LONG-TIME BEHAVIOUR OF INTERACTION MODELS ON
RIEMANNIAN MANIFOLDS WITH BOUNDED CURVATURE
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ABSTRACT. We investigate the long-time behaviour of solutions to a nonlocal partial dif-
ferential equation on smooth Riemannian manifolds of bounded sectional curvature. The
equation models self-collective behaviour with intrinsic interactions that are modelled by
an interaction potential. We consider attractive interaction potentials and establish suffi-
cient conditions for a consensus state to form asymptotically. In addition, we quantify the
approach to consensus, by deriving a convergence rate for the diameter of the solution’s
support. The analytical results are supported by numerical simulations for the equation
set up on the rotation group and the hyperbolic plane.

1. INTRODUCTION

In this paper we investigate the long-time behaviour of measure-valued solutions to the
following integro-differential equation on a Riemannian manifold M:

(1.1a) Op+ Var - (pv) =0,
(1.1b) v=—-VyK *p,

where K : M x M — R is an interaction potential, and Vj;- and V), represent the manifold
divergence and gradient, respectively. In (1.1b) the symbol * denotes a measure convolution:
for a time-dependent measure p; on M and z € M we set

(1.2) K+ prla) = /M K(z,y) dpou(y).

Equation (1.1a) is in the form of a continuity equation that governs the transport of the
measure p along the flow on M generated by the velocity field v given by (1.1b). Note
that (1.1a) is an active transport equation, as the velocity field has a nonlocal functional
dependence on p itself. This geometric interpretation plays a major role in the paper, as
measure-valued solutions to (1.1) are defined via optimal mass transport [10, 26]. Also,
since (1.1) conserves the total mass, we restrict our solutions to be probability measures on
M at all times, i.e., [,, dp; = 1 for all t > 0. We note that system (1.1) has a discrete/ ODE
analogue that has an interest in its own [12], and the general framework of measure-valued
solutions includes the discrete formulation as well.

In the literature, equation (1.1) is interpreted as an aggregation or interaction model, with
p representing the density of a certain population. Indeed, the velocity v at x computed by
(1.1b) accounts for all contributions from interactions with point masses y in the support of
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p, through the convolution. As a result of this interaction, point x moves either toward or
away from y, depending whether the interaction with y is attractive or repulsive. The nature
of the interaction between x and y is set by the vector —V /K (z,y) (the gradient is taken
with respect to z), which also provides the direction and magnitude of their interaction
[27, 25, 26]. With such interpretation, model (1.1) has numerous applications in swarming
and self-organized behaviour in biology [14], material science [15], robotics [29, 34|, and
social sciences [40]. Depending on the application, equation (1.1) can model interactions
between biological organisms (e.g., insects, birds or cells), robots or even opinions.

While there is extensive recent analytical and numerical work on solutions to model (1.1),
this research has focused almost exclusively on the model set up on the Euclidean space R".
For analysis of (1.1) in Euclidean setups we refer to [8, 6, 13, 7] for the well-posedness of the
initial-value problem, to [37, 21, 5, 24, 23] for the long-time behaviour of its solutions, and
to [3, 19, 43] for studies on minimizers for the associated interaction energy. Numerically,
it has been shown that model (1.1) can capture a wide variety of self-collective or swarm
behaviours, such as aggregations on disks, annuli, rings and soccer balls [36, 46, 45].

The literature on solutions to model (1.1) set up on general Riemannian manifolds is
very limited, with only a few works on this subject. In this respect we distinguish two
approaches: extrinsic and intrinsic. In the extrinsic approach the manifold M is assumed
to have a natural embedding in a larger Euclidean space, and interactions between points on
M depend on the Euclidean distance in the ambient space between the points [48, 16, 41].
The second approach considers intrinsic interactions, which only depend on the intrinsic
geometry of the manifold [26, 27]. In particular, the interaction potential can be assumed in
this case to depend on the geodesic distance on the manifold between points [26, 27]. The
goal of the present paper is to consider such interaction potentials and take a fully intrinsic
approach to study the long time behaviour of solutions to (1.1) on general Riemannian
manifolds with bounded sectional curvature.

Well-posedness of measure-valued solutions to equation (1.1) set up on general Riemann-
ian manifolds, with intrinsic interactions, has been established recently in [26]. Previous
works considered the equation on particular manifolds, such as sphere and cylinder [25] and
the special orthogonal group SO(3) [22]. The long-time behaviour of solutions to (1.1) on
manifolds has also been considered recently. Rich pattern formation behaviours have been
shown for the model with intrinsic interactions on the sphere and the hyperbolic plane H?
[27, 25], and on the special orthogonal group SO(3) [22]. For the extrinsic approach, emer-
gent behaviour has been studied on various manifolds such as sphere [18], unitary matrices
[38, 33, 32], hyperbolic space [30], and Stiefel manifolds [31].

In the present research we consider purely attractive potentials and investigate the long
time behaviour of the solutions to (1.1). For strongly attractive potentials, the focus is on the
formation of consensus solutions, where the equilibria consist of an aggregation at a single
point. In the engineering literature, achieving such a state is also referred to as synchro-
nization or rendezvous. Bringing a group of agents/robots to a rendezvous configuration is
an important problem in robotic control [42, 44, 39]. We also note here that applications of
(1.1) in engineering (robotics) often require a manifold setup, as agents/robots are typically
restricted by environment or mobility constraints to remain on a certain manifold. In such
applications, for an efficient swarming or flocking, agents must approach each other along
geodesics, further motivating the intrinsic approach taken in this paper. The emergence
of self-synchronization has also numerous occurrences in biological, physical and chemical
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systems (e.g., flashing of fireflies, neuronal synchronization in the brain, quantum synchro-
nization) — see [38, 30] and references therein. For applications of asymptotic consensus to
opinion formation, we refer to [40].

Emergence of asymptotic consensus in intrinsic interaction models on Riemannian mani-
folds has been studied recently for certain specific manifolds such as sphere [25] and rotation
group [22], as well as for general manifolds of constant curvature [22]. In the current paper
we take a very general approach and investigate the formation of consensus on arbitrary
manifolds of bounded curvature. We establish sufficient conditions on the interaction po-
tential and on the support of the initial density for a consensus state to form asymptotically.
Compared to the most general results available to date [22], the present research improves in
several key aspects (see Remark 4.2): i) considers general manifolds of bounded curvature,
ii) relaxes the assumptions on the interaction potential, and iii) provides a quantitative rate
of convergence to consensus. In particular, by relaxing the assumption on K, our study
includes now the important class of power-law potentials. We also provide numerical ex-
periments for M = SO(3) and M = H?, and show that the analytical rate of convergence
to consensus is sharp.

The paper is structured as follows. In Section 2, we present some preliminaries on the
interaction equation (1.1) and on some results from Riemannian geometry; in particular,
we set the notion of the solution and the assumptions on the interaction potential. In
Section 3, we prove the formation of asymptotic consensus for strongly attractive potentials
(Theorem 3.1). With an additional assumption on the interaction potential, in Section 4 we
quantify the approach to consensus by establishing a rate of convergence for the diameter
of the support of the solution (Theorem 4.1). In Section 5 we consider weakly attractive
potentials and investigate the asymptotic behaviour (Theorem 5.1). In Section 6, we present
some numerical results for M = SO(3) and M = H?. Finally, the Appendix includes some
additional comments on well-posedness and the proofs of several lemmas.

