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Abstract

We study an intrinsic model for collective behaviour on the hyperbolic space H™. We
investigate the equilibria of the aggregation equation (or equivalently, the critical points
of the associated interaction energy) for interaction potentials that include Newtonian
repulsion. By using the method of moving planes, we establish the radial symmetry and
the monotonicity of equilibria supported on geodesic balls of H”. We find several explicit
forms of equilibria and show that one such equilibrium is a global energy minimizer. We
also consider more general potentials and utilize a technique used for R™ to establish the
existence of compactly supported global minimizers. Numerical simulations are presented,
suggesting that some of the equilibria studied here are global attractors. The key tool in
our investigations is a family of isometries of H" that we have developed for this purpose.

Keywords: swarming on manifolds, hyperbolic space, energy minimizers, Newtonian po-
tential

1 Introduction

In recent years there has been extensive work on investigating minimizers of nonlocal interac-
tion energies, as motivated by a wide range of applications in a variety of disciplines, such as
biology, physics, economics and social sciences [7, 16, 39, 2, 10, 24]. With very few exceptions,
such works have studied the Euclidean case, where individual particles in R™ interact via an
interaction potential that depends on the Euclidean distance between them. Since our goal
in this paper is to consider nonlocal interaction energies set up on Riemannian manifolds (in
particular, on the hyperbolic space), we will present the general setup from the start.

Consider an n-dimensional Riemannian manifold M, and denote by P (M) the set of prob-
ability measures on M. Define the interaction energy E : P(M) — R U {oco} by

Elp] = ;//MW K(z,y)dp(z)dp(y), (1)

where K : M x M — R is an interaction potential that models attractive and repulsive
interactions. More precisely, the negative manifold gradient —V ;K (z,y) (the gradient with
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respect to x) of K provides the interaction force that a point mass located at x feels by
interacting with a point mass located at y [7, 23].
The interaction energy (1) is closely related to the following evolution equation for a pop-
ulation density p:
Op— V- (pVuK xp) =0, (2)

where V- denotes the manifold divergence on M. Here, for a time-dependent measure p; on
M, the convolution K x p; is defined by

K py(z) = /M K(z,y)dp(y).

Equation (2) is in the form of an active transport equation for the density p, with a nonlocal
velocity field given by

vipl(z,t) = =Vu K * py(x). 3)

OF
Note that v[p] = —VM(S[[)], which sets (at least formally) equation (2) as the gradient flow

of the energy (1). One can check by a direct calculation that indeed, formally, the energy E
decays in time along solutions of equation (2) [23]. Equilibria (steady states) of the aggregation
model (2) are the critical points of the interaction energy, and from a dynamical point of view,
we expect that solutions to model (2) approach asymptotically as ¢ — oo, local minimizers of
the energy.

There has been extensive literature in recent years on interaction energies of type (1),
with the vast majority of the works focusing on the case M = R™. One approach is to use
the techniques developed in [1] and formulate the gradient flow of the energy E on the space
of probability measures with finite second (or other order) moments, equipped with the 2-
Wasserstein metric [13, 9, 41]. Another approach is to use direct methods of the calculus of
variations and establish the existence of global minimizers (ground states) of the interaction
energy [16, 39, 24]. There are also various studies of quantitative and qualitative properties of
minimizers, such as their regularity [8] and compactness and dimensionality of their support
[7, 2, 10].

Model (2) can exhibit a very diverse range of swarming or self-organized behaviour. We
refer to [33, 40, 21, 3, 12] for explicit calculations and numerical illustrations of equilibria for the
model in R”, which include aggregations on disks, annuli, rings, and soccer balls. The model
on manifolds is far less investigated, but nevertheless, a similarly diverse set of equilibria was
demonstrated in [23] for the hyperbolic plane and also, interesting aggregation patterns were
shown in [19] for the model set up on the rotation group SO(3). Applications of model (2)
are numerous, e.g., to flocking and swarming of biological organisms [11], material science and
granular media [13], self-assembly of nanoparticles [31], robotics [25, 32] and opinion formation
[35].

In our study we will follow the intrinsic approach pursued in various recent papers [23, 19,
22] and assume that K(z,y) only depends on the geodesic distance d(x,y) between the two
points. By an abuse of notation we write K(z,y) = K(d(z,y)). In contrast, when M comes
with a canonical embedding in a larger Euclidean space (e.g., a surface in R3), K(x,y) can be
assumed to depend on the Fuclidean distance |z — y| in the ambient space between z and y;
we refer to this case as the extrinsic approach. The two approaches yield very different models
for general manifolds, while for M = R"™ the two models are the same. For extrinsic models we



refer to [41, 36] for studies on well-posedness by gradient flow techniques, and to various works
on the emergent behaviours of the extrinsic models on manifolds, e.g., on sphere [15], unitary
matrices [34, 30, 29], hyperbolic space [27], and Stiefel manifolds [28]. Relevant to the present
paper, we note the work in [27], where the authors study synchronization behaviour on the
hyperbolic space with an extrinsic quadratic potential (i.e., K (z,y) = | — y|?) for the discrete
analogue of (2). A related study is done in [37]. The emergence of self-synchronization has
been widely studied in the literature, due to its numerous occurrences in biological, physical
and chemical systems (e.g., flashing of fireflies, neuronal synchronization in the brain, quantum
synchronization) — see [34, 27| and references therein.

For intrinsic models, the sign of K’ determines whether the interactions are repulsive or
attractive in nature. Indeed, provided x and y are not in the cut locus of each other, by chain
rule one gets
log, y

d(z,y)’
where log, y denotes the Riemannian logarithm map (i.e., the inverse of the Riemannian ex-
ponential map) on M. Therefore, by interacting with the point mass at y, the point mass
at x is driven by a force of magnitude proportional to |K’'(d(z,y))|, to move either towards
y (if K'(d(z,y)) > 0) or away from y (if K'(d(z,y)) < 0). To obtain non-trivial swarming
behaviours, repulsion and attraction must balance each other. Typically, such interaction po-
tentials have short-range repulsion and long-range attraction, i.e., K'(r) < 0 for small r and
K'(r) > 0 for large r (see Figure 2).

The interaction energy for intrinsic models is invariant under isometries. Indeed, if f :
M — M is an isometry of M and fup is the push-forward by f of the measure p, then it is
immediate to show that

—VuK(d(z,y)) = K'(d(z,y))

E[fyp] = Elp]. (4)
Consequently, the energy minimizers can only be expected to be unique up to isometries.

In this paper we are exclusively concerned with studying the nonlocal aggregation model on
the hyperbolic space H", represented as a one-sheeted hyperboloid in R**! endowed with the
Lorentzian inner product. Based on the Lorentz transform, we construct a family of isometries
of H" and a binary operation on H" x H", along with a concept of coordinates on H", that are
the key tools in the results we establish in the present work.

In Section 3 we consider attractive-repulsive interaction potentials that include Newtonian
repulsion, i.e., potentials for which the repulsion component is given by the Green’s function
of the negative Laplacian on H". We note here that the Green’s function on H"™ has an
explicit expression [17] — see (24). For the model on R”, potentials in this form have been
given extensive attention in recent years [6, 21, 20, 12, 38|, and a potential with Newtonian
repulsion was also considered on the hyperbolic plane [23]. In this section we only consider
equilibria that are absolutely continuous with respect to the canonical volume measure on H".
This choice is motivated by results in the Euclidean space R™ which have established that for
interaction potentials with Newtonian repulsion, the local minimizers of the interaction energy
are absolutely continuous with respect to the Lebegue measure [12].

We study equilibria supported in geodesic balls of H" and show that such equilibria must
be radially symmetric and monotone with respect to the centre of the ball. To show this
result (Theorem 3.3) we use the method of moving planes, a well-known method for studying
qualitative properties of positive solutions of elliptic equations [26]. More recently, the method



found applications in integral equations [14, 20]. The challenge here is to adapt the method
to the hyperboloid; to the best of our knowledge this the first application of the method of
moving planes to integral equations on manifolds. We also find several explicit forms of radially
symmetric equilibria, corresponding to particular choices of the attractive part of the potential.
For one such attractive potential, we show that the equilibrium we computed is in fact the
global energy minimizer. We also present various numerical simulations in Section 5.

In Section 4 we investigate the existence of compactly supported global minimizers of the
energy (1) for M = H". As we apply and follow closely the technique used by Caizo et al.
[7] for the Euclidean case, we only highlight the main differences from their work. In other
words, we are not aiming for a self-contained presentation in Section 4, as some of results
from [7] would transfer with no modifications to H". Nevertheless, we show how the family of
isometries and the concept of coordinates on H™ that we developed, enable a similar approach
as for the Euclidean case. In particular, minimizers cannot have too large gaps, as otherwise,
an isometric displacement of one of the components would decrease the energy (Lemma 4.3).

Finally, we provide some numerical results in Section 5. Using various interaction poten-
tials, we illustrate the dynamical evolution to steady states of radially symmetric solutions to
(2). The equilibria we present are qualitatively different in terms in their monotonicity, in con-
sistency with the analytical findings. Numerics suggest these equilibria are global attractors
for the dynamics (at least for radial initial densities).

The summary of the paper is the following. Section 2 provides key background needed for
the paper, on the variational formalism and on the geometrical properties of H". Section 3
contains analytical results for interaction potentials that contain Newtonian repulsion (char-
acterization of monotonicity, explicit forms for equilibria, convexity of energy). In Section 4
we establish the existence of compactly supported global minimizers, following the approach
for R™ from [7]. Proof of various lemmas are deferred to the Appendix.

2 Preliminaries

In this section we provide some background on the variational formalism used in our paper, as
well as on the various geometrical properties of H", in particular on a family of isometries of
the hyperbolic space that plays a key role in our studies.

2.1 Variational approach: Euler-Lagrange equations

For the interaction energy set up on the Euclidean space R", there exists a well-established
approach to characterize its local minimizers (by Euler-Lagrange equations) in the topology of
transport distances [2]. As this approach extends immediately to arbitrary manifolds, we will
simply list below the main notations and results.

Take p to be a fixed point in M, and denote by Po(M) the set of probability measures that
have finite moments of order 2 (with respect to p), i.e.,

Po(M) = {,u eP(M): /M d?(x, p)du(z) < oo} .

The 2-Wasserstein distance between two measures u, o € Py(M) is given by:

B(o) = inf / /Mde%,y)dvr(x,y),

mell(p,0)
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where II(u,0) C P(M x M) is the set of transport plans between p and o, i.e., the set of
probability measures on the product space M x M with first and second marginals p and o,
respectively.

A probability measure p € Po(M) is a local minimizer of E with respect to the ds-distance
provided there exists € > 0 such that E[o] > E|u|, for all o0 € B(u,¢€), where B(pu,€) denotes
the open ball (in dy) centred at p and of radius e.

We will pay particular attention in this paper to probability measures that are absolutely
continuous with respect to the canonical volume measure dz; we denote this space by P*(M).
Throughout the paper, we will refer to an absolutely continuous measure directly by its density
p, and by abuse of notation write p € P*(M) to mean dp(z) = p(z)dx € P*(M). Finally,
we denote by P4(M) the space of absolutely continuous probability measures with compact
support in M.

The following result, stated originally for M = R", extends trivially to arbitrary Rieman-
nian manifolds.

Proposition 2.1 ([2], Theorem 4 and Remark 4). Assume the interaction potential K is
bounded from below and lower semicontinuous. Let p € P*“(M)NP2(M) be a local minimizer
of E with respect to ds. Then,

A(z) = A, for a.e. x € supp(p), (5a)
A(x) > A, for a.e. on M \ supp(p), (5b)

where
Ma) = [ K(empmas ()

and A = 2E][p| is a constant.

Condition (5a) is shown by taking perturbations of p supported in supp(p). The condition
is equivalent to p being a critical point of F/, at which the first variation of the energy vanishes.
The constant A, which plays the role of a Lagrange multiplier in the derivation of (5a), has
a physical interpretation [4]: it represents the energy per unit mass felt by a point mass at
position  due to interaction with all points in supp(p).

We also note that critical points of the interaction energy represent equilibrium solutions
(steady states) of the aggregation model (2). This can be inferred from the fact that the
velocity v(z) = =V K * p(z) = =V A(z) vanishes for x € supp(p), given that A is constant
in supp(p). We will use these concepts (critical point of the energy, equilibrium solution, steady
state) interchangeably in the sequel.

The necessary condition (5b) is found by taking perturbations of p that can be supported
anywhere in M, in particular outside supp(p). The interpretation of (5b) is that transporting
mass from the support of p into its complement increases the total energy (hence p is a local
minimizer, being in a favourably energetic state).

