wa (π − φ, π − 0)u+ (s, t) + wa (π − φ, π − π)u− (s, t) ds.

Here we used again that Kao (s; x, 0) yields 0 if s is ahead of x (s > x, ψ = 0) and π1 provided s is
behind x (s < x, ψ = π), with similar considerations for Kao (s; x, π).
Assume that an individual turns to meet another individual whenever an attractive-type interaction occurs. This implies that the turning probability functions wa is in the form
wa (φ′ − φ, φ′ − ψ) = δ(φ − φ′ − π).
The equation describes the fact that an individual x moving in the direction φ′ interacts with
the individual s behind him and turns to direction φ to meet him. From these considerations we
conclude:
Z

1 x
Kad (x − s) u+ (s, t) + u− (s, t) ds,
Ta (x, 0, φ) = δ(φ − π)qa
π
Z ∞ −∞

1
d
Ta (x, π, φ) = δ(φ)qa
Kal
(x − s) u+ (s, t) + u− (s, t) ds.
π x

We further infer that

Ta (x, 0, φ) = δ(φ − π)λa (x, 0)

Ta (x, π, φ) = δ(φ)λa (x, π).

Upon substitution in (43) with use of (39) we conclude that the attraction component of the
expression given by (43) equals that of (42).
The repulsion components can be treated in an analogous fashion. We omit the details.
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