2. PRELIMINARIES

In this section, we introduce the notion of solutions to model (1.1) and discuss the well-
posedness of solutions, as established in [26]. We then present the gradient flow formulation
of model (1.1), and some concepts and results from Riemannian geometry that we will use
in the paper.

The following assumptions on the manifold M and interaction potential K will be made
throughout the entire paper.

(M) M is a complete, connected, smooth Riemannian manifold of finite dimension n, with
positive injectivity radius inj(M) > 0. We denote its intrinsic distance by d and sectional
curvature by /C.

(K) The interaction potential K : M x M — R has the form

K(z,y) = g(d(z,y)?), for all z,y € M,
where g : [0,00) — R is differentiable, ¢’ is locally Lipschitz continuous, and
(2.3) J(r*) >0, for all 0 < r < inj(M).

In particular, (2.3) indicates that the potential K is attractive — see explanation below.
Anywhere in the paper, - denotes the inner product of two tangent vectors (in the same
tangent space) and || - || represents the norm of a tangent vector. The tangent bundle of
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M is denoted by T'M. We will also omit the subscript M on the manifold gradient and
divergence.

The expression (1.1b) for v (see also (1.2)) involves the gradient of K, which in turn is a
function of the squared distance function d2. For all z,y € M with d(z,y) < inj(M), the
gradient with respect to = of d? is given by

(2.4) Ved(z,y)? = —2log, v,

where log, y denotes the Riemannian logarithm map (i.e., the inverse of the Riemannian
exponential map) [20]. Hence, by chain rule we have

(2.5) VoK (2,y) = —29'(d(z,9)*) log, y.

The velocity at z, as computed by (1.1b), considers all interactions with point masses
y € supp(p). By (2.5), when a point mass at x interacts with a point mass at y (we assume
here d(x,y) < inj(M)), the mass at z is driven by a force of magnitude proportional to
|9’ (d(x,y))?|d(x,y), to move either towards y (provided ¢'(d(z,y)?) > 0) or away from y
(provided ¢'(d(x,y)?) < 0). If ¢'(x,y) = 0, the two point masses do not interact at all. For
a potential that satisfies (K), any two point masses within inj(M) distance from each other
either feel an attractive interaction, or do not interact at all.

2.1. Notion of the solution and well-posedness. Denote by U C M a generic open
subset of M, and by P(U) the set of Borel probability measures on the metric space (U, d).
Also denote by C([0,T); P(U)) the set of continuous curves from [0,7) into P(U) endowed
with the narrow topology (i.e., the topology dual to the space of continuous bounded func-
tions on U; see [2]).

For ¥ : 3 — U, with ¥ C U a measurable set, we denote by V#p the push-forward in the
mass transport sense of p through V. Equivalently, U#p is the probability measure such
that for every measurable function ¢ : U — [—00, 00] with ¢ o ¥ integrable with respect to
p, it holds that

(2.6) 1y@m@%mwzé@@wmwm.

We define solutions to (1.1) in a geometric way, as the push-forward of an initial density po
through the flow map on M generated by the velocity field v given by (1.1b) [2, Chapter 8.1].
To set up terminology, consider a time-dependent vector field X : U x [0,T7) — TM and a
measurable subset X C U. The flow map generated by (X, ) is a function ¥l : ¥ x[0,7) —
U, for some 7 < T, that for all z € ¥ and ¢ € [0, 7) satisfies

LW () = Xy (U (2)),

(2.7)
U (2) = =,

where we used the notation X; to denote X (-, ¢) and W’ for ¥x (-, ¢). A flow map is said to
be mazimal if its time domain cannot be extended while (2.7) holds; it is said to be global
it 7 =T = oo and local otherwise.

For T' > 0 and a curve (pt)ico,ry C P(U), the vector field in model (1.1) is v given by
(1.1b). To indicate its dependence on p, let us rewrite (1.1b) as

(2.8) v[p|(z,t) = =VK * pt(x), for (z,t) e U x [0,T),

where for convenience we used p; in place of p(t), as we shall often do in the sequel.
We adopt the following definition of solutions to equation (1.1).
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Definition 2.1 (Notion of weak solution). Given U C M open, we say that (pt)ico.) C
P(U) is a weak solution to (1.1) if (v]p],supp(po)) generates a unique flow map W, defined
on supp(pg) X [0,T), and p; satisfies the implicit transport equation

pr = \Ifg[p]#po, for allt €10,7).

Note that by Lemma 8.1.6 of [2], a weak solution to (1.1) defined as above is also a weak
solution in the sense of distributions. The local well-posedness of solutions to model (1.1)
(in the sense of Definition 2.1) was established in [26, Theorem 4.6]. For purely attractive
potentials, the local well-posedness can be upgraded to global well-posedness [26, Theorem
5.1].

Before we state the well-posedness result, we introduce some notations which will be
used in the paper. For any 1 € R, M, denotes the collection of Riemannian manifolds with
sectional curvature KC that satisfies A < I < p for some A € R. In other words, M, is the
set of Riemannian manifolds with bounded sectional curvature, where p is an upper bound
of K. Also, B, (p) :=={x € M : d(x,p) < r} is the open ball centred at p, of radius r, defined
for all p € M and r > 0.

Denote

. [inj(M) =«
Ty = Min s —— ¢
2 2/l

with the convention that ﬁ = oo when g < 0. Note that if M is simply connected,
in addition to satisfying (M), then inj(M) = oo when p < 0 (cf. [35, Corollary 6.9.1],
a consequence of the Cartan-Hadamard theorem). Consequently, in such case r,, = 0.
Another remark is that by [17, Theorem IX.6.1], B, (p) is strongly convex for any p € M.
In particular, for any two points z,y € B, (p) there exists a unique length-minimizing
geodesic connecting x and y, that is entirely contained in B, (p).

Theorem 2.1. (Global well-posedness [26, Theorem 5.1]) Let M € M, for some p € R
and K satisfy (M) and (K), respectively. Take an initial density pg € P(U) and 0 < r < 1y,
be such that supp(pg) C By(p) C U for some open set U. Then, there exists a unique weak
solution p in C([0,00); P(U)) starting from pg to the interaction equation (1.1); furthermore,
supp(pt) C By(p) for allt > 0.

We note that due to the attractive nature of the potential, B,(p) in Theorem 2.1 is an
invariant set for the dynamics. Also, [26, Theorem 5.1] does not have r,, as the maximal
radius for well-posedness, but lists a smaller value instead. We explain in Appendix A how
a small change to the argument used there leads to the well-posedness result in Theorem
2.1.

2.2. Wasserstein distance and gradient flow formulation. We will use the intrinsic
2-Wasserstein distance to investigate the asymptotic behaviour of solutions to (1.1). For
U C M open, and p,o € P(U), this distance is defined as:

1/2
WQ(P70)2< w [ d<x7y>2dv<x7y>) ,
v€ll(p,0) JUxU

where II(p,0) C P(U x U) is the set of transport plans between p and o, i.e., the set of
elements in P(U x U) with first and second marginals p and o, respectively.
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Denote by P2(U) the set of probability measures on U with finite second moment, i.e.,

Pot) = {1 P): [ dlo o auta) < oo

for some fixed (but arbitrary) point zo € U. The space (P2(U), W3) is a metric space. Also
note that when U is bounded we have Po(U) = P(U).
The energy functional associated to model (1.1) is given by

(2.9) Bl =3 [ K dow) o),

Using (2.9), one can write v[p| in (2.8) as v[p] = =V (557}),)])' Furthermore, system (1.1) is
formally the gradient flow of the energy E on (P2(M), Ws) (cf. [2]), i.e.,

OE
(2.10) 8tpt =V (ptV 5/[)/:4) = —VWQE[pt].