2.2 Geometric properties of the hyperbolic space H"”

In this part, we present some geometric properties of the hyperbolic space H" which will be
used in the paper.



2.2.1 Hyperboloid model, polar coordinates and notations

We consider the space R"*! endowed with the (negative) Lorentzian inner product:

(95, y> =ZoYo — T1Y1 — *** — TnlYn, (7)

where © = (20, 71,...,%n), ¥ = (Y0,¥1,---,Yn) € R*"1. The inner product (7) induces the
(complex-valued) norm defined by

|z|| = (z,2)2,  for x € R™. (8)
We use the hyperboloid model of the hyperbolic space and take:
H":={z cR"™: g2 4224+ - +22=—-1,20>0} CcR"™,
or, written differently,
H" = {z e R"" : 2 Tne = —1, 29 > 0},

where n = diag(—1,1,1,---,1) is a matrix of size (n + 1) x (n + 1).
———

n—times
The geodesic distance d(x,y) on H" between two points = and y, is given by:

d(z,y) = cosh™ ({z,y)) = cosh™ (z0y0 — 1y1 — - — Tn¥n). (9)

For z € H" and R > 0, we denote by Br(z) the open geodesic ball in H" centred at = of radius
R, ie.,
Br(z) ={y € H" : d(z,y) < R}.

We use the hyperbolic polar coordinates on H", given by:
(6,€) €]0,00) x S ! — (coshf,sinhf &) € H* c R™ !,

where S”~! denotes the (n — 1)-dimensional unit sphere embedded in R”. We denote by v the
vertex of H", corresponding to 6 = 0, i.e., v = (1,0,...,0) € R"*!. The vertex v plays the role
of the origin in the Euclidean space.

In polar coordinates, the Laplace—Beltrami operator Ag» can be written as:

Apn f(0,€) = sinh' ™™ 0 0y (sinh™ ! 09y f) + sinh™? A, f
(10)
= Ogof + (n — 1) coth§ Jy f + sinh 2 A, f,

where A¢ is the Laplace-Beltrami operator on Sn—1 with respect to the variable £. Since we
only consider the Laplace—Beltrami operator on the hyperbolic space H", we simply denote
A := Apgn. Also, the canonical volume form on H" in these coordinates is given by

dz = sinh" 19 dfdoe.

We denote by a(n) the volume of the n-dimensional unit ball in R"; consequently, na(n)
is the surface area of S”~! in R”. Finally, we denote the standard Euclidean norm in R™ by
| -], ie.,

N

ul = (Wi 4+, forw = (wr,.. w,) € R



2.2.2 Lorentz transform
For a fixed vector w = (wy,...,w,) € R™ with |w| < 1, consider the following matrix B(w) of
size (n 4+ 1) x (n+ 1) with indices 0,1,...,n:

w; w4
B(w)oo =7, B(w)io = B(w)o; = —ywi, B(w)ij = 85 + (v — 1) —2

P Vivj:1727"'7n>
|wl

where v = (1 — |w|?)~"/2. Equivalently, the matrix expression of B(w) is

T

v —yw
B(w) =
W=1w L+ -1

We denote this matrix by B, since the corresponding concept is the Lorentz boost.
Lemma 2.2. For a fired w € R" with jw| < 1, B(w) maps H" into H", i.e.,

y = B(w)xr € H", for all z € H* ¢ R™1,
Here, 1 is the matriz product of B(w) € RTDX(+1) gnd 2 € R,

Proof. By direct calculations (see Appendix A for details) one can show:

2 2 2 .2 2 2
Yo = Y1 — " = Yp =29 — X1 — =+ — T,

which implies the desired result. O
From the proof of Lemma 2.2, for any fixed w € R™ with |w| < 1, it holds that:
z'nr = (B(w)z) 'nB(w)z =z (B(w) nB(w))z, Ve R

This yields
z"(n - B(w) "nB(w))z = 0, VxRV

and hence,

B(w) 'nB(w) = 1. (11)
Identity (11) holds for all w € R™ with |w| < 1.
Lemma 2.3. For a fired w € R™ with |w| < 1, the map F,, : H" — H" defined by

Fy(z) := B(w)zx, (12)
s an tsometry. In particular, Fy is the identity map on H".

Proof. The fact that Fp is the identity map follows immediately from B(0) = Id. The general
result follows from a simple calculation that uses (11); see Appendix A for details. O

Lemma 2.4. Let x € H" and w € R™ with |w| < 1. Then, the following are equivalent:
1. Fp(1,0,---,0) = (xg, =1, + , —Tn),
2. Fy(z) =(1,0,---,0),
3. wz':;—é,foralllgign.

Proof. The proof is provided in Appendix A. O



2.2.3 Translation on H"

In this part, we define the translation on the hyperbolic space using the isometry F,, defined
n (12). For any = = (zg, 21, -+ ,2,) € H", we define a n-dimensional vector Z by

N x1 Tn
;U :: 77- .. ’7 .
Zo Zo

From the definition of & and Lemma 2.4, we have that
Fi(z)=wv and F;(v) = (zg, —1,- -, —Tp).
Definition 2.1. We define a binary operation +' : H" x H" — H" as follows:
z+'y:=F_y(z) e H", Voa,yeH".

Since Fy, is an isometry for all w € R™ with |w| < 1, we know that the map z — = +'y
is also an isometry for all y € H". The following lemma provides the coordinate expression of
z+'y.

Lemma 2.5. Let x,y € H", then we have

(z 4+ y)o = zoyo + T1y1 + * ** + TnYn,

. (13)
(w4 y)j = zoy; + o5 + —A—(mig1 + -+ aayn)y,  V1<j<n
Yo+ 1
Proof. The proof follows from direct calculations, see Appendix A. O

Remark 2.6. We can also express (x +'y); for any 1 < j <n, as

) )
(z+'y); = zoy; + zj + " j_ T ((z + y)o — moyo) =z + " i T (z+" y)o+mz0). (14)

We investigate now the algebraic structure of the operator +'.

(1) Identity of +'. Recall that v = (1,0,---,0) denotes the vertex of H". Since ¢ is the
———

n—times
n-dimensional zero vector, we can easily find that

r+'v=Fz) ==,

since Fy is the identity map on H". Now, we calculate v +' . From the definition of +', we
have
(v+' 2)o = voxo + V121 + - -+ + VnTy = X0

and

(v+'z); = voxj +vj + (viz1 + - -+ vpzy) = xj, forj=1,...,n.

J
zo+ 1
This implies that
v+ ==z



We conclude that v is an identity element for +'. The uniqueness of identities can be shown
easily, so v is the unique identity element of +'.
(2) Inverse of +'. We want to find the inverse —z of x, which satisfies
4 (—z) = (—2) + x = .
For z = (xzg, 21, - ,xpn), set:
—z:= (xg, —x1, — T2, -+, —Tp). (15)

It is easy to check that —x defined above is indeed the inverse of x. In polar coordinates, if
(0,€) € [0,00) x S*~1 are the coordinates of x, then —x has coordinates (6, —¢). So one can
see that the inverse operator is quite natural. We will prove the uniqueness of the inverse later
(see Corollary 2.9).

Using the definition (15) of the inverse, we define the operation —" by

r—"y:=z+ (~y), Vox,y e H". (16)
We have the following simple lemma which will be used in further calculations.

Lemma 2.7. Let x and y be two points on H™. Then we have the following relation:
—(@+'y) = (—2) + (-y).
Proof. The proof is provided in Appendix A. O

(8) Non-commutativity of +'. Using (13), we can show easily that +’ is not commutative.

(4) Non-associativity of +'. By direct (but tedious) calculations, one can check that in general,
((x+"y)+ 2)0 # (x4 (y+' 2))o. Hence, the operation 4+’ is not associative.

To prove the uniqueness of the inverse, we provide the following lemma.

Lemma 2.8. For any z,y € H", we have
z=(x+y) "y

Proof. The proof is provided in Appendix A. O

From the previous lemma, we have the uniqueness of the inverse for +'.
Corollary 2.9. Let x,y,z € H" that satisfy

x4+ y=v, and x+ z=w.
Then, we have y = z.
Proof. From Lemma 2.8, we have
(z+'y) —"y=mu, (x+ 2)-"2==x.
If weuse v+ y=a+ 2=0v, we get
vy =z, vz =z

This relation directly yields y = z. O



Note that one can express the geodesic distance on H" using —/. Let z,y € H", = =
(l’o,l‘l, e 7$n) and Yy = (y(]’yh U 7yn) Then we have

(z —~"y)o = Zoyo — 21Y1 — -+ - — TnYn, (17)
and by (9),
(x =" y)o = cosh (d(:c, y)) (18)
2.2.4 Coordinate grid on H"

In this part, we define a coordinate grid on H". In the Euclidean space, the coordinate grid is
set by the hyperplanes x; = const., for all coordinates x;. However, we should be careful when
we define this concept on H".

For a fixed k € {1,2,--- ,n}, we define the hypersurface:

For a € R, define
ug(a) := (cosha,0,---,0,sinha,0,---,0) € H", (19)

where cosh a is the 0" index and sinha is the k*" index. Then consider translates of Py (0) by
ug(a):
Pi(a) := Pg(0) +' ug(a), a€R. (20)

We refer to Figure 1 for an illustration of Py(0) and some of its translates for the 2-
dimensional hyperbolic space.

Lemma 2.10. Let x € P;(0) and a,b € R, then we have
(z + ug(a)) +" ug(b) = = + ux(a +0).
Proof. The proof is provided in Appendix A. O
Remark 2.11. (1) If we put z = v, we have
ug(a) +" ug(b) = ug(a + b), YV a,beR.
(2) Since ug(0) = v, we also have
ug(a) = —ug(—a), VackR

The following lemma is key for the concept of coordinate grid on H". In particular, it
shows that the family (20) of translates of P(0) covers the entire H"; this is similar to how
translating a hyperplane x; = 0 along the x;-axis covers the Euclidean space.

Lemma 2.12. For any x € H" there exists a unique pair (a,y) € R x Py(0) such that
z=y+ u(a). (21)

Furthermore, a and y can be expressed as

a = tanh ™! (“"’”“) . y=a—"ua). (22)

Zo
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Figure 1: Illustration of the translation (20) on the 2-dimensional hyperbolic space H?. (a)
The curve P;(0) and its translates Pj(a) for a = 0.5 and a = 1. The points u;(a) are also
indicated on the plot. (b) Projections of Pj(a) on the xjxs-plane for various values of a.

Proof. The proof is provided in Appendix A. O

To illustrate the decomposition (21), we show in Figure 1(a) a point x € Py(1) C H? and
its corresponding y € P;(0) such that x = y +' u1(1). In summary, any point 2z € H" lies on
the hypersurface Py(a) with a given by (22), where Py (a) is the translation of Py (0) by ug(a).
One can think of uy(a) as the k-th coordinate of z. Given the uniqueness of the decomposition
(21)-(22), we will be using in the sequel the map 7, : H” — R defined by

m(2) = tanh™! <$’“> : (23)

0
Corollary 2.13. Let x € H" with z € 7, ' (a) for some a € R. Then we have
z + up(b) € 7 (a +b), or equivalently, mr(x +" uk(b)) =a+b.
Proof. From Lemma 2.12, there exists y € P (0) such that
r=y+ ug(a).
Then, by Lemma 2.10, we get
z + ug(b) = (y + ug(a)) + ug(b) = y + ug(a + b).

Therefore, z +' uy(b) € 7}, '(a +b). O
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We conclude this section with a simple inequality which will be used later in the paper.

Lemma 2.14. Let x and y be two points in H". Then we have
d(z,y) > |me(z) — me(y)], Vk=1,2,--,n.

Proof. The proof is provided in Appendix A. O

3 Interaction potentials with Newtonian repulsion

In this section, we consider interaction potentials that include Newtonian repulsion, i.e., po-
tentials for which the repulsion component is given by the Green’s function of the negative
Laplacian on H" [23].

Define

1
o log (tanh 2) for n = 2,
o) :={ (24)

1 0 1
7_1(:1@— for n 2 3.
na(n) Jo sinh™ !¢

Note that the case n = 2 can in fact be recovered from the expression for general n, by
calculating explicitly the integral. It was shown in [17] that the Green’s function for —A is
given by

G(z,y) = @(d(z,y)), (25)

i.e., G satisfies
AL G(z,y) = —0y. (26)

In (26), and throughout the paper, we use A, to denote the Laplace—Beltrami operator with
respect to variable x.
In this section we consider interaction potentials in the form

K(z,y) = G(z,y) + A(d(x,y)), (27)

where G is given by (25) and A : [0,00) — R. As discussed in [23], the Green’s function com-
ponent of K (referred to in the sequel as Newtonian potential) models repulsive interactions.
To balance the repulsion, we take the A component to model attractive interactions. We refer
to Figure 2 for an illustration of several interaction potentials in the form (27); the attraction
components are specified later — see (54), (56) and (82).

Our main goals here are to investigate the qualitative properties of critical points of the
interaction energy (1) with K in the form (27), as well as to study explicit forms of minimizers
for certain specific examples of attraction potentials A. All the equilibria investigated in this
section are absolutely continuous probability measures p(x)dx, with p € L'(dz).

Remark 3.1. Similar to the Euclidean case, the energy (1) corresponding to the Newtonian
potential is the square of the H~! norm. Indeed, for p € H~1(H") with compact support, by
definition of the H~! norm and the divergence theorem, we have:

IolEsy = [ IVu(@fde = = [ (u)(@u(a)da,

n
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— K=G+A,
—— K=G+4,
4 K=G+24,— 4,

Figure 2: Interaction potentials in the form (27), with attraction given by (54), (56) and (82),
respectively.

where u satisfies (in the weak sense): —Awu = p. Further, using the fundamental solution, write

/ G(x,y)p(y)dy, to reach

ol = [[ Glamptapty)dady (28)

Regarding the Euler-Lagrange equations, for an interaction potential in the form (27), A
defined in (6) reads:

Aw) = [ (Glay) + Ald(z.9)) 5)dy.
Then, by (26), one finds:

—p(@) + | AsA(d(z,y)p(y)dy  for x € supp(p),
AA(z) = . (29)

/ AL A, ) pl)dy for & ¢ supp(p).

For critical points of the energy (or equivalently, equilibrium solutions of model (2)), A(x) is
identically equal to a constant in the support of p (see (5a)). Hence, AA = 0 in supp(p), and
the first equation in (29) leads to the following integral equation for equilibrium densities p:

olz) = / AsA(d(z,y)ply)dy,  for = € supp(p). (30)
supp(p)

3.1 Equilibria supported on geodesic balls

We consider equilibria of the aggregation model (2) that are supported on geodesic balls centred
at the vertex v, and study their qualitative properties. To prove the main result (Theorem

13



3.3) on the radial symmetry and the monotonicity of such states, we employ the method of
moving planes by adapting it to the hyperbolic space.

Before we present the main result, we introduce the reflection on the hyperbolic space H".
In the Euclidean space R", the reflection by a hyperplane x1 = a is given by the map:

(x1,m2, - ,xn) — (2a — 21,22, , Tn). (31)
The reflection map (31) can be divided into three maps as follows:
(@1, @2, s @n) = (21— @, 2, @n) > (@ — @1, 2, @) > (20— 21, 32,0+, 20)(32)

The first map is the translation in the x; coordinate by —a, the second map is the reflection
by the hyperplane 1 = 0, and the third map is the translation in the x; coordinate by a.

We apply now a similar argument to define the reflection on H"™. We present the reflection
corresponding to coordinate x1, the reflections corresponding to coordinates zo,...,z, are
similar. First, we define the reference hypersurface for the reflection. For the Euclidean space,
this is a regular flat hyperplane, however, for the hyperbolic space we choose the hypersurface
to be Pj(a) defined in (20) (see also Figure 1). For the translation on H" we use the +'
operation (see Definition 2.1), and take the translation by 4a in the z; coordinate, to be
x +— x+"uy(a) (see (20)). Finally, analogous to the reflection by the hyperplane x1 = 0 in the
Euclidean space, on H" we have reflection by the hypersurface P;(0) = {z € H" : z; = 0},
which we define it to be:

Ry : (xo,x1, 2, o) € H" — (xg, —1, 22, -+ ,2p) € H".

Following the map sequence in (32) (translation by —a, reflection, translation by a), we
express the reflection across an arbitrary hypersurface Pj(a) on H" as:

zr— x " ui(a) — Ri(z —"ui(a)) — Ri(z —" ui(a)) + ui(a).

This sequence of three maps is illustrated schematically in Figure 3. Written compactly, the
reflection map above reads:

r— 2% := Ry(x " u1(a)) + ui(a). (33)

For a better understanding of the reflection map, let us express the reflected point % in
coordinates. From the definition of —' and u1(a) (see (16) and (19)), we have

(x =" u1(a))o = xo cosha — z; sinha,
(x =" u1(a))1 = x1 cosha — zgsinha,
(x —"ui(a)); = xj, V2<j<n.

Then, by the definition of the reflection R;, we have

(Ri(z —"ui(a)))o = zpcosha — x; sinha,
(Ri(x =" ui(a))); = —x1 cosha + zgsinha,
(Ri(x —"u1(a)))j =5, V2<j<n.

14



Finally, we use the definition of 4+ and u1(a) to get

(Ri(z —"ui(a)) +' ui(a))o = (zgcosha — x1sinha)cosha + (—z1 cosha + xgsinha) sinha
= x cosh 2a — x; sinh 2a,

(Ri(x —"ui1(a)) +' ui(a))1 = (—z1cosha + zgsinha) cosha — (zg cosha — x1 sinh a) sinha
= —x1 cosh 2a + x( sinh 2a,

(Ri(z " ui(a)) +' ui(a)); =z, V2<j<n.

Therefore, we can express the reflection (33) in coordinates, by:

x = (xg,x1, - ,Tpn) — % = (xg cosh 2a — x1 sinh 2a, —z1 cosh 2a + xg sinh 2a, z2, - -+ , ).

(xou T, .TQ) — ($0) _x17x2)

Figure 3: Schematic illustration (in the zjxo-plane) of the reflection on H? across the hyper-
surface Pj(a) — see (33). Point A reflects into point D, as the result of three maps A — B
(translation by —u;j(a)), B — C (reflection across P;(0) = zoze—plane), and C' +— D (transla-
tion by u(a).
Remark 3.2. The following properties can be checked easily:

1. = ()%, for all x € H".

2. The set of fixed points for the reflection (33) is Pi(a).

3. The reflection map (33) is an isometry on H".

We present now the main result of this subsection.

Theorem 3.3. Consider the aggregation model (2) with an interaction potential in the form
(27). Let p be a bounded equilibrium solution of model (2) that is supported in the geodesic
ball Br(v), for some R > 0. Let F(d(x,y)) := AyA(d(x,y)) and assume F(d(z,-)) is locally
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integrable for all x. Then, provided F is a monotone function, p is radially symmetric and
monotone about the vertex v. Specifically, (i) if F is decreasing, then p is radially symmetric
and monotonically decreasing about the vertex v, and (ii) if F' is increasing, then p is radially
symmetric and monotonically increasing about v.

Proof. Since p is an equilibrium solution, we use (30) to write:

| F@aetidy  forae Bao)
p(x) = ¢ /Br(v)
0 otherwise.

We define the reflection p, of p across the plane Pi(a) by:

From (34) we have

/ F(d(z*,y))p(y)dy x € Br(v?),
Br(v)

Pa (x )
0 otherwise.

Also, we set
Yo ={x € Br(v) : mi(x) > a}.

We apply the method of moving planes and compare p(x) and pg(z) on 3,. If € Br(v?),
then we know that p,(x) = 0. Since p(z) > 0, we can conclude that p(z) — ps(x) > 0 for all
x € 3 \ Br(v®).

Consider the case z € ¥, N Br(v?®). By (34) we write p(x) as

olz) = / F(d(z, 5))p(y)dy + / F(d(, 9))p(y)dy. (35)
Br(v)NZa Br(v)\Zq

We use that the reflection map (33) is an isometry to rewrite the second integral above in
reflected form (reflect the domain of integration, as well as x and y). The image of Br(v) \ ¥,
under the reflection map (33) is Br(v?®) N X,. Also use p(y) = pa(y®) to get from (35):

plz) = / F(d(x, 9))p(y)dy + / F(d(z?, y))pa(y®)dy?
Br(v)NXq Br(v*)N3,

=/ F(d(w,y))p(y)der/ F(d(z,y))pa(y)dy,
Br(v)NZq Br(v*)NZq

where for the second equal sign we simply renamed the variable y* to y.
Since p and p, are zero outside Bgr(v) and Bpr(v®), respectively, we can also write the
expression above as:

olz) = / F(d(z, 9))p(y)dy + / F(d(, 9))pa(y)dy. (36)

a a
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By replacing x with =% in (36), we can obtain the following expression for p,:

pulo) = [ P 0oy + [ Pl )pal)dy. (37)
From (36) and (37) we calculate the difference p(z) — po(z) for x € 3, N Br(v?) as:
pla) = pale) = [ (Pld(o.y) = Fld(a® 1) (p(0) = pulw)d (3%)
We can show that
d(z,y) <d(z%y), for all z,y € X,. (39)
Indeed, without loss of generality, it is enough to proof the case a = 0. Let z = (xg, 1, , xy)

and y = (Yo, Y1, ,Yn)- Since x,y € g, we have z1,y; > 0. This yields that

cosh (d(z,9)) = Toyo — T1Y1 — *** — TnYn < ToYo + T1Y1 — *++ — Tnyy = cosh (d(2°,y)) ,

which implies the desired result.
Consider now the following two cases.

Case (i): F is decreasing. Since F' is decreasing and (39) holds, we have
F(d(z,y)) — F(d(z%y)) > 0, for all z € ¥, N Br(v®) and y € 3. (40)
We will show that
Pa < ps on g,

for all a € (—R,0), which implies that p is monotonically decreasing about the vertex, in the
1 direction.
Assume first that there exists agp € (—R,0) such that

Pao(z) < p(z), for all x € X, (41)

and show that ag can be extended to the origin. Indeed, suppose by contradiction that (41)
holds, but ag cannot be extended, and take a € (ag, ap + €), with € > 0. Define

Y, ={z e, plx) < pa(x)}.

Then, from (38) and (40), for any = € ¥, we have:

0 < pa(z) = p(z) < / (F(d(z,y)) — F(d(x*y)))(pa(y) — p(y))dy.

a

Therefore,

”pa - pHLoo(Eg) S ||pa - pHLoo(Eg) sup /2‘) (F(d(x7y)) - F(d(xaa y)))dy (42)
{L‘GE; a
Note that by (38), it holds that p(x) > pg,(z) in the interior of ¥,,, implying that the

closure of ¥, has measure 0. Aslim,—q, %3, C ¥q,, we infer that the measure of ¥ approaches
0 as a — ag.
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Since the reflection map is an isometry (Remark 3.2, property 3), we have d(z%, z%) = d(z, 2)
for all x, z. Hence,

/. (e )y = [ Pl

(Za)e

where we used the substitution z = y?, and (X7 )® denotes the reflection of ¥ with respect to
the hyperplane {x € H" : m1(z) = a}.
Write

/ (F(d(,y) — F(d(",y))) dy = /
o

[ FdG )y - / Fd(z, 2))dz.

(Za)®
Since F(d(x,-)) is locally integrable for all z, and the measure of ¥ approaches 0 as a — ag,
we find

lim [ (F(d(z,y)) — F(d(z*y)))dy = 0.

a—ag b
a

Therefore, we can choose € small enough such that

N | —

sup [ (F(d(w.v)) - Pld(a, )y <
€Y, Y 2a

From (42) we then infer that ||pq — pl| (s7) = 0, which implies that ¥, is empty. Conse-
quently, ag is not maximal and we reached a contradiction.

To show that there exists ap € (—R,0) with the property (41), note that (41) holds for
ag = —R. Then, by an argument entirely similar to the one made in the previous step, one
can infer that the plane ap = —R can be moved further to the right, while (41) still holds.

A similar argument can be made using hypersufaces with ¢ > 0. Finally, since the direction
x1 can be chosen arbitrarily, we conclude that p is radially symmetric and decreasing about
the vertex v. This concludes the proof for case (i).

Case (ii): F is increasing. From a similar argument as for case (i), one can show that p is
radially symmetric and increasing about the vertex v. O

We now turn the attention on radially symmetric equilibria that are local minimizers of
the energy (see Lemma 2.1).

Proposition 3.4. Let K be an interaction potential in the form (27), and let p be a bounded,
radially symmetric equilibrium solution of model (2) that is supported in the geodesic ball Br(v),
for some R > 0. Assume that A : [0,00) — R satisfies Az A(d(x,y)) > 0 for all xz,y € H".
Then p satisfies the necessary condition (5) for being a local energy minimizer.