A direct calculation also leads to the following decay of the energy [27]:

d
(211) B == [ Toled@P dputo) <.
M
Denote by S the set of critical points of the energy E with respect to metric Wa:
S={peP(M):Vw,E[p] =0}.

Critical points of the energy are steady states of (1.1), and viceversa, as given by the next

lemma. Also note that by (2.11), at steady states of (1.1), E[p] = 0.
Lemma 2.1. Let p € S. Then,
v[p] =0 a.e. with respect to p.
The converse holds true as well.
Proof. Let p € S. Then, we have Vyy, E[p] = 0 and this yields
=V - (pv[p]) = V- (pV (K * p)) = 0.

From the definition of the weak derivative, for any smooth test function ¢, we have

[ eli@) - Vela) dpta) o

Since ¢ is arbitrary, v[p] is zero a.e. with respect to p. The converse is immediate from
(2.10). O

Based on the energy decay (2.11), one can apply LaSalle’s Invariance Principle to inves-
tigate the asymptotic behaviour of solutions to (1.1). We list a lemma first.

Lemma 2.2. (P2(B,(p)), W2) is a compact subset in (P2(M), Ws) for all 0 < r < ry and
peEM.

Proof. See Appendix B for the proof. O
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Proposition 2.1. Let M € M,, for some pn € R and K satisfy (M) and (K), respectively.
Take po € P(By(p)), with supp(po) C Br(p) and 0 < r < ry. Then, we have

tllglo W2(Pt7 gr,p) =0,

where
(2.12) Erp =S NP2Br(p)).

Proof. This is a direct consequence of the results and considerations above, along with
LaSalle’s Invariance Principle. Indeed, P2(B,(p)) is compact in (P2(M), Wa) (Lemma 2.2)
and positively invariant with respect to the dynamics of (1.1) (Theorem 2.1). By the gra-
dient flow formulation (see (2.10) and (2.11)) and LaSalle’s Invariance Principle on general
metric spaces [47, Theorem 4.2], it holds that

}H& Wo (pt,S N 732(%)) =0.

O

2.3. Some results from Riemannian geometry. We state below Rauch’s comparison
theorem, a key tool we use in our proofs. The Rauch comparison theorem allows us to
compare lengths of curves on different manifolds.

Theorem 2.2 (Rauch comparison theorem, Proposition 2.5 of [20]). Let M and M be
Riemannian mamfolds that satisfy (M) and suppose that for all p e M, pe M, and
o CT,M, o CTj M, the sectional curvatures K and K of M and M, respectively, satisfy

K5(5) = Kplor).
Letp € M, p € M and fiz a linear isometry i : M — TﬁM. Let r > 0 be such that the
restriction eXPp 5 (o) s a diffeomorphism and €XPj 5, (0) is non-singular. Let f : 10, al ?
exp,(B;(0)) C M be a differentiable curve and define a curve ¢ : [0,a] — expz(B,(0)) C M
b
' ¢(s) = expgoi o expgl(c(s)), s € [0, al.
Then the length of ¢ is greater or equal than the length of ¢.
We will use Theorem 2.2 to compare lengths of curves on M € M,, (where K < p1) and

curves on the space of manifolds of constant curvature p. We recall that on a manifold of
constant sectional curvature p > 0, for any points x,y, z, the following cosine law holds:

(Case 1: > 0)

(2.13) cos (y/pd(z,y)) =cos (/ud(x, 2)) cos (y/pd(y, 2))
: + sin (y/pd(z, 2)) sin (y/ud(y, z)) cos Z(zzy),
(Case 2: u=0)
d(z,y)? = d(z, 2)? + d(y, 2)* — 2d(z, 2)d(y, z) cos L(zzy).

We combine the Rauch comparison theorem (Theorem 2.2) and the cosine laws above to
obtain the following lemma.
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Lemma 2.3. Let M € M, with p € R and x,y,z be points on M. If pn > 0, we assume
that the three points lie in a ball of radius r < 2%. Then we have the following inequalities

for each case.
(Case 1: n>0)

gy O VAL 0) < cos (@, ) cos (V. )

+ sin (/pd(z, 2)) sin (\/pd(y, z)) cos Z(xzy),

(Case 2: 1 <0)

(2.15) d(z,y)? > d(z, 2)? + d(y, 2)? — 2d(z, 2)d(y, z) cos L(zzy).

Proof. (Case 1: p > 0) Let A be a geodesic triangle with vertices z,y,z. We also set three

points Z, ¥, Z on a manifold M of constant curvature u, which satisfy

(2.16) d(z,z) =d(z,z), d(y,z)=d(y,z), and ZL(zzy)= ZL(Tzy).

We use the cosine law (2.13) on the manifold M to obtain

cos (y/pd(z,q)) = cos (\/ud(Z, 2)) cos (/pd(y, 2))+sin (/pd(z, Z)) sin (/pd(g, Z)) cos L(ZZy).

By substituting (2.16) into the above relation we find

(2.17)

cos (y/pd(z,g)) = cos (yud(x, 2)) cos (v/pd(y, z)) + sin (/ud(x, 2)) sin (v/pd(y, 2)) cos Z(zzy).
In Theorem 2.2, let the curve ¢ be the length minimizing geodesic which connects z and

y on M. Then, its image ¢ is a curve that connects £ and § on M. By Theorem 2.2,

(2.18) d(z,y) = L(c) > L(?) > d(z,7),
which yields
(2.19) cos (y/pd(z,y)) < cos (ud(z,7)) .

Finally, we combine (2.17) and (2.19) to obtain the desired result (2.14).

(Case 2: 1 < 0) Use a very similar idea, and take a comparison triangle that satisfies (2.16)
on a manifold M of constant 0 curvature. Then, use (2.13) on M for z, y and z, and
combine with (2.16) and (2.18) to obtain (2.15). We omit the details. O

3. STRONGLY ATTRACTIVE POTENTIALS: ASYMPTOTIC BEHAVIOUR

In this section we consider strongly attractive interaction potentials, which we define as
follows.

Definition 3.1 (Strongly attractive potential). An interaction potential K is called strongly
attractive if it satisfies assumption (K), with (2.3) replaced by the stronger condition

(3.20) J(r*) >0, for all 0 < 7 < inj(M).

The strict inequality sign in (3.20) implies that any two points feel a non-trivial attractive
interaction.

We will characterize the set of equilibrium points &, (see (2.12)), and show asymptotic
consensus for strongly attractive potentials. In particular, we will find an explicit form of
&.p, and establish formation of consensus for initial densities supported in B, (p), for all
pE€ M and 0 < r < ry.
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Lemma 3.1. Assume that M € M, with i € R satisfies (M) and K is a strongly attractive
potential. Then, for all 0 < r <1y and p € M, we have

Erp ={0q : ¢ € Br(p)}-

Proof. Fix an arbitrary p € M and 0 < r < ry,. We will show &, , C {d;: ¢ € B.(p)} (first
part) and &, , 2 {d, : ¢ € B, (p)} (second part).