Proof. Since p is an equilibrium solution, it satisfies the first equation of (5). It remains to
show (5b). By using (29), we write:

0 if x € Br(v),

AA(z) = 43
) /n Az A(d(z,y))p(y)dy, if z & Br(v). )

18



} As K and p are radially symmetric, A has radial symmetry as well. Hence, we can define
A :]0,00) — R by:
A(r) := Al), (44)

for some = € B, (v). In particular, by (5a), A(r) = X for 0 < r < R.
For r > R, use the divergence theorem in B,(v) to obtain that

/ AA(z)dx = / VA(z) - dii = [0B,(v)|N (7). (45)
B, (v) 0By (v)
From A, A(d(z,y)) > 0 and (43), it follows that AA(x) > 0 for all z. Consequently, using the
equation above, we infer that A is a non-decreasing function, and conclude that
Ary=X if0<r<R,
> A if r > R.

This shows that the necessary condition (5b) for a local minimizer is also satisfied. O

The following proposition shows that for potentials with AA > 0, a bounded and radially
symmetric local minimizer must have, up to a zero measure set, a geodesic ball as its support.
Before we state this result we list a technical lemma that is used in its proof.

Lemma 3.5. Consider the geodesic ball Br(v) for some R > 0, and let A C Bgr(v), with A a
zero measure set. Then Br(v)\A = Br(v).

Proof. We first show that A C Bgr(v)\A. Let assume that there exists z € A such that
z & Br(v)\A. It means z is an exterior point of Bg(v)\A. Since z is an exterior point, there
exists € > 0 such that Be(x) C (Br(v)\A)¢. It implies B.(z) N Br(v) C A. Since the measure
of set A is zero, we infer that the measure of set B.(z) N Br(v) is also zero. However, the set
B¢(x) N Br(v) is non-empty and it is an intersection of two open balls, hence the measure of
this set is non-zero and we get a contradiction. We conclude that A ¢ Bg(v)\A NA.

From A C Bgr(v)\A and Br(v)\A C Br(v)\A, we find that Br(v) C Br(v)\A. By
passing to closures we then find Br(v) C Bgr(v)\A. The reverse inclusion Br(v)\A C Bgr(v)
is immediate, as Br(v)\A C Bg(v). O

Proposition 3.6. Let K be an interaction potential in the form (27), where A : [0,00) — R
satisfies Ay A(d(x,y)) > 0 for all z,y € H". Assume p is a bounded, radially symmetric
local minimizer of the interaction energy. Then, there exists R € (0,00] such that supp(p) =
Br(v)U Z for some measure zero set Z, where L denotes a disjoint union of sets.

Proof. Since p has radial symmetry with respect to the vertex v, we can express the support
of p as

supp(p) = U 0By (v)
reC

where C' is a subset of [0, 00). The measure of C is strictly positive, as otherwise p cannot be
bounded. By convention, we also set 0By(v) = {v}.
Denote by R the essential supremum of C":

R :=esssup(C) € (0, o],
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ie. R=1inf{r € R: C N(r,00) is a measure zero set}. We have R > 0, as otherwise p could
not be bounded. Decompose supp(p) as

supp(p) = (supp(p) N Br(v) ) U (supp(p) N Ba(v)') (46)

with supp(p) N Br(v)" being a measure zero set.
Take two distinct points x1, x2 € supp(p) such that (see Proposition 2.1)

A(z1) = A(x2) = 2E][p] and d(v,z1) < d(v, z2).

Note that by the boundedness of p, we can find such two points. Set 71 := d(v,z1) and
ro = d(v,x2). As A is radially symmetric (see (44)) and by using (45), we write

ry ) 1
0=A(z9) — A(zy :/ A’rdr:/ _— AA(x)dz | dr. 47
@)= hen) = [N = [ g [ s (47)
By (29) and (30), since p is an equilibrium density, it holds that
0 if x € supp(p),
AA(z) = | (48)
|, BeAld@,y)p(y)dy >0 if z & supp(p).

As AA is sign definite, we infer from (47) that

/ AA(z)dz =0, for a.e. r € [r,r2). (49)
By (v)

We note that for any small € > 0, we have

/ p(xz)dz > 0.
BR(v)\BRfe('U)

Indeed, if

/ p(@)dz =0,
Br(v)\Br—c(v)

esssup(C) < R —e < R,

for some small € > 0, then

which contradicts the definition of R.
By Proposition 2.1, (5a) holds a.e in supp(p). From the definition of R, we can then find
a sequence {yn, }>°_; C supp(p) such that

d(ym,v) = R as m — oo,

and
A(z1) = AMym) = 2E[p], for all m > 1.

By convergence of d(ym,v), for any small €, there exists M such that

m>M = R-—e€<d(ym,v) <R.
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Using yy, with m > M in place of x2 in (49), we then have
/ AA(z)dz =0, for a.e. r € [r1, d(Ym,v)],
r(v)
which implies
/ AA(z)dx =0, for a.e. r € [r1, R — €.
Br(v)

Hence, there exists r € [R — 2¢, R — €] such that

/ AA(z)de = 0.
By (v)

By the non-negativity of AA, the above implies
AA(xz) =0 for a.e. © € Br_o(v). (50)
Since (50) holds for any small € > 0, we find
AA(z) =0 for a.e. z € Bg(v). (51)

From (51) and (48), we infer that almost every € Bgr(v) is contained in supp(p), i.e.,
Br(v)\ A C supp(p), where A is a measure zero set. By passing to closures (suppp is a closed
set) and using Lemma 3.5 we then find

Br(v) = Br(v) \ A C supp(p).

Finally, from the result above and (46), we conclude that

supp(p) = Br(v) U Z,
where Z is a measure zero set. O

3.2 Explicit forms of radially symmetric equilibria

We first find some explicit expressions of equilibria for certain interaction potentials in the
form (27). These equilibria are radially symmetric and with supp(p) = Dgr(v), R > 0.
Denote

pld(v,x)) = p().
Then, the integral equation (30) reads:
R
p0,) = /O / (A (02y) + (1= 1) oth (02 A'(0)) 7(6,) 50" 0, doy 0y, (52)

that holds for all z € Dgr(v), where 6, := d(v,z) and 6,y := d(x,y). Note that we used (10)
to write:

AgA(d(z,y)) = A"(d(z,y)) + (n — 1) coth(d(z,y)) A'(d(z,y)). (53)

The two main specific examples of attractive potentials investigated here are:
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(i) Constant Laplacian attraction:

9 (0« . 1n—1
Au(0) = /0 Jo" sinb™ " £dg (54)

sinh” 16,

This is a very important example for applications; A. has the property that
Az Ac(d(z,y)) =1, (55)

and leads to equilibria that are constant within their support.

(ii) Hyperbolic-cosine attraction:

B coshf —1
-

An(0)
This potential satisfies (use (53)):
AxAh(d(xa y)) = COSh(d(:Ea y))

We will show that the energy functional in this case is strictly convex, and we will find explicitly
the global minimizer.

Constant Laplacian attraction. Consider the interaction potential (27) with attraction
given by (54). Since A, satisfies (55), it is immediate to check that the following density
distribution is a solution of (52):

1 if d(v,z) < Rq,

pele) = {0 if d(v,z) > R., 7

where R, satisfies
Rc
Vol(Dg,(v)) = na(n)/ sinh" "1 4dg = 1.
0

Hence, p. is an equilibrium solution, and by Proposition 3.4, it satisfies the necessary conditions
for a local minimizer. This configuration was studied in [23] as an attractor for the aggregation
equation (2).

Hyperbolic-cosine attraction. We consider now the interaction potential (27) with attrac-
tion given by (56). We will show that the following density distribution is a global minimizer
of the interaction energy:

h
cosh(d(v, z)) if d(v, 2) < Ry,
pn(z) = a(n)sinh" Ry, (58)
0 if d(v,z) > Ry,

where Ry, > 0 satisfies

Ry,
na(n) / sinh” ! @ cosh®df = 1. (59)
0
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We will show that (58) is a solution of (52). By rotational symmetry, use notation:
pn(d(v,2)) == pn ().
The hyperbolic law of cosines on H" states:
cosh(d(z,y)) = cosh(d(x,v)) cosh(d(y,v)) — sinh(d(x, v)) sinh(d(y, v)) cos Z(zvy). (60)

From (60) we compute, using polar coordinates for y and the rotational symmetry of pp:

| costld(e. )on )y

Ry
= / / (cosh(d(,v)) cosh @ — sinh(d(x, v)) sinh 6 cos Z(zvy)) pp(#) sinh™* 6 do,db,
0o Jsn1
where we also used that supp(pp) = Dg,, (v). Then, using

1
/ cos Z(zvy)doy = 2/ (cos Z(zvy) + cos Z(zv(—y))doy,
Sn—1 n

1
=3 /n (cos Z(zvy) + cos(m + ZL(zvy))doy,
= (]’
in the equation above, we have
Ry
/ cosh(d(z,y))pn(y)dy = na(n) cosh(d(v, z)) / cosh @y, (6) sinh™ 1 6 d6.
n 0
Consequently, to show that pj is a solution of (52), we need to show:
Ry
pr(d(v, x)) = na(n) cosh(d(v, x)) / cosh 0py,(0) sinh™ 1 9 d6.
0

Indeed, by substituting (58) into the right-hand-side above, one computes:

Bn cosh? @ sinh™ ' 6
h
na(n) cosh(d(v, z)) /0 a(n)sinh” Ry, @

_ cosh(d(v, z))

Ry,
 a(n) <sinh® R, h2 @ sinh™ !
a(n)sinh™ Ry, ”a(”)jg cosh” 6 sin 0do

-~

=1 by (59)

= ﬁh(d(va $))

This shows that p, is an equilibrium solution of model (2). By Proposition 3.4, it also satisfies
the necessary conditions to be a local energy minimizer. In Section 3.3 we will prove that the
energy functional corresponding to this potential is strictly convex and hence, pp is a global
energy minimizer.
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3.3 Hyperbolic cosine attraction: convexity of the energy

In this subsection we consider the potential (27) with hyperbolic cosine attraction given by
(56), and show that the equilibrium solution p, from (58) is a global energy minimizer in
A = P(H™) N H~L(H).

Consider the energy (1) defined on A. Then use Remark 3.1 (see (28)) to write the energy
as

Bl =5 [ (Gl + Andep)p(p(iady

1 1 1
= 5“[’”%{*1(]}1171) + %’C[P] o (61)
where the functional K[p] is defined by
Klp] = / /H . cosh(d(z, y))p(z)p(y)dzdy. (62)
n>< n

First note that the repulsion component of the energy is given in terms of the square of
the H~! norm, which is strictly convex. Since the last term in (61) is simply a constant, it
remains to investigate the convexity of the functional K.

By (18), we write

Klol == [[ @om = oan = = s )ola)oly)dady

= </n(xo,x1,--- ,:vn)p(ﬂf)dw,/Hn(yo,yl,--- ,yn)p(y)dy>

2

i

/n(iﬁo,iﬁ, co ) p(x)de

where we also used (7) and (8).
Denote

Cp = / (zo, 21, ,xn)p(z)de,

and hence, write

Klol = llesll®.
By a direct calculation, we then have
tK[o1] + (1 = t)Klpo] = Kltpr + (1 = t)p2] = tllepy > + (1 = O)llcpl® = llerpy 1100 1
= tllcp, |I” + (1 = t)llepall* = lltep, + (1 = t)ep |1
= 1(1 = t)lep |I* + (1 = 1)llcpu|? = 26(1 = 1) {epy, o)

= t(1 = B)llcpy — cpall?, (63)
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for any density functions p; and py. Note that the right-hand-side above is not necessarily
non-negative, as the inner product (7) is not positive definite. So the positivity of this term
needs to be shown, which is what we will focus on next.

Consider the following set:

PEE(H™) == {p € PY(H") : / zjp(x)de =0, forall 1 < j < n}

n

Lemma 3.7. For any p € P*(H"), define ¢, to be the normalized c,, i.e.,

R ¢
ép = ——.
7 el
Then,
Jup € PGE(H"), where f(z) =z —'¢,.
Proof. Write ¢, = (co,c1,- - ,¢,) using coordinates, i.e.,
k= / zy p(z)dz, for all 0 < k <mn. (64)

First note that (c,, c,) > 0, s0 ||c,|| is real-valued. Indeed, it is easy to show that ¢, € conv(H"),
where conv(H") denotes the convex hull of H", defined as:

conv(H") := {(zg, 21, , ) E R g2 —2F — ... — 22 > 1}

Consequently,

(cppep)y=ch—cf—--—c2>1>0.

By a change of coordinates, one gets:

/ xjfup(x)dr = / (z—"¢,)p(x)dx, for all 1 < j <n. (65)
Hn Hn

To have f#p € P§¢(H"), the expression above needs to be 0 for all 1 < j < n.
By (16) and (13), we compute:

/n(w ~'&p)p(x)dr = /n (xj —z0(6p); + (élf)éop)j_'l(xl(ép)l +oF wn(ép)n)) p(x)dz.