Part 1: &., C {6, : ¢ € By(p)}. Let p € &., be an equilibrium density of system (1.1).
Since supp(p) is a compact set, define

R:= max d(z,p).
zEsupp(p)
When R = 0, we define by convention Bgr(p) := {p}. Clearly, 0 < R < r < r,. Take
Z € supp(p) which satisfies d(Z,p) = R, and for any z € Bpr(p), consider the geodesic
triangle AZzp.

o (Case 1: p > 0) From Lemma 2.3, we have
(3.21)

cos(/pd(p, z)) < cos(y/ud(p, Z)) cos(\/pd(Z, z)) + sin(\/ud(p, Z)) sin(y/pd(Z, z)) cos Z(pzz).

Note that
T

d(Z,p) = R <1y < 2\7;/7 and  d(Z,z) < d(Z,p) +d(p,z) <2R < ﬁ,
and hence,
sin(y/ud(p, z)) > 0, sin(y/pd(z,2)) > 0
Using (3.21) we then get
cos(y/pd(p, z)) — cos(\/pd(p, &)) cos(y/nd(Z, z))
sin(yd(p, 7)) sin(y (7, 2))

Now use the inequality above, the monotonicity of cosine and

d(p,z) < R=d(p,T),

< cos £(pzz).

to get
cos(y/1d(p, x)) — cos(\/ud(p, T)) cos(/nd(Z, z))
sin(y/ud(p, ¥)) sin(\/pd(Z, 2))
= cot(y/pR) tan(y/pd(Z, 2)/2).

cos £(pZz) >

We then obtain

log; p-log; z = d(Z,p)d(Z, z) cos L(pZz) >

tan(y/Ad(Z, 2)/2)d(E 2).

- tan(fR)
In the inequality above, use \/nd(%,z)/2 < /2 and
tanr > 7, for all r € [0,7/2),
to get
logz p - log; 2 VIR (3, )2,

- 2 tan (/) d



10 FETECAU AND PARK

By using (2.5), one can write the velocity field in (2.8) as

(3.22) @) = [ 29(d(@ 2 logs 2 dp(o).
supp(p)

We then combine the two equations above to get

olpl(®) - logs p = / 29'(d(F, 2)%) log; = - logz pdp(2)
supp(p)

7\/'5}2 "(d(z,2)?)d(%, 2)? z
2 ot 92 ),

Finally, we find

1 NG o )
(3.23) [v[pl(@)]| > Ev[p](m) -logzp > tan( i) /Supp(p)g (d(Z,2)%)d(&, z)* dp(2).

By Lemma 2.1, since p is an equilibrium density, v[p] is zero a.e. with respect to p. This
yields [|v[p](Z)|| = 0, since T € supp(p) and v[p] is continuous on supp(p). Hence, by (3.23)
we have

(3.24) / ( )g’(d(i:,z)Q)d(iz,z)de(z) =0.
supp(p

Since the integrand above is sign definite, we have
J(d(z,2)?)d(, 2)? =0, for z € supp(p), a.e. with respect to p.
By (3.20), this implies that z = Z for z € supp(p), a.e. with respect to p. Consequently,
supp(p) = {2} and p = d5.
o (Case 2: u < 0) We proceed similarly. From Lemma 2.3, we have
d(p, 2)*> > d(p,&)? + d(&, 2)* — 2d(p, Z)d(Z, z) cos Z(piz).

This yields

d(p, j})2 + d(‘%v 2)2 B d(p’ Z)2

2d(p, T)d(z, )

< cos £(pzz).

Then use
d(p,z) < R=d(p,T),
to get
o dp,E)* +d(z,2)* —d(p,©)*  d(Z,z)
/ > = .
cos £(p¥z) = 2d(p, 7)d(7, 2) 2R
Hence,

1
log; p-log; z = d(%,p)d(, ) cos L(pZz) > §d(:i, )2

As in Case 1, using the expression (3.22) of v[p](Z) we then find
lpl@) oz > [ (@222 do(z),

from which, by a similar argument we conclude that p = dz. This concludes the proof of
Part 1.
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Part 2: &, 2 {6,: q € B,(p)}. We calculate the energy E[5 ] from (2.9) to get

5[] otz db, @) 45,(0) = S(dta.0) - o0,
S><S

On the other hand, for any p € P(B,(p)), we have

1 T 1 4(0)
B = [ s @z g [[ a0 dptdom = 7

This implies that d, is a global minimizer of the energy and in particular, a critical point. [
We combine Lemma 3.1 and Proposition 2.1 to obtain the following theorem.

Theorem 3.1. Assume that M € M, for some p € R satisfies (M), and K is a strongly

attractive potential. Also assume supp(pg) C By (p) for some p € M and 0 < r < ry, and
let py be a weak solution to system (1.1) with initial density py. Then, p; exhibits asymptotic
consensus in the following sense:

lim // d(z,y) dpi(z) dpe(y) =
o0 B (p) XBT'(p)

Proof. Combine Proposition 2.1 and Lemma 3.1 to obtain

(3.25) Jim Wa(pr, dq(r)) = 0,

for some time-dependent delta measure at ¢(t) € B, (p).
The distance Wa(pt, dq(p)) is given by

1/2
Walprs b)) = ( L )d(a:,q<t>>2dpt<x>) .

Recall by Theorem 2.1 that supp(p;) C By(p) for all ¢ > 0. We apply the Cauchy—
Schwartz inequality to get

Wa (pr. 8y)” = (/B(p) dpt(%)) </(md(fﬂﬂ(t))2dpt(fﬂ)>

This yields

d(x, q(t)) dpi(x)

( /d<x,q<t>>dpt<x> + /d(.y,q(t))dpt(y))
~(p) By (p)

1
2 / ()% Br(p (d(z,q(t)) + d(y,q(t)) dpe(z) dpe(y)

/ / (e, y) dprla) dpuly),
By (p) xBr(p)

=

N
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where we used triangle inequality at the last step. The conclusion of the theorem follows
from the inequality above and (3.25). O

Remark 3.1. The consensus result in Theorem 3.1 is in integral form and does not provide
any information on the asymptotic behaviour of the diameter of the support of py or about
the rate of convergence in the limit (3.25). A quantitative study is done in Section 4 under
a stricter condition on the potential and on the size of the initial support.

4. CONVERGENCE RATE OF THE DIAMETER OF THE SUPPORT

In this section we will assume that the initial density is supported in B, (p) with p € M
and

O0<r<re,
where r. is given by

. [inj(M) =
re = min y—— .
2 4/n

We make again the convention that ﬁ = oo when p < 0. Note first that r. < ry,, hence
the well-posedness and asymptotic consensus results (Theorems 2.1 and 3.1, respectively)
continue to hold. Also, if u < 0 and M is simply connected then inj(M) = oo by Cartan-
Hadamard theorem; consequently, r. = r, = 00 in this case.

To obtain the convergence rate of the diameter of supp(p;), we make the following addi-
tional assumption on K.

(Kc) K : M x M — R is a strongly attractive potential (Definition 3.1) that satisfies

0
W J (6% is non-decreasing when u > 0,
J(6?) is non-decreasing when p < 0,

for 0 <0 < 2r,.
We present first some key lemmas.

Lemma 4.1. Let M € M,, for some u € R and K satisfy (M) and (Kc), respectively.

Consider three points x,y,z € B,(p) for somep € M and 0 < r < r., x #y. Then, the
following inequalities hold for each case.

(Case 1: n>0)

g (d(z, 2)?)log, = - 1og, y + g'(d(y, )?) log, 2 - log, @

4.26 sin Te—T
20 > VI 20 )2 ), )

(Case 2: 1 <0)

1
(427) g,(d(‘r’ 2)2) logz 2 1ng y+ gl(d(ya 2)2) logy z- Iogy x> §gl(d(x) y)2/4)d($7 y)2

Proof. While this lemma is essential for our main result, its proof is rather lengthy, and we
present it in Appendix C. O

The following lemma gives an estimate on how the distance between two characteristic
paths that originate from different points evolves in time.
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Lemma 4.2. Assume M € M, for some € R and K satisfy (M) and (Kc), respectively.

Consider a weak solution p; of (1.1) with initial data supp(po) C By(p) for some p € M
and 0 < r <r.. Then, for any x,y € supp (po), * # y, we have the following estimate:

;d(q’v[p}( )s W (1) < =Cug (d(Wip (), Oy (1)) /4) d(Wyy (), W (),

where C), is given as

(4.28) - {Sin(zx/ﬂ(% —7)), when p > 0,

1, when p < 0.

Proof. By chain rule, (2.4), and Definition 2.1 of a weak solution (see also (2.7), we compute

d

ad(‘l’t[ }( ), ‘I’Z[p} (y))2

d_, ) d
= —2logye (@) Vg (V) - 2 Wapp) () = 2108wt ) Wi (@) - 2 Wy, (v)

= —210g\pt (I) \I/ [p]< ) ’U[p](\:[]i[p] (.Z'), t) —2 IOg\I,f)[p](y) \Ilv[p] (x) . ’l)[p](qﬂ;[p}(y), t)

By using (2.5) and the definition of push-forward (see (2.6)), we write the velocity field in
(2.8) as

U[p](qu[p} (x),t) = 2/ g’(d(\IJf)[p] (z), \Iff)[p](z))2) 10g\pz[p](z) ‘I/ZM(Z) dpo(2).

supp(po)
We combine the two calculations above to get

d

ad(‘l’f][p] (), Ul (9))?

- _ / t t 2 t . t
= 4/Supp(p0) (9 (d(qlv[p](x)7qlv[p](z)) )log\yg[p](x) Vil (2) log\p;[p](x) i) (y)

+0' (AW, (y), Vi, (2)%) logy: @) W (2) logyt () Wil (95)> dpo(2).

Now, we apply Lemma 4.1 for the points \I/f)[p} (x), ¥t . (y) and \I/f)[p}(z).

t
v[p]

(Case 1: u > 0) Use (4.26) to get

A (), Wiy ()7 < 252y e — )g (AW (), Wy () /4) AWy (1), Wy (0)°,

and by chain rule,

(Case 2: u < 0) Use (4.27) to get

%d(‘l’t“( ), Wi (1))* < =29 (d(Wypp) (), Oy (1)) /4) AW (), W (1))

Then by chain rule, we find

d

(W (2), Wi () < — (AW (0), W ()2 /4) AWy (2), Wiy (1),
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This completes the proof of the lemma. O
Finally, we list an immediate result from ODE theory.

Lemma 4.3. Let a time dependent function 6 satisfy the following ODE:

d
< — 1(pn2
(4.29) TG

0(0) =6y > 0,

where C' is a positive constant and g'(0?/4) > 0 for all > 0. Then, we have 0 < (t) < 6y
and

(4.30) " _de ct,  forall
4.30 / —— < —(f*, or allt > 0.
o €9'(£2/4)
Proof. The proof is immediate. In particular, one can directly obtain (4.30) by integrating
the given differential inequality. U

Define the diameter of p; as

(4.31) A(t) ;= diam(supp(p)) = max  d(x,y).
,y€supp(pt)

The maximum exists since d(-,-) is a continuous function on the compact set supp(p;) X
supp(p;). The convergence rate of A(t) as t — oo is given by the following theorem.

Theorem 4.1. Assume M € M,, for some p € R and K satisfy (M) and (Kc), respectively.

Take a weak solution py of (1.1) with initial data supp(po) C Br(p) for some p € M and
0 <r<r. Then A(t) defined in (4.31) satisfies the following inequality in integral form:

(4.32) /A(t) _de < —Cut forallt >0
Ay £9'(62/4) " ’
where C,, is given by (4.28). Furthermore, we have
(4.33) tliglo A(t) = 0.
Proof. From the definition of the diameter A, we have
A) =, mex dzy)= mex AWy, (2), Oy (y))-

Fix an arbitrary time ¢ > 0 and two points Z, 7 € supp(pg) such that

A(D) = d(Wh,(2), ) (7))
Set
0(t) := d(\I/f)[p] (2), \Ilf)[p] (9)), for t > 0.

In particular, () = A(t) and 0(0) = d(z, 7).
By Lemma 4.2, 6(t) satisfies the differential inequality (4.29), with initial value 6y =
d(Z,y). By Lemma 4.3, it then holds that 0 < 6(t) < d(z,y) and

/a(t)d€<—0t forallt >0
d(z,5) 59/(52/4) N e -
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At t =t one has A(t) < d(%,7) and

A0 de _
. — < —(Ct.
(4.34) /d(a:,y) £9'(£2/4) : &
Now use
AR <d@.g) < max  d(z,y) = A0),

x,y€supp(po)
to write

A(D) d¢ A() d¢
4.3 — —
(4.35) /A(O) £g'(€2/4) : /d(z,y) £9'(82/4)°

15

where we also used that the integrand is positive. Finally, combine (4.34) and (4.35) to

arrive at .
A(E
d _
/ % < —Cut.
ao) €9'(62/4)
The inequality above holds for an arbitrary ¢ > 0, and this shows (4.32).
To show (4.33) we write

/lim SUpP;_, o0 A1) d¢ /limtﬂoo SUP,e[t,00) A(T) d¢

A(0) £g'(€2/4)

A(0) £g'(§2/4)

SUPr¢(t,00) A(T) d£

2% Lo £9(€2/9)
A(r) d¢
4.36 = li g (E2/4) )
( ) 1500 (Tes[ltl}o)o) /A(O) 59/(52/4)>

where the last equal sign comes from the fact that A(¢) is non-negative and that the function

F(x):= fz(o) & (‘Zi 73 is non-decreasing, by which it holds that
F( sup A(T)) = sup F(A(7)).
TE[t,00) TE[t,00)

By using (4.32) in (4.36), we then find

/lim SUp;_, o0 A(t) d¢ | ( c )
———— < lim sup (—Ch7
A(0) £9'(§2/4) ™ 00 1cft o0 g
= Ao
= —00.

Since the function has no singularity on & € (0, A(0)], it implies that

1
€9'(€2/4)
limsup A(t) = 0.

t—o00

Indeed, if lim sup,_, ., A(t) > 0, then
/Hmsupt_}Oo A(t) d¢

— 5 > — 0.

A(0) £g'(£2/4)

Since A(t) > 0, we can now conclude (4.33).
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An explicit rate of convergence can be computed for certain interaction potentials, as
given by the following corollary.

Corollary 4.1. Under the same assumptions as in Theorem 4.1, assume in addition that

q(0% > ab’72, for all 6 € (0,2r,),
for some a >0 and > 2. Then, we can express the convergence rate of A(t) as follows.
0 (e*(”t) , if B =2,
A(t) _ 1 as t— 00,
o1 7=2), if B> 2,

for some ¢ > 0.