From here, by the definition of ¢, and (64), we get:

R . Cp)j . )
/ (x—"¢,)jp(x)dx = cj — co(¢p); + (é<)gj_1(cl(cp)1 + o+ enl@p)n)
n P
. N leoll ()i .
= lleoll(€0); = llepll(€0)o(Ep); + W((%)% + A+ (6)0)
= llepll ((5); = (@)olE)s + (E)s((Ep)o — 1)
=0, (66)
where for the third equal sign we used that ¢, has norm 1, which implies (é,)3 + - -+ + (¢,)2 =
(€0 — 1.
The conclusion now follows from (65) and (66). O
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From (62) and the fact that the operation —' is an isometry, we get:

Klgol = [[ | cos(dla,) fap(o) fap(u)dacdy
— [ coshld(e "Gy " e0))pla)pu)dady
H"™ x H™

= / / cosh(d(z,y))p(x)p(y)dzdy
H"™ x H"™

= Klp].

Since K[p] = K[f4p], we can restrict K to P§¢(H™) C P*(H") for the purpose of investigating
its minimizers.

Lemma 3.8. The functional K defined in (62) is convex on P§(H™).

Proof. Take p1,p2 € P§°(H"); also note here that Pg¢(H") is a convex set. Then, ¢, =
a1(1,0,---,0) and ¢y, = a2(1,0,---,0), for some positive constants ay,az > 0. Therefore,

lep, = €pall* = (a1 — a2)* 2 0,
and by using (63), we find that:
t[p1] + (1 = t)K[p2] > Kltpr + (1 — t)pal, forall 0 <t < 1.
This shows the claim. O

Next, we state and prove the main result of this subsection.

Theorem 3.9. Consider the interaction potential (27) with hyperbolic cosine attraction given
by (56). Then, the equilibrium solution py, from (58) is a global minimizer of the interaction
energy on A.

Proof. As noted above, the square of the H~! norm, representing the repulsion component of
the energy, is strictly convex on A. Since the attraction component K is convex on P§¢(H"),
the sum of the two functionals (and hence E) is strictly convex on Pg§¢(H") N.A. We conclude
from here that the critical point p; given by (58) is the unique global minimizer of F in
P§e(H™) N A.

By Lemma 3.7, any density can be translated by an isometry into P{¢(H™). Since the
interaction energy is invariant under isometries (see (4)), we infer that the global minimizer
pr of E[-] on P§¢(H") N A is also a global minimizer of E[-] on A itself. O

Remark 3.10. A similar result as in Theorem 3.9 holds in the standard Euclidean space R"—
see Theorem 2.4 in [16]. There, it is shown that for an interaction potential that consists of
Newtonian repulsion and quadratic attraction (i.e., A(z) = %|z|?), the interaction energy is
strictly convex and the global energy minimizer consists in a uniform density supported on a
ball. However, for the model on H" we could not show the convexity of the energy for the
attractive potential A, (that leads to constant density equilibria), but we showed it instead for

Ay,

26



4 Existence of compactly supported minimizers

In this section we study the existence of compactly supported global minimizers of the energy
(1). The arguments we use here follow the layout and the general technique used by Cafizo et
al. [7] for the Euclidean case. For this reason, we use similar notations, and we only highlight
the main differences.

Consider the interaction energy (1) defined on P(H"). Retaining the numbering from [7],
we make the following assumptions on the interaction potential K:

(H1): K is bounded from below by a finite constant K, < 0.

(H2): K is locally integrable, i.e., / |K (d(z,v))|dz < oo, for any R > 0.

d(z,v)<R
(H3): Interactions are symmetric, i.e., K(z,y) = K(d(x,y)) (by an abuse of notation), for all
z,y € H".

(H4): The limit Ko = 611_}1]([)10 K(0) < oo exists and K is unstable. Here, K is unstable if there
exists p € P(H") such that E[p] < $Kx.

(H5): K is lower semi-continuous.

(H6): There exists Rg > 0 such that K is strictly increasing on [Rg, 00).

Note that hypothesis (H#3) has been used throughout the entire paper, but we list it here
separately for consistency with the numbering in [7]. In the Euclidean case, this hypothesis
shows in a weaker form in fact, specifically K(z) = K(—=z) for all z € R™.

Assumptions (H1) — (H6) were considered in [7] for the Euclidean space R"™. Under such
assumptions, the main result in [7] (Theorem 1.4) states that there exists a global minimizer of
the energy in P(R™). Moreover, there exists a uniform bound for the supports of all minimizers
of E. A very similar result holds for H". We state the result below and then we sketch its
proof.

Theorem 4.1. Assume that K : [0,00) — RU{oc} satisfies (H1) — (H6). Then, there exists a
global minimizer p € P(H") of the energy E[p] defined in (1). In addition, there exists D > 0
(depending only on K and the dimension n) such that every minimizer of E has compact
support with diameter at most D.

The layout of the proof of the analogous theorem for R™ from [7] is the following (we write
it for H" instead):

Part 1. Fix R > 0 and set Pr(H") = {p € P(H") : supp(p) C Br(v))}. Show the existence
of global minimizers on Pr(H"). This can be done as follows [7, Lemma 2.1]. Consider a
minimizing sequence (pg)g>1 of E restricted to Pr(H"). As Pr(H") is tight and weakly-x*
closed in P(H"), by Prokhorov’s Theorem, there exists a subsequence (p,);>1 that converges
weakly-* to pp € Pr(H™). By the weakly-* lower semicontinuity of F, pg is a global minimizer

of E on Pr(H").

Part 2. Show that there exists D > 0 (depending only on K and n) such that for all R > 0
and any global minimizer pr of F on Pr(H"), the diameter of the support of pr is bounded
by D. This is the core of the proof and follows from several key lemmas which we will discuss
after presenting the layout.

27



Part 3. Consider p’ a global minimizer on Pp(H"), where D is the upper bound on the
diameters of minimizers from Part 2. Show that p’ is in fact a global minimizer on P(H™). This
can be argued as follows [7, Lemma 2.10]. First note that for any p € P(H") with compact
support, E[p] > E[p']. Indeed, for R > 0 fixed, such that p € Pr(H"), take pr a global
minimizer of F on Pr(H"™). Then, E[p| > E[pr] > E[p], where the second inequality holds
by the translation invariance of F (as pg can be translated to a measure in Pp(H™)). Second,
for any p € P(H"), approximate p by compactly supported measures py with E[px] — Elp]
as k — oo. Since E[pg| > Elp'], for all k, infer E[p] > E[p/] and conclude p’ global energy
minimizer on P(H").

As noted above, Part 2 is the core of the proof. It is based on two fundamental lemmas.
The first lemma states that for any point in the support of a minimizer pr on Pr(H"), there
has to be some mass not far from it. Specifically, the following result holds.

Lemma 4.2. [7, Lemma 2.6] Suppose the potential K satisfies hypotheses (H1) — (H5). Then
there exist constants r,m > 0 (depending only on K ) such that for all sufficiently large R, and
all global minimizers pr of the energy on Pr(H™) we have

/ dpr(z) > m, for all xo € supp(pr).
By (zo)

Note that the constants m and r are universal (they do not depend on R). The proof of
the lemma can be immediately adapted from that of [7, Lemma 2.6]. We only point out here
that for its proof, Hypotheses (#1) and (#4) are used in a fundamental way, to bound the
interaction potential K at short and long distances, respectively.

The second fundamental lemma states that minimizers pr cannot have large gaps. The
general idea of its proof is the same as for [7, Lemma 2.7], but the details are more involved. In
place of the projection on the k-th coordinate (as used in R"), we will use the map mj, defined
n (23). This lemma is the only place where hypothesis (H6) is being used.

Lemma 4.3. (Generalization of [7, Lemma 2.7]) Assume that the potential K satisfies (H1)—
(H6). Let R > 0 and suppose that pgr is a global minimizer of the energy (1) on Pr(H™). Then
the support of pr cannot have “gaps” larger than 2Rg in each coordinate (Rg is the constant
from (H6)): if k € {1,...,n} and aj, € R is such that m_ ' (Ja, — R, ax, + Re]) C H"\supp(pr),
then either m, ' ((—o0, a, — Re]) € H"\supp(pg) or 7}, ' ([ar + Rg,00)) C H"\supp(pr).

Proof. Suppose by contradiction that there exists an index k € {1,2,--- ,n} and a; € R with
ng_l([ak — Rg, a, + Rg]) € H"\supp(pr), such that the support of pr has nontrivial intersec-
tions with both the “left” and “right” parts, defined as

Hy, = ﬁ,i_l((—oo, ar — Rg]) and Hp:= wlzl([ak + Rg, 0)),
respectively. Also, fix 0 < € < Rg and consider
ﬁR = PR|HL + TE#(pR‘HR)v

where T, is the isometry defined as Tc(z) = x —' ug(€) (recall (19)).
It follows immediately that

supp(pr|y, ) C HL  and supp(Tﬁ#(pR|HR)) C Hr — ug(e).
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From Corollary 2.13 we have
Hy —" ug(e) = 7, ([ar + R, 00)) =" ug(e) = m, ' ([ag, + R — €,00)).
Hence, we get

Supp(pR|HL) C 77];1((_007 ap — RG]) and Supp(TE# (pR|HR)) C lel([ak + R6 -6 OO))

From this fact and 0 < € < Rg, we infer that supp(pg|,, ) and supp(Te#(pR|HR)> are
disjoint. This yields the following calculation:

B(pr) = Plpily, )+ BT lonly )+ [ KldGo.)doly, (5) ATe (ol )0

= B(prly, )+ Blorly)+ [ KldGey =" w(0)) dpaly, (@) dprly, ). (67

where for the second equal sign we used the invariance under isometries of the energy (see (4))
and the change of variable z = y 4+’ ux(€) in the integral.
Now take x € Hy, and y € Hg, and recall (18), by which we write

cosh(d(x,y —' u(e))) = (& ' (y =" ur(e)))o.

Next, we will compare (z —' (y —" ug(€)))o with (z =" y)o.
Using (13), (15) and (16), we compute

(=" (y =" ur(€)))o = zoly =" ur(€))o — Y _ zi(y —" up(e))
=1
= 20(yo cosh € — yy sinh e) — Z xy(—yo0k sinh € 4+ y; + Y6 (cosh e — 1))
=1

n
= 20 (yo cosh € — yi sinh €) 4+ zyp sinh e — Z 1y, + (1 — cosh €)zyy.
=1

Furthermore, add and subtract zpyo to the right-hand-side above and use (17) to get

(@ =" (y =" ur(€)))o — (x ="y)o

=(cosh e — 1)(xoyo — xryk) + sinh e(zryo — zoyk)

—2sint (5) o (1= 22 4 siun () cosh )z (22— 22 )
2 ToYo 2 2 To Yo

=2sinh (%) ToYo (sinh (%) (1 — tanh(m(x)) tanh(m(y))) + cosh (%) (tanh(mg(z)) — tanh(ﬁk(y)))>

—2sinh (%) zoyo(1 — tanh(rmx(2)) tanh(mx(y))) (sinh (%) + cosh (g) tanh(my(z) — Wk(y)))
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€

) sinh <7Tk($) —mi(y) + 5) . (68)

_ 2sinh (5) xoyo(1 — tanh 7 (x) tanh 7 (y))
cosh(my(z) — ()
Since
2sinh (5) zoyo(1 — tanh 7k (x) tanh 7 (y))
cosh(m(z) — 71 (y))

is always positive for any € > 0, we only have to study a sign of sinh (wk(m) —mr(y) + %) As
x € Hy, y € Hgr, and € < Rg, we have
mule) = T(y) + 5 < (0 — Re) = (ax + Re) + 50 = ~2Rs <0,
which by (68) it implies that
(@ ="y ~"ur(e))o < (x~"y)o = dz,y—"ukle)) <d(z,y). (69)

Now apply Lemma 2.14 for 2 and y — ug(z), and use 7 (z) < ar — Rg and g (y — ug(€)) >
ar + Rg — €, to get

d(z,y —"uk(€)) > |(ax + Rg — €) — (ar, — Rg)| = 2R — € > Re. (70)
By combining (69) and (70) we now get
Re < d(z,y " uk(e)) < d(z,y),

and furthermore,
K(d(z,y =" u(e))) < K(d(z,y)),

since K is strictly increasing on [Rg, 00) by Hypothesis (H6).
Finally, we substitute this result into (67) to get

B(pr) = Blprly,)+ Borly) + [ [ K@y~ ucle)) dpily, (2) dpl, 0

< Bprly, )+ Blprly) + [ K(d0) dpily, () dpal, 0

= E(pr).
However, this is a contradiction to the fact that pg is a global minimizer on Pr(H"). O

Lemmas 4.2 and 4.3 lead to the following last result, that concludes Part 2 of the proof of
Theorem 4.1. The statement and its proof are identical to those of [7, Lemma 2.9].

Lemma 4.4. [7, Lemma 2.9] Assume K satisfies (H1) — (H6). Then there exists D > 0
(depending only on K and n) such that for all R > 0 and any global minimizer pr of the
energy on Pr(H™), the diameter of the support of pr is bounded by D.
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Proof. The proof of the lemma follows that of [7, Lemma 2.9] by replacing the k-th coordinate
of a point = by mx(z) as defined in (23). We sketch it here. First, given that there is at least
an amount of mass m in any geodesic ball B,(z) with z € supp(pr) (by Lemma 4.2), the
support of pr can be covered by a finite number of geodesic balls Bo,(z;),7 =0,1,..., N, with
N +1 < [1/m] ([-] denotes the ceiling of a number). Note that the points x; are chosen so that
x; & Bar(x;), for any i # j, so the balls B,.(z;) are disjoint.

With k fixed (1 < k < n), order the points so that m;(xo) < -+ < m(xn). Then,

Tk(ip1) — 7k (z;) < 4r 4 2Rg, 1=0,1,...N -1,
as otherwise this would contradict Lemma 4.3 (gaps larger than 2Rg). From here, get that
Te(rn) — me(zo) < N(4r 4+ 2Rg) < ([1/m] — 1)(4r + 2Rs). (71)
Now set x; and x,, such that

d(wy, o) = max d(wi, ;).

Consider the geodesic curve between x; and x,,, and the midpoint between the two points on
this geodesic. Take the isometry T' that maps the midpoint into the vertex v, and x; — =z,
ZTm — —2 (see (15)), where z = (cosa,sina,0,...,0). Then,

d(zy, ) = d(z,—2) = 2,
where the second equal sign comes from the fact that (see (9))
d(—z,z) = 2d(v, z) = 2cosh ! (cosh a) = 2a.
On the other hand, by (23), we get
200 = m1(2) — m(—2).
Finally, by (71) (used for the image under the isometry 7" of supp(pr)), one has
m1(z) — m(—2) < ([1/m] — 1)(4r + 2Rg).
Combining these considerations, we find

diam(supp(pgr)) < ([1/m] — 1)(4r + 2Rg) + 4r =: D.

5 Numerical simulations

In this section, we provide numerical simulations of the model (2) for some specific interaction
potentials in the form (27). For this purpose, we first write model (2) in characteristic form; this
form of the equation is widely used for both analysis and numerical simulations [5, 18, 20, 23].
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Model (2) in characteristic form. Consider the flow generated by the velocity field v|[p]
given by (3). The characteristic paths x(¢) then satisfy

d
= = Vlpl(@(t).1). (72)
To reach the characteristic form of model (2), expand the divergence

V- (pvlpl) = Vypp + oV - v[pl,

where V(,p denotes the covariant derivative of p along v[p]. Then write (2) as

up + Vypp = —pV - v(p]

= p(t, ) ; A K (z,y)p(t, y)dy, (73)
where for the second equal sign we used (3). Note that the left-hand-side above represents the
material derivative (along characteristic paths) of p.

For radially symmetric solutions, the characteristic paths x(t) are geodesic curves passing
through the vertex v. In such case, denote the radial coordinate

0, :=d(z,v).
By writing the characteristic equations (72) in radial coordinates, we then find

d X
ex(t) = —Ng Vg K(‘T7 y)p(tv y)dyv (74)

E H"L
where n, := %.
The interaction potentials in the numerical simulations are in the form (27). Using (27),
the radial symmetry of p, the divergence theorem and (26), we compute starting from (74):

d .
aez(t) = Mg - Vg - (G(l‘, y) + A(d(xv y))p(tv y)dy
1
= Nz - Vo | G(x,y)pt,y)dydoy — g - Vo | A(d(z,y))p(t,y)dy
0B,60)] Jo, 0. o (z,y)p(t,y) o (d(z,y))p(t,y)
1
== Ay | G(z,y)p(t,y)dydoy — g - Vi [ A(d(z,y))p(t, y)dy
0B,0.)] /o0 o (z,y)p(t,y) o (d(z,y))p(t,y)

_ ! / (—p(t,2)) dx— e - Vo | A(d(e,y))olty)dy.
B, (02) H»

na(n) sinh" 1 6,

Furthermore, using the notation p(t,6,) = p(t, ) and the hyperbolic law of cosines, we write
dy ! /gz 5(t, A) sinh 1 A dA

— = sin

dt *® 7 gt 0. Jo Pt

— g, A (cosh™ (cosh 6, cosh 6, — sinh 0, sinh 6, cos Zzvy)) p(t, 6,)dy
Hn
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1 O
= }1”_19/ p(t, A) sinh” P AdX — (n — 1)a(n — 1)
S11 x JO

X / / Og, A (cosh_1 (cosh 6, cosh 6, — sinh 6, sinh 6, cos 3)) j(t, 6,) sinh" ! 9, sin" 2 8 d6,d3
0o Jo

(75)
For the evolution of the density along characteristic paths, we calculate from (73):

Pbe®) =p(tz) | AuK(z,y)p(ty)dy
o

— p(t,) <—p<t, D+ [ AvAd@ ), y)dy)

Hn

= —p(t,2)* + p(t, z) / AA (cosh_1 (cosh 6, cosh 6, — sinh 6, sinh 6, cos Zzvy)) p(t, 6,)dy

— —p(t,2)* + (n — La(n — p(t, z)

X / / AA (cosh™ (cosh 8, cosh 6, — sinh 8, sinh 6, cos B)) f(t, 0,) sinh" ' 6, sin" 2 3 df,d.
0o Jo

(76)
Due to the radial symmetry assumption, the evolution equations (75) and (76) are one-

dimensional. For simplicity, denote 0(t) = 6,(;) and use the notation p, to write (75) and (76)
as a system of two integro-differential equations for 6(t) and p(t, 6(¢)):

d

1 0
t)=——+— [ At,\)sinh® " AdA = (n — Da(n — 1
T = g [ e sin (n = Daln - 1)

X / / 99 A (cosh™ (cosh @ cosh 6, — sinh @ sinh 6, cos 3)) j(t, 0,) sinh" ! 0, sin™ 2 3 d6,dS
o Jo

d o i

P 0(@) = —p(t,0)" + (n — L)a(n —1)5(t,0)

X / / AA (cosh*1 (cosh € cosh 6, — sinh # sinh 6,, cos 5)) p(t,0y) sinh" ! 0, sin" 23 dé,dg,
o Jo

(77)
where AA(0) = A”(0) + (n — 1)A’(6) coth .

Radially symmetric solutions: numerical simulations.

We use the equations (77) in
characteristic form to solve numerically for radially symmetric solutions. The numerical results
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we present are for the hyperbolic plane (n = 2), for which (77) simplifies to

Doy = L /0~(M)s' hAdA
at = simng J, POV

-2 / / OpA (COSh_l (cosh 6 cosh 6, — sinh 6 sinh 6, cos 3)) p(t, 6,) sinh 6, d6,d3
0 0

d

&ﬁ(t’ 0) = —p(t, 0)2

+2p(t,6) /7r /OO AA (cosh_1 (cosh 6 cosh 6, — sinh 6 sinh 6, cos 3)) p(t, 8,) sinh 6, df,d 3.
o Jo 8)
The radially symmetric initial density p is taken to be
po(0) = e?(0.01 4+ 6 — 6)/C, (79)

where C'is a normalization constant which satisfies fooo po(0) sinh 8d0 = C'. We use the classical
fourth order Runge-Kutta method with At = 0.02 to evolve (78) in time. The initial particle
positions are set at 6;(0) = (i — 1)Az with Az = 0.02, ¢ = 1,...,N, with N = 51. To
approximate the integrals we use the trapezoidal rule.

We consider the interaction potentials (in the form (27)) from Section 3.2, for which we
have explicit expressions of the equilibria. First, take attraction given by (54) and (56), for
which we computed the explicit solutions (57) and (58). In n = 2 dimensions, these solutions
(written in the radial notation, using the tilde symbol) read

1 if0§9<cosh_1<1+i),

pe(0) = 2 (80)
0 otherwise,
and
ho 1/3
co; 273 if0§9<cosh1<<1+23) >,
@) = = ((0+ )7 -1) m (81)
0 otherwise.

Note the monotonicity of these equilibria, which is consistent with Theorem 3.3.

The time evolution of the model with Newtonian repulsion and attraction (54) and (56),
is illustrated in Figure 4. In both cases, the solution approaches the equilibria in (80) and
(81), respectively. The simulation confirms the theoretical findings in Section 3.3 (see also
Theorem 3.9): the energy functional is strictly convex and solutions approach asymptotically
the global energy minimizer. On the other hand, numerical simulations with a variety of other
initial conditions suggest that the equilibrium (80) is also a global attractor; this was first
conjectured in [23].

For numerical simulations, we also considered linear combinations of the potentials A, and
Ay, i.e., potentials in the form

A, = boA. + blAha (82)
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Figure 4: Time evolution of a radially symmetric solution to the aggregation model (2) on H?,
for K in the form (27), with attraction given by (a) A = A, and (b) A = Aj — see (54) and
(56). The initial density (blue dashed-line marked with circles) is given in (79). The solutions
approach asymptotically the equilibria (80) and (81), respectively, indicated by red solid lines.

with by, by constants. Note that AA,,(6) = by + by cosh 6.

The following proposition provides an explicit expression for the equilibria corresponding
to mixed attraction A,,.

Proposition 5.1. Consider the aggregation model (2) on H?, with K(z,y) = G(z,y) +

Ap(d(z,y)), and bg,by1 > 0 such that (by,b1) # (0,0). Then, there exists a unique radially
symmetric equilibrium in the form

1—27mb
by + ( T20%bobs > cosh 6
pm(0) = Tlbgby (Qhob, + 2)

0 if 0 > cosh™(apyp, + 1),

if 0 < 0 < cosh™ (apgp, + 1),

where ap,p, 15 a solution of the polynomial

92 2

7Tbl l’3 T bobl $4 _
3 3

Proof. See Appendix B. O

0.

1 —2m(bg + b1)x — orbx? —

Remark 5.2. While we cannot prove Proposition 5.1 for general (by, b1) € R?\{(0,0)}, similar
arguments can be used for some specific cases. For example, the result in Proposition 5.1
holds for (bg,b1) = (2,—1), although b; < 0. We will present below numerical simulations for
(bo,b1) = (2,—1), as in this case the equilibrium solution g, is qualitatively different from
pe and pp. Indeed, p,, is monotonically decreasing, following the monotonicity of AA,, (see
Theorem 3.3).
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For (bg,b1) = (2, —1), the equilibrium in Proposition 5.1 can be calculated as

(83)

5 2 — 1.0956 cosh 6 if 0 <6< 0.6227,
pm(0) =~

0 otherwise.

Figure 5(a) shows the time evolution of the initial density (79), for a potential with mixed
attraction (82), and (bg,b1) = (2, —1). The solution approach asymptotically the steady state
Pm.- Simulations with a variety of other initial densities (including non-symmetric ones) suggest
that p,, is in fact a global attractor. We clarify here that for non-symmetric densities we use
a particle method and evolve in time the discrete analogue of (2) — see discussion and results
below.

Finally, we provide a simulation with an interaction potential in the form (27) for which
AA is not monotone (so Theorem 3.3 does not hold). Specifically, we take

A(0) = % sinh? 6 — g coshf + 61n (cosh g) , (84)
for which AA(#) = cosh?§ — 3coshf + 8/3. Figure 5(b) shows this simulation, starting from
the same initial density (79). Note that in this case, the steady state is not monotone, as in
the previous examples. Also, we do not have any explicit form for the steady state, or any
result about its uniqueness; this is simply a numerically obtained equilibrium. Nevertheless,
simulations with various other symmetric and non-symmetric initial data (see particle simul-
tions below) suggest a large basin of attraction for this equilibrium, possibly being a global
attractor as well.