Proof. We substitute the given condition into (4.32) to get
At) At)
/ L&z = / # < —Cut.
A a6(&/2) A §9'(€2/4)

/ M _de < —a2%PC,t.

This yields

Ay €71
If = 2, then by direct integration we get
(4.37) A(t) < A(0) exp(—aClt).

If 8 > 2, then direct integration yields

1 1 1
- < —a227P
75 (a@r  zapes) < oo

which after some further trivial algebra leads to

1

(4.38) A(t) < A(0) (1 +a(B - 2)(A(0) /2)5_2%)*@ .
]

Example 4.1. (Power-law potential) Consider an attractive interaction potential in power-
law form.:

(4.39) g(6?) = ;95, B>2.

Note that ¢'(0%) = $6°72, so one can use Corollary 4.1 with « = 5. For 3 =2 (quadratic
potential) A(t) decays exponentially in time (see (4.37)), while for B > 2 it decays alge-
braically at the rate tﬁ%Q (see (4.38)). These decay rates are demonstrated numerically in
Section 6 for M = SO(3) and M = H?, the 3-dimensional special orthogonal group and the
hyperbolic plane, respectively.

Potentials in power-law form have been considered in many works on the interaction model
(1.1) in Euclidean spaces [4, 23, 24, 36, 46], as well as for the model set up on Riemannian
manifolds [22, 27]. In particular, attractive-repulsive interaction potentials were shown to
lead to complex equilibrium configurations, supported on sets of various dimensions [3, 36,
46]. Also, the existence and characterization of minimizers of the interaction energy with
interactions in power-law form have been an active research topic in recent years [19, 43, 9].
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Example 4.2. (Potentials that do not satisfy (Kc)) Consider the following interaction
potentials:

(4.40) g(6?) = %mgw? +1),
and
(4.41) g(0?) = %log(94 +1).

These potentials satisfy hypothesis (K), but not (Ke¢). Hence, Theorem 4.1 cannot be
applied to infer the rate of decay of the diameter. Nevertheless, in Section 6 we investigate
numerically the decay rates of the diameter for potentials (4.40) and (4.41), and find that
they match in fact the rate given in (4.32). This numerical result suggests that the decay in
(4.32) is more generic and the hypothesis (Kc) can potentially be relaxed to include larger
classes of potentials. We leave such investigations for future work.

For potential (4.40), ¢'(6%) = 1/(2(6? + 1)), and the left-hand-side of (4.32) can be com-
puted as

/A(t) & _ 1/A(t) ¢ +4d§

A §9(&%/4) 2 Jap) €
2 2
_ % <A(2t) +410g(A(t))) . % (A(;) +4log(A(0))> .

For small A(t), log(A(t)) is the dominating term in the right-hand-side above. Hence,
(4.32) leads to an exponential decay of A(t), i.e., A(t) SO (e”).
On the other hand, g'(6%) = 0/(0* + 1) for potential (4.41), and we compute

A(t) df A(t) 54 +16
s d
/A(O) £g'(£2/4) /A(O) 4¢3 :

) sk)

In the regime of small A(t), —1/A(t)? dominates, and by (4.32) we find the algebraic decay
At) <O (f%).

Remark 4.1. Consider a potential K made of two parts: K(z,y) = Ki(z,y) + Ka(x,y),
with K1(z,y) = g1(d(x,y)?) and Ko(x,y) = go(d(z,y)?), such that g1 and go satisfy

91(6%) < vg5(6%), for all 0 < 0 <,

for some constant v > 0. The relationship above states that the attraction modelled by Ko
is stronger than that of K1. Then we have

/A(t) d¢ /A(t) d¢ 1 /A(t) d¢

_—— < )
a©) €93 /4)  Ja) €91(€2/4) +E€95(&2/4) — 1+ Ja) £95(€%/4)
where g = g1 + g2.

Consequently, the decay rate of A(t) is determined by the rate of the stronger potential
Ko. For example, if g(6%) = 36% + 10, then we can set g1(6%) = 10*, g2(6%) = 16%, and
conclude that A(t) converges to zero exponentially fast.



18 FETECAU AND PARK

Remark 4.2. We compare here Theorem 4.1 above with the asymptotic consensus in [22,
Theorem 5.18], the most general result available prior to the present work.

(i) Classes of manifolds: In [22, Theorem 5.18] the authors only considered manifolds M
of constant sectional curvature, while Theorem 4.1 applies to general manifolds of bounded
curvature.

(71) Assumptions on the potential: By [22, Proposition 5.17], an initial density supported in

B,.(p) achieves asymptotic consensus provided g satisfies the following assumptions: g’ > 0,
g (0) > « for a positive constant o, ¢’ is C', and

sine(ﬂ)g/(‘92) is non-decreasing when K =1,
q(6?) 18 mon-decreasing when K = 0,
0
Sinh(0) g% s non-decreasing when K = —1,
for 0 < 6 < 2r, with r < conv(M) when K = —1 or 0 and r < min{conv(M), T} when

K =1 (here, conv(M) denotes the converity radius of M ).
In contrast, in Theorem 4.1 we have only assumed that g satisfies ¢ > 0, and

0
mg'(ez) is non-decreasing when p > 0,
g'(6%) is non-decreasing when p < 0,

for 0 < 0 < 2r.. In particular, compared to [22, Proposition 5.17] we dropped the very
restrictive condition ¢'(0) > « > 0, which rules out for instance the important class of
power-law potentials discussed in Example 4.1. Also, for manifolds of negative curvature,
the assumption in Theorem 4.1 on the monotonicity of g’ is weaker than the corresponding
assumption in [22, Proposition 5.17] (as sinh(6)/6 is non-decreasing).

(i7i) Rate of convergence: There is no argument in [22, Theorem 5.18] on the convergence
rate of the diameter A(t).

5. WEAKLY ATTRACTIVE POTENTIALS: ASYMPTOTIC BEHAVIOUR

In this section we investigate the asymptotic behaviour of solutions to (1.1) when the
strong attraction condition (3.20) is replaced by a weaker one. Consider the following
definition.

Definition 5.1 (Weakly attractive potential). An interaction potential K is called weakly

attractive if it satisfies assumption (K), with (2.3) in the form
"(r?) =0, or all 0 < r < ¢,
(5.42) g f <r<(
g (r?) >0, for all ¢ <r < oo,

Tw
Jor some 0 < ¢ < 7.

Equation (5.42) implies that two points within distance ¢ do not interact with each other,
while points that are further than ¢ apart feel a non-trivial attractive interaction.

To apply Proposition 2.1, we express &, introduced in (2.12). The lemma below is the
analogue of Lemma 3.1 for weakly attractive potentials.
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Lemma 5.1. Assume that M € M,, with u € R satisfies (M) and K is a weakly attractive
potential. Then, for all 0 < r <1y and p € M, we have

Erp = {p € P(Br(p)) : diam(supp(p)) < C}.

Proof. The proof is very similar to that of Lemma 3.1, we only sketch it here.

Part 1: &, C {p € P(B;(p)) : diam(supp(p)) < ¢}. Let p be a steady state of sys-
tem (1.1), and consider the notations from the proof of Lemma 3.1. Specifically, R :=
MaXyesupp(p) (T, p), with 0 < R <7 <y, and & € supp(p) satisfies d(¥, p) = R. Following
the argument made in the proof of Lemma 3.1, one can then show (3.24). Hence, we have
g'(d(%,2)?) =0 or z =7 for z € supp(p), a.e. with respect to p. This implies that

d(z,z) <, for z € supp(p), a.e. with respect to p.
On the other hand, for any z,y € supp(p), we have
d(z,y) <d(z,2) +d(y,z) <20 < 1y
Take two points y; and ys in supp(p) such that
dy1,y2) = D := max d(z,y) < Ty-
x,y€supp(p)

Therefore, supp(p) C Bp(y1), with D < r,. Then, from a similar argument that we used
to prove (3.24), we get

/ ¢ (d(yn, 2))dy1, 2) dp(z) = 0,
supp(p)

which implies
d(y1,z) <, for z € supp(p), a.e. with respect to p.

From here we conclude

diam(supp(p)) = d(y1,y2) < C.

Part 2: &, O {p € P(B,(p)) : diam(supp(p)) < ¢}. Also by a similar argument used in the
proof of Lemma 3.1, it can be easily inferred that provided p satisfies

diam(supp(p)) < ¢,
then p is a global minimizer of the energy, and hence a critical point. (|
The following lemma is used in proving the consensus result.

Lemma 5.2 ([1], Corollary 2.22). Let (p;) be a curve in Po(M), 0 < 7 < 1. Then the
following two statements are equivalent:

(i) (pr) is a geodesic in (P2(M), Ws) that joins py and pr,
(ii) there exists a plan v € P(TM) (TM denotes the tangent bundle of M) such that

/TMHUHQdW(%U)ZWQQ(Poml), (Exp(r)) 4y = pry for all0 <7< 1,

where Exp(1) : TM — M is the map (x,v) — exp,(Tv).
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We remark that (Py(M), Ws) is a length space, i.e., any two probability measures pg, p1 €
Pa(M) can be connected by at least one geodesic curve (p;)o<r<1 (see [28], also [1, Theorem
2.10]).

The main result of this section is the following theorem.

Theorem 5.1. Assume that M € M, with i € R satisfies (M) and K is a weakly attractive

potential. Also assume supp(pg) C B ( ) for some p € M and 0 < r < 1y, and let p; be
a weak solution to system (1.1) with initial density po. Then, p; exhibits the following
asymptotic behaviour:

lim //d(xy » (g(d(a:,y)Q) — 9(0)) dpi(x) dpi(y) = 0.

t—o0

Proof. We combine Proposition 2.1 and Lemma 5.1 to obtain

(5.43) tlgglo Wa(pt, pt) = 0,

for some time dependent measure p; € P(B,(p)) which satisfies diam(supp(p:)) < ¢.
By Lemma 5.2, for ¢ > 0 fixed, there exists a plan v € P(TM) such that

/ [o]|* dy(z,v) = W5 (pe, pe),  (Exp(0))sy = pi,  (Exp(1))sy = fr.
TM

Define the following functional of p € P(M):

— //MXM(g(d(:Jc,y)z) —9(0)) dp(z) dp(y)-

Using the plan v we express F[p;] and F[p] as

2 — T,V u
Flol / /T (o)) = g(0) dy(a )y,

Fli) = / /T (gl (). exp, ()?) — 9(0) dy(a.0) (3. 0.

Since diam(supp(p:)) < ¢, we infer that d(exp,(v),exp,(u)) < ¢ a.e. with respect to
v ® . Also, from the assumption (5.42) on g, we have

(5.44) g(d(exp, (v),expy (u))?) — g(0) = 0,
a.e. with respect to v ® . Consequently, F[p;] = 0. We use this fact to compute

Flpt] = Flpt] — Fpt]

- / / (9(d(z, 9)?) — 9(0)) dy (2, v) dy(y, u)
TMxTM
- / / (9(d(exp, (v), expy ())2) — g(0)) dr(z, v) dy(y, w)
TMxTM

and

- / / (9(d(z, 1)) — g(d(expy (v), exp, (1))?)) dy(z,v) dy(y, u)
TMxTM

(5.45) - / /T  a(d)) = gldexp (). exp, (1)) dr (e 0) da (5.0
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where in the last equality we used (5.44) to get

g(d(z,y)?) — gld(expy (v), expy (u))?) = g(d(x,y)*) — g(0) > 0,
a.e. with respect to v ® 7.
From the mean value theorem, we have
(5.46)
|9(d(x,9)?) — g(d(exp, (v), exp, (u)*)]| = ¢'(n(z, y,v,u)) |d(z, y)? — d(expy (v), exp, (u))?],

where 7 lies between d(z, y)* and d(exp,(v), exp,(u))?.

less than (2r,,)2, we have

Since both squared distances are

(5.47) g (n(z,y,0,u)) < sup  ¢'(6%) =:C.
0<0<2ry,
Then, we can combine (5.45), (5.46) and (5.47) to estimate F'[p;] as
(5.48) Flp] < C// d(z,y)? — d(exp,(v), exp,, (u ‘ dy(z,v) dy(y, u).
TM><TM
Now write

|d(z,y)? — d(exp,(v), exp, (u))?| = |d(x,y) — d(exp, (v), exp,(u))|-|d(z, y) + d(exp,(v), exp, (u))|.
Since
d(z,y) <2r, and d(expw(v),expy(u)) < 27y,

for a.e. (z,v,y,u) € TM? with respect to v ® v, we have
|d(x,y) + d(exp, (v), exp, (u))] < 4dry,

for a.e. (z,v,y,u) € TM? with respect to v ® 7.
By triangle inequality, we find

|d(z,y) — d(exp,(v), exp, (u))| < |d(z,y) — d(exp,(v),y)| + |d(exp,(v), y) — d(exp,(v), exp, (u))|
< d(z,exp,(v)) + d(y, exp,(u))
= [Jvl| + [Jull.

Combining these estimates in (5.48) we then get

17&u1f;4rwch/)/ (ol + el dz, 0) dy(y, )
TMxTM
:%gﬁ wmmmmmwﬂwj/ luall dy(z, v) dy(y, u)
TMxTM TMxTM
=ﬂmg/ wwﬂam+uw/‘wmmmm
TM TM
—&m/ loll dy(z, v)
TM

g&w(LMmmme<AMmequm

= 8TwCW2 (ptv ﬁt)a

where for the last inequality sign we used Cauchy—Schwartz inequality.
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The estimate above holds for any time (note that the constant C does not depend on t).
Hence, also using (5.43), we find

0< lim Flp] < Iim 8rwCWal(pe, pr) = 0.

We infer that limy_,o F'[p:] = 0, which is equivalent to

tim [ (ataw) = 90) dpi(e) o) = .

Finally, since g(d(z,y)?) — g(0) = 0 when d(z,y) < (, we reach the claimed result:

lim / /d (0w )~ g0 dnte) any tlggo / /MxM 1)?) — 9(0)) dpr(z) dpy(y)

0

Remark 5.1. Given that g(6%) > g(0) for § > ¢, the asymptotic result in Theorem 5.1
states that d(x,y) <  a.e. with respect to py ® py, ast — co.