Particle methods and non-radially symmetric solutions. For non-radially symmetric
solutions, the previous approach (in particular, system (77)) does not apply. In such cases,
one can resort to the discrete formulation of model (2) [11, 23], given by

N

dx; 1 .

dxt =5 E ViK (xi, z;), 1<i<N, (85)
i=1
J#i

where V; represents the gradient with respect to variable z;. System (85) governs the evolution
of N particles x; of identical masses (= 1/N), as they interact via the interaction potential K.
Using polar coordinates, we express the location of particles on H? as

x; = (cosh 6;, sinh 0; cos ¢;, sinh 0; sin ¢;), 1<i<N,

where 6; € [0,00) and ¢; € [0,27). Writing the system (85) in the variables (6;, ¢;), one finds
[23]:

N N
) dg, 1 1 0K .
o 2N T (), =Y (i), 1<i<N.
dt N o0, (wrs). 5 N;smh% o, 1 %9) '

i i

We solve numerically the system above to approximate the time evolution of the discrete
model (85) with non-symmetric initial data. Figure 6 shows the steady states resulted from
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Figure 5: Time evolution of a radially symmetric solution to the aggregation model (2) on H?,
for K in the form (27), with attraction given by (a) A = A,, with (bo, b1) = (2, —1) — see (82),
and (b) A given by (84). The initial data is given by (79). For simulation (a), the solution
approaches asymptotically the equilibrium (83); note that the steady state is monotonically
decreasing about the vertex, consistent with the result in Theorem 3.3. The steady state for
the simulation (b) is not monotone; this case is not covered by Theorem 3.3.

one such non-symmetric initial configuration (plot (a)), with different interaction potentials in
the form (27). For these simulations we used N = 500 particles and the fourth order Runge-
Kutta method with At = 0.02 to advance the solution in time. All plots in Figure 6 show
the projection of the particle configuration from the one-sheeted hyperboloid to the horizontal
coordinate plane. Plots (b)-(d) in Figure 6 are the steady states corresponding to potentials
used for Figures 4(a), 5(a) and 5(b), respectively. We do not show particle simulations with
attraction Ay, as in that case the energy is strictly convex and solutions approach the global
minimizer.

The steady states in Figure 6(b)-(d) are supported on geodesic disks. We calculate the radii
of these disks and compare them, respectively, with the values 0.5570, 0.6227, and 0.7474, where
the first two values are known by the explicit expressions (80) and (83) of the equilibria, and
the third is the radius of the support of a more refined (Az = 0.005) numerical computation of
the equilibrium from Figure 5(b). For N = 500 particles the first set of radii is within 3.5% of
the corresponding values from the second set. Increasing the number of particles to N = 1000
the error decreases to within 2.5%. These simulations and various other similar ones suggest
that the radially symmetric equilibria in Figures 4(a), 5(a) and 5(b) are global attractors (not
just with respect to symmetric densities, but across general non-symmetric densities).
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Figure 6: Particle method simulations on H? with N = 500 particles, for non-radially symmet-
ric initial data and with K in the form (27). The initial configuration (a) evolves into steady
states (b)-(d) that are supported on geodesic disks. The radii of these disks agree within 3.5%
with, respectively, the radii of the equilibria given by the explicit expressions (80) and (83),
and the radius of the support of a more refined numerical computation of the equilibrium from
Figure 5(b). The numerical simulations suggest that the equilibria in Figures 4(a), 5(a) and
5(b) are global attractors.
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Proofs of several lemmas from Section 2.2

Proof of Lemma 2.2. From the definition of the matrix product, we have

n
ya:ZB(w)aﬁxfg, Va=01,---,n.
5=0

We can simplify it as follows:

n n n
yo =Y B(w)ogzs = B(w)oowo + Y B(w)oiws = ywo — 7 > wii,
5=0 i=1 i=1

and for j =1,...,n,

n n
v =D Bw)jsws = Bw)joro + ) B(w)jiz:
B=0 =1
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This yields
vo—yi— v

= ’}/2 (g;o — wa,) — (—’}/w]’xo +x;+ ("Y — 1)% Zaz,wl>
J =

1

n n 2 n 2 n 2
w3
2,2 2 L2 ) 2,2 2 J s
=y )y — 2777 E w;x; + 7y <Z§_l wm) 2 Ywiwg + l’ +(v— |w|4 (;_1 xlwl>

=1

= wirg o x W
- Z (—27wjxjxo —29(y — 1)W Z:ciwi +2(y - J J Z Tw;
j=1 i=1

2
n n n
1
2> w47 (zw) aRuf - zx 1) M(zw)
=1 =1

i=1

2
n n n
1
+ 2x07 Z xyw; + 2v(y — 1)z Z xyw; — 2(y — 1)W <; xiwi>

=1 =1
a2 (z w> S I SRt (zw)
i=1 j=1 i=1

:w(1—|w| Zx _on—fﬁ

If we use x € H", then we have 23 — 2% — .-+ — 22 = 1. This implies that

T S
which is the desired result. O

Proof of Lemma 2.3. Let a,b be tangent vectors at x € H". Since H" is embedded in R*+!,
tangent vectors a and b can also be considered as vectors in R"*! which satisfy

apTo — G1T1 — * - — Ap®p = boxo — b1x1 — -+ — bpxy, = 0.
The induced metric defines the inner product between two tangent vectors as

a-b=agbyg —arby — - —apb, = —aTnb.
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From the definition of the push forward of a tangent vector, we have
dFy,(a) = B(w)a, dFy(b) = B(w)b.
This yields
dF,(a) - dF,(b) = —(dFy(a)) "ndFy,(b) = —a' B(w) 'mB(w)b = —a"nb=a - b,

where we used (11) for the third equal sign. Finally, this implies that F}, is an isometry on H"
for all w such that |w| < 1. O

Proof of Lemma 2.4. By a simple calculation, for any w € R™ with |w| < 1, we know the
vertex of H"™ maps to
Fw(17 07 T 70) = (77 —Ywi, - ,—"}/’U)n).

The equation above shows that 1 <— 3.
Now, we investigate the relationship between x € H and w € R"™ so that:

Fy(z) = (1,0,---,0).

From the definition of F,,, we have

1=~z —y(wiz1 + -+ - + wpTyp), (86)
and
W —
O:—'ywim()%—a:i—i-(’y—l)Wijxj, Vi=1,2,-,n. (87)
j=1
Equation (87) yields
w; = ax;, Vi=1,2,---,n, (88)

for some o € R. We substitute (88) into (86) to get
1 =yzo — ya(@? + - +22) = yro — ya(xd — 1),

which gives
1

T a0 )

By (88), we also have:
[ = wi +wj 4 wp = o (2] + -+ 2p) = o (x5 - 1),

where for the last equality we used that x € H". From the definition of « and the above
relation, we get
) 1 1

= = . 90
1—|wl? 1-a2(z3-1) (90)

v
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Finally, we compare (89) and (90) to get
(w0 — a(af —1))* =1 - a*(zf - 1),

which is equivalent to
(2 — 1)1 — azg)? = 0. (91)

If w = 0, then F,, is the identity map. So, in this case, we have z = (1,0,---,0). Now
assume that |w| > 0. Then, (88) implies x; # 0 for some 1 < i < n, which yields

$3:1+$%+---+x221+3}§>1.

Hence, from (91), we get the unique solution

a=—,
o

G5)

w P 77 e s — .

o o

Note that this relation also holds for w = 0. We have thus shown that 2 <= 3, which
concludes the proof. O

and this gives the relation

Proof of Lemma 2.5. First, we have

2y—1/2 y% ?/2 A
y(=9) = (1~ [l311*) =" :(1—2—--.—g>
Yo Yo
y%—yf—w—y%

From direct calculations, we have

n

(& 4+ y)o = (B(=9)a)o = Y _[B(=Ploata = yozo + Y_(—1(=9))(~§;);
j=1

a=0

=2oYo +x1Y1 + - + TnYn-

This is the first desired result. By a similar calculation, we get for j =1,...,n,
n
(@4 y); =D _[B(=)]jawa = [B(—1)]jom0 + Z D)k
a=0
A A n
N . Y59k Y YT
y]$o+z<]k+ y)_l){2>33k:930?/j+xj+(90_1) ST
19l — yollgl
YUk
YTk
=zoyj +z; + (Yo — 1) 5
e
= ToY; + Tj + %) (‘lel + +xnyn)
Yo + 1
This is the second part of the desired result. O
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Proof of Lemma 2.7. From direct calculations, we have

(=4 y))o = (x4 y)o = zoyo + T1y1 + ** + TnYn,

and

Y
(—(x+'y);j=—(x+ y); = —woy; — zj — yoi—]i—l(ﬁyl + o+ TpYn)-

Also, we have
(=) +' (=9)")o = zoyo + 1y1 + * + - + TnYn,

and

(=) +' (=9))j = oy — ) = = (Tayn + - Tan).
Since we have (—(z +" y))o = ((—z) +' (=y))o and (—(z +" y);) = ((—z) +' (—y)); for all
1 < j <n, we obtain the desired result. O

Proof of Lemma 2.8. First, we have the following calculation:

(@4 y) + 2)o = (@ + yozo + > _(x+ v);2

j=1
om0 3+ 3 (s S )
j=1 j=1 k=1

n n n
=$0y020+202$jyj+$ozyj2j+zszj +1 Zya szkyk
J=1 j=1 7j=1 =1

We substitute z = —y into (92) to get

n n
(@ +"y) =" y)o = zoys +y0 w55 — 20 Dy} - Z% yHZ ;) wak
i=1 j=1

If we use y3 — y3 — - -+ — y2 = 1, then we can simplify the above relation to get

((x+"y) =" y)o = xo.

From the above result and (14), we find for j =1,...,n,

(x+'y) " 9); = @+ 9); — —2—(((z +'y) ~' y)o + (= +' y)o)

Yo+1
= 25+ —H (@ + y)o + 70) — —Z— (w0 + (2 + )o)
yo+1 +1
= Tj.
We infer that (z +' y) —' y = . O
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Proof of Lemma 2.10. Set
x = (zg, 21, ,xn) € H", 1z =0.
By a simple calculation, we have
(x +" ug(a))o = zo cosha + zy sinh a,

sinh a 4,

inh 93
costh—l(Sln a ) (93)

(z +" ug(a)); = zosinhadj, + z; +
= (1 4 d;i(cosha — 1)) + zdj; sinha, V1 <j<n,
where ¢ is the Kronecker delta symbol. We substitute a + b instead of a in (93) to get

(x +" ug(a + b))o = o cosh(a + b) + zy, sinh(a + b),

(z + ur(a+0)); = x;(1+ dr(cosh(a + b) — 1)) + xd,), sinh(a + b). o)
We substitute x +' ug(a) instead of x and b instead of a into (93) to get
((z + up(a)) +" ug(0))o = (z + ug(a))o coshb + (z +" ug(a))x sinh b,
(x 4+ ug(a)) + uk(d)); = (x + ug(a));(1 + dx(coshb — 1)) + (z +" ug(a))od;) sinh b. %)
From the first equality of (95) and (93), we have
((z +" ug(a)) +" ug(b))o = (zo cosha + zy sinh a) cosh b + (z, cosh a + x¢ sinh a) sinh b
= xg cosh(a + b) + zi sinh(a + b). (96)

Also, from the second equality of (95) and (93), we have
((z 4+ ur(a)) +" ug(b); = (x;(1 + &i(cosha — 1)) + zod;x sinha) (1 + &;x(cosh b — 1))
+ (2o cosha +  sinh a)d 5 sinh b
= 2;((1 4 djx(cosha — 1))(1 + djx(cosh b — 1)) + sinh adj, sinh b)
+ @0 (8 sinha(1 + ;5 (cosh b — 1)) + cosh ad;, sinh b)
= (1 + ;i (cosh(a + b) — 1) + xodjx sinh(a + b). (97)
Finally, we combine (94), (96), and (97) to conclude that

(x + up(a)) + up(b) = x +" u(a + b).
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Proof of Lemma 2.12. ¢ (Existence of the decomposition) First, we will show the existence of
the decomposition (21). Set x = (zg, z1, - ,2n), and define

T
a = tanh™! (k) .
oy

(x —"up(a))y = (o, 71, -+ ,2n) —' (cosha,0,---,0,sinha,0,---,0))

Then we can check that

= ((zo, 1, -+ ,op) + (cosha,0,---,0,—sinha,0,---,0))

—sinh a

_ inh
cosha—l—l( g sinh a)

= —xgsinha + zp +

= xpcosha — xgsinha = 0.

Therefore,
x —" ug(a) € Py(0).

If we set y = 2 —" ug(a), then we have
y+ ug(a) = (x —" ug(a)) + ug(a) = z,

by using Lemma 2.8.

o (Uniqueness of the decomposition) Now, we show the uniqueness of a pair (a,y) introduced
in the existence part. If there exists another pair (b, z) € R x Px(0) which satisfies

x =z + ug(b),

then we have
y+ up(a) = z + ug(b).

From Lemma 2.10, we get
(v + uk(a)) =" u(a) = (2 +' ug(b)) ~"ur(a) = y=2z+"uk(b—a).
This implies that
yr = zosinh(b — a) + zj cosh(b — a).

Since yr = zi = 0 and 29 > 1, we have a = b. This yields y = z, showing the uniqueness of the
decomposition (21). O

Proof of Lemma 2.14. Without loss of generality, we assume that 7 (x) < 7 (y). Then, there
exists R such that
me(z) = ap — R, and me(y) = ar + R.

If we define
T=x—"ug(ag), 7=y uglar),
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we have

by Corollary 2.13. On the other hand,

mo(%) = tanh (“) and  m(f) = tanh ™ <yk’>

o Yo

which implies _ N
@ — _tanhR and Z* = tanh R.

o Yo
We use the above relation and the following facts:

To>4/1+22 and go>\/1+72,

tanh(sinh ™ 7)) = ——% < —tanh R and tanh(sinh ™' g;) = —2
1+ 52

/ ~2
I+

Since tanh and sinh are increasing function, we get

to get

7 < —sinh R and g > sinh R.

We substitute the above result into the following calculation:

(Z —"9)o == ToYo — T151 — - — TnTn

\/(1+a:~%+---+f%)(1+g%+~--+z)%)*561111—---—fn@n

n n
L+ ) @] =) @g > 1 — 280k,
=1 =1

Y

to get
(& =" §)o > 1+ 2sinh? R = cosh(2R).

Since z — z —" ug(ag) is an isometry on H", we finally get
cosh(d(z, y)) = (= ' y)o = (& —' §)o > cosh(2R),

which yields
d(z,y) = 2R = |mp(x) — mi(y)]-
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B Proof of Proposition 5.1

We look for a solution of (see (30)):
3(0,) = / AuA)p(0,)dy,  for 0< 0, <R, (98)
By(R)

where 0, = dist(z,v) and 6,, = dist(z,y). Note that the radius R is also unknown.
We first show that if AA(#) is in the form of a sum of powers of coshf, then necessarily,
p(0) is in the same form. Therefore, assume

N
AA() :=) by, cosh™ 6.
m=0

Recall the hyperbolic cosine law:
cosh 6, = cosh 0, cosh 0, — sinh 0, sinh 0, cos Z(zvy).
This yields that
cosh™ 0y, = (cosh 6, cosh 0, — sinh 6, sinh 6,, cos Z(zvy))™
m m (99)
= Z(—l)k < k:> cosh™ " 0, cosh™ % 9, sinh* 6, sinh* 0, cos® 2 (zvy).
k=0

From a simple observation, cos Z(zvy) = cos(m — Z(zv(—y))) = — cos Z(xv(—y)). Hence,
if k is an odd number, then cos® Z(xvy)do, = 0, and by integrating (99) over S*~!, we
1

Sn—
get

[m/2]
/ cosh™ 0,doy, = Z <72le> A; cosh™ 2 0, sinh? 6, cosh™ % 0y sinh? Oy,
Snfl =0

where

Ay = / cos? /(zvy)da,.
Sn—1

Then, we have from (98):

N
p(0,) = / Z by, cosh™ 6,,,p(6,)dy
v(R) m=0

M= ilM=

R
bm / < / coshmﬂwyday> sinh™ ' 6,5(6,)dé,
0 Sn-t

R [Im/2
= b / > (Z)Al cosh™ ™2, sinh? 0, cosh™ % g, sinh? 6, | sinh™* 6, 5(6,)d0,
m=0 0 1=0
N 2 R
=Y b <2l>A, cosh™ 2 g, sinh? 9, / cosh™ 219, sinh? "1 9, 5(6,,)d0,
m=0 1=0 0
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N [m/2] m R
Z Z bm, (2l>Al </ cosh™ 219, sinh? 71 Hyﬁ(Gy)d9y> cosh™ 20§, (cosh? 6, — 1)".
m=0 1=0

0
The calculation above implies that p can be expressed as

N
p(0) = Z apm, cosh™ 0, for 0 <0 < R.
m=0

Furthermore, this yields that

N N [m/2] R
Z Gy, cosh™ 0, = Z Z arbm, <;rll> A, < /0 cosh™ 2tk 0, sinh?+n—1 Hyd9y> cosh™ 2 ¢, (cos.h2 0, — 1)l.
m=0 k,m=0 =0

(100)

For the purpose of proving Proposition 5.1, we only need the case N = 1; nevertheless, we
presented above the case of general N for its own interest. Hence, from now on assume b, = 0,
m > 2.

Consider three cases:

Case 1: by > 0 and b; = 0. In this case, (100) reduces to

0 0 R
Z am cosh™ 0, = Z aybgAg < / cosh” 0y sinh” ! Hyd9y> ,
m=0 k=0 B

which implies 1 = bgAg fOR sinh” 1 0,d0,. Since Ay = |S"7!|, we can determine R uniquely.
Also, we can determine ag = 1. We thus reached the equilibrium p. from (57).

Case 2: bp =0 and by > 0. In this case, (100) reduces to

1 1 R
Z am cosh™ 0, = Z arb1 Ag ( / cosh®*1 0, sinh™ ! Hyd0y> cosh 6,
m=0 k=0 0

which implies 1 = Agb; fOR cosh? Oy sinh” 1 0,d0,. One can then argue as in Case 1 to obtain
the uniqueness of R, ap and a;. This is the equilibrium solution from (58).

Case 3: bg > 0 and by > 0. In this case, (100) reads

1 1 R
Z am cosh™ 0, = Z arboAg (/ cosh® 0, sinh”~! Gyd9y>
m=0 k=0 0

1 R
+ Z arbi1 Ag </0 cosh®t1 6, sinh™ ™! Hyd0y> cosh 6.
k=0

This yields

1 R
ap =Y _ agboAp ( / cosh 4, sinh" ayd9y>
k=0 0
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R R
= by Ag (ao / sinh™ ! 8,d8, + a; / cosh 0, sinh™ ! Hydﬁy)
0 0

and
1 R
a1 = Z arb1 Ag </ cosh®t1 0, sinh” ! Gyd6y>
k=0 0

R R
= b1 A (ao / cosh 6, sinh™ ! 0,do, + a1 / cosh? 0y sinh™ ! Hyd0y> .
0 0
From the two equations above we find

R R
ap : ay = <bvo / cosh 6, sinh"_10yd¢9y) : (1 — bo Ao / sinh"—leyday)
0 0
(101)

R R
— <1 — b1 Ag / cosh? 0y sinh™ ! Hyd0y> : <b1A0 / cosh 6, sinh”~! Hydﬁy) .
0 0

Therefore, R satisfies

R R
<bvo / cosh 6, sinh"—leydey> <b1A0 / cosh 6, sinh”—leydey>
0 0

R R
= <1 — bO.AO/ sinh™ ! de9y> <1 — bl.Ao/ cosh? 0, sinh™ ! de9y> ,
0 0

which yields

2

R R "
bob1.Aj < / cosh f sinh” ! 9d9> =1-—boAo / sinh™ ™' 0d6 — b1 Ag / cosh? @ sinh™ ! 9de
0 0 0

R R
+ boby A3 </ sinh™ ! 0d9> (/ cosh? §, sinh" 0d0> .
0 0

From now on, we only consider the case n = 2. From the definition of A;, we get Ay = 2.
Then, from the equation above we get

2 R R
=1 —27bg / sinh 6d6 — 27by / cosh? 0 sinh 6d6
0 0

R R
+ 472boby ( / sinh 6d9> ( / cosh? f sinh 9d9> ,
0 0

472bob;

R
47%boby ( / cosh 6 sinh 9d9>
0

which can be calculated as

21hy

72bgby (cosh? R—1)? = 1—27bg(cosh R—1) T(cosh?’ R-1)+ (cosh R—1)(cosh® R—1).

By some simplifications, we finally reach

27Tb1 7T2b0b1

0=1-27mby(coshR —1) — ?(cosh?’ R—1)+

(cosh R —1)*. (102)
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We will prove that there exist unique R, ag, and aj, provided by and b; are positive real
numbers. Substitute 2 = cosh R — 1 into (102) to get

27h )
o1 3 7T01m4:

0=1-27(bo + b1)x — 27by2* — 37 3 L f(z).
We want to find non-negative solutions of the above equation. We know that f(0) = 1,
f'(0) = —2m(bp + b1) < 0, and
47%bob
f(x) = —2m(bg + by) — dmwbyx — 27bya® + 2T 0001 8,

As f'(0) < 0, and lim,—,~ f'(z) = 00, by the intermediate value theorem, there exists at
least one positive solution x4 such that f'(x4) = 0. Now, we will show that the positive solution
of f/(z) = 0 is unique. Since the product of the three roots of f’(x) = 0 is positive, if there exist
more than two positive solutions then the other solution must also be positive. If x1, x9, x3 are
three positive solutions of f/'(z) = 0, then z1x9 + xox3 + 1371 = —% = —%bo < 0, which
leads to a contradiction. We conclude that f’(z) = 0 has a unique positive solution, which we
denote by .

From the above, we infer that f(x) is decreasing on z € [0,z4] and increasing on = €
[x4,00). Finally, we use the intermediate value theorem to conclude that if f(z4) < 0 then
there exist two distinct positive solutions of f(z) = 0. We will now show that indeed, f(zy) <
0. From a simple calculation, we have

f< 1 > —1_-1— 27Tbl _ 271’51 + 7T2b0b1
27T(b(] +b1) N (27r(b0 +b1))2 3(27T(b0 +bl))3 3(27T(b0 + bl))4

_ b1 _ by n bob1
N 27T(b0 + b1)2 127T2(b0 + 51)3 487T2(bo + 61)4

B by n by
127T2(b0 + b1)3 487['2(130 + bl)

<0

5 <0.

So we can conclude that f(zy) < f (27r(b01+bl)> =

Denote the two distinct roots of f(z) = 0 by apyp, < Bpeb,- There are two choices for the
radius R: cosh R = ap,p, + 1 and cosh R = By, + 1. We will show that the latter cannot be
possible.

As needed below, we calculate f (Hi W). Set A ;= fvltdmbo w; then whoA? = \ + 1.

From this fact, we have

2
f(A) =1—=2r(bg + b))\ — 2mb A2 — 2%1’%3 + %A‘*
21h b2
=1 2n(by + by)A — 2w A2 — %A?’ +Z = (mbo)?)
27b b2
=1 - 21(by + bi)A — 2mby A2 — %ﬁ + %(A +1)
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5w by

=1—2m(by+ b))\ — ?blv - ?)\3
< 1—2mwhyA < 0.
Note that
o, < 27T(b01+b1) < A= 1+ VI dmby m < Brob, -
By (101), we have
ag : a1 = (wby(cosh® R — 1)) : (1 — 2mbg(cosh R — 1)), (103)
which implies
p0) =C (7rbo(cosh2 R —1) + (1 — 27by(cosh R — 1)) cosh 6) , for0<O <R (104)

for some constant C' > 0.
Now, assume that cosh R = Sy, + 1. Then, we have

p(0) = C (7boBbob; (Broby + 2) + (1 = 27mboBugp, )) = C(mbofip, + 1),
and
p(R) = C (mbo(cosh® R — 1) + (1 — 2mbg(cosh R — 1)) cosh R)
= C (b0 Broby (Booby +2) + (1 — 27boBbgbs ) (Booby + 1))
= C(—=mbofEp, + Booby + 1)

Since HE*W are the two solutions of —7wbyz? + x +1 = 0 and Brob, > 1-%7%(;%)7 then
—Wboﬂgobl + Bpob, + 1 < 0. However, this implies p(R) < 0, which is not possible. We conclude
that cosh R cannot be By, + 1, but instead, cosh R = apyp, + 1 (R is unique).

In this case, by (103), we know that ag and a; have the same sign since 1—2mby(cosh R—1) =

1 —2mboaupyp, > 1 — bobTObl > 0. From (104) we can express the equilibrium as

C (Wboabobl (abob1 + 2) + (1 — 27Tb0ab0b1) cosh 9) , if 0 <6 <R,
0, if # > R.

coshfl(ozbob1 +1) .

Here, C' should satisfy 1 = 27 [ p(0) sinh #df (unit mass condition). So we have

1 (3081171 (chobl +1)
— = / p(0) sinh 0d6
0

coshfl(ozbob1 +1)
= C’/ (mbopyby (pb, + 2) sinh 6 + (1 — 2wbgap,p, ) cosh @ sinh ) df
0

1
=C <7l'b()04%0b1 (abobl + 2) + (1 - 27rb0abobl)§abob1 (abobl + 2)>
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1
= 500%051 (abobl + 2)'

This implies that C' = 1

Tapgb (vgpy +2)°
Finally, derive

1-— 27Tb0ab0bl

) b +(
p0) = 0 \ Ty, (bopy +2)
0,

> cosh 6,

o4

ifo0<0< coshfl(oébobl + 1),

if @ > cosh™ (apyp, + 1).