6. NUMERICAL RESULTS

For numerical simulations we will use the discrete version of model (1.1). For this purpose,
take a positive integer N and consider a collection of masses (mz)fv 1 C (0,1) such that
va ,mi =1, and points (z?), C M. Also take an initial density p{\ consisting of N delta
masses supported at these points, i.e.,

N
N
=1

The unique weak solution p™¥ : [0,7) — P(M) of (1.1) (in the sense of Definition 2.1),
with initial density pév , is the empirical measure associated to masses m; and trajectories

N
pr = midy,  foralltel0,T),

where the trajectories x;(t), i = 1,..., N, satisfy

r(t) = ol ")),
(6.49 {%m) :m?.

We also note here that in the discrete case, the convolution in the expression for the velocity
v[p"] (see (1.1) and (1.2)) reduces to the finite sum:

N
(6.50) vlp](@i(t) = = Y miVa, K (2:(t), 25(1)).
j=1

The numerical simulations we present below are for M = SO(3) and M = H?, the 3-
dimensional special orthogonal group (also referred to here as the rotation group), and the
2-dimensional hyperbolic space, respectively.
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The rotation group is given by
SO3)={RecR¥*>?:RTR =1 and det R =1}.

The rotation group is the configuration space of a rigid body in R? that undergoes rotations
only (no translations) and has many applications in engineering, in particular in robotics
[44]. Tt is topologically nontrivial, as it is not simply connected, it has constant sectional
curvature K = 1/4 and radius of injectivity equal to .

We parametrize SO(3) using the angle-axis representation. In this parametrization, a
rotation matrix R € SO(3) is identified via the exponential map with a pair (0,v) €
[0, 7] x S?, where S? denotes the unit sphere in R3. The unit vector v indicates the axis
of rotation and 6 represents the angle of rotation (by the right-hand rule) about the axis.
For plotting purposes we identify SO(3) with a ball in R? of radius 7 centred at the origin.
The center of the ball corresponds to the identity matrix I. A generic point within this ball
represents a rotation matrix, with rotation angle given by the distance from the point to
the centre, and axis given by the ray from the centre to the point. By this representation,
antipodal points on the surface of the ball are identified, as they represent the same rotation
matrix (rotation by m about a ray gives the same result as rotation by 7 about the opposite
ray).

For the hyperbolic plane H? we use the hyperboloid model [11]. Specifically, we consider
the upper sheet of the two-sheeted hyperboloid:

H? = {(2,y,2) € R® | 2® +¢® — 2> = 1 and 2 > 0},
embedded in R? endowed with the Minkowski inner product
(x,x") = za’ +yy' — 27"

Here, x = we1 + yes + zez and x’ = 2’e; + y'es + 2’e3. The hyperbolic space is a Cartan-
Hadamard manifold with constant curvature K = —1, and has many applications in hy-
perbolic geometry and theoretical physics. We parametrize H? by polar coordinates (6, ¢)
centred at the vertex of the hyperboloid. Here, § € [0,00) and ¢ € [0,27) represent the
radial and angular coordinates, respectively.

Using either the angle-axis representation for SO(3) or the polar coordinates for H?, we
solve numerically the ODE system (6.49), with velocities given by (6.50), for the evolution of
N particles (see [22, 27| for details on the numerical implementation). We take all particles
to have identical masses, i.e., m; = 1/N,i=1,..., N. For time integration we use the 4th
order Runge-Kutta method.

Figure 1 illustrates the formation of asymptotic consensus on SO(3) and H? for an
interaction potential in power-law form (4.39); 5 = 2 for these simulations. The initial
particles are indicated by black dots and the consensus point by a red diamond. The
numerical results correspond to simulations using N = 40 particles initialized as described
below. For visualization purposes we do not show the full ball of radius 7 in Figure 1(a),
but set the axis limits to [—1,1].

For Figure 1(a), the rotation angles 6; were selected randomly in the interval (0,7/4),
while the unit vectors v; were generated in spherical coordinates, with the polar and az-
imuthal angles drawn randomly in the intervals (0,7) and (0,27), respectively. By this
initialization, all rotation matrices R; at time ¢t = 0 are within distance 7/4 from the iden-
tity matrix and hence, the assumptions of Theorem 4.1 are satisfied. For Figure 1(b), the
radial coordinates of the points are initialized randomly in the interval (0.2, 2.7), while the
initial angular coordinates are drawn randomly in the interval (0, 27/3).
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0.5-

es

-0.5-

FIGURE 1. Asymptotic consensus in the discrete model (6.49)-(6.50) with
N = 40 and the attractive power-law potential (4.39) (8 = 2 for this sim-
ulation). Initial particles are indicated by black dots, and the consensus
location is shown with red diamond. (a) Consensus on the rotation group
SO(3). (b) Consensus on the hyperbolic plane H?2.

As shown in Example 4.1, the decay rates of the diameter can be computed explicitly for
a potential in power-law form. We check these rates numerically in Figure 2. Figure 2(a)
corresponds to the quadratic potential (8 = 2). It shows a semi-log plot of the diameter
A of the particle configuration over time, demonstrating the exponential decay (4.37). The
rates of decay (slopes of the lines) are approximately —1.009 for SO(3) and —1.002 for
H?2. Figure 2(b) illustrates the decay rate (4.38) of the diameter A for various values of
the exponent § (8 = 3,4, and 8) for M = SO(3). The figure shows a log-log plot of
the diameter over time, where a linear fit on the last quarter of the numerical run shows
decay rates (slopes) that match to two decimal places the analytical rates of —1, —1/2 and
—1/6 ~ —0.1666 from (4.38). Very similar results were obtained for M = H? as well; we
do not show these results here.

Finally, we present numerical results for the potentials (4.40) and (4.41) — see Example
4.2. Recall that these potentials do not satisfy hypothesis (Kc) assumed in Theorem 4.1.
Nevertheless, we test whether the decay rate (4.32) applies to such potentials as well. Indeed,
Figure 3(a) shows exponential decay of the diameter for potential (4.40), while Figure 3(b)
shows algebraic decay with a rate of approximately —1/2 for potential (4.41). Both decay
rates correspond to (4.32). These results suggest that Theorem 4.1 can potentially be
improved, as hypothesis (Kc) does not seem necessary for the decay rate (4.32) to hold.
Further investigations in this direction are left for future work.

APPENDIX A. SOME COMMENTS ON THEOREM 2.1

As noted after Theorem 2.1, the well-posedness result in [26, Theorem 5.1] is more re-
strictive with respect to the size of the set U. Specifically, it is assumed there that

(A.51) A = diam(U) < 2\%
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9(6%) = 36° g(6%) = 56°

log A

N —— =3, slope = -1.0017
——50(3), exp decay ~ < B=4, Slope = -0.5072
—-—-H?, exp decay ---- B=8, slope = -0.1686

0 2 4 6 8 10 0 1 2 3 4 5 6
t log t

(a) (b)

FIGURE 2. Diameter decay for the discrete model with N = 40 and the
attractive power-law potential (4.39). (a) Quadratic potential (8 = 2). The
exponential decay of the diameter is shown in a semi-log plot — see Example
4.1 and equation (4.37). (b) Power-law decay of the diameter in a log-
log plot, for different values of § - see Example 4.1 and equation (4.38).
The numerical rates of decay, as indicated in the legend, match exactly, in
their first two digits, the analytical rates —1, —1/2 and —1/6 from (4.38).
The plots correspond to the simulation on SO(3); very similar results were
obtained for H? as well.

9(6%) = §log(6” + 1) 9(6%) = Llog(6* + 1)

log A

[[—350(3), exp decay 3 L[—50(3), slope = -0.5104
———-H?, exp decay —-—- H?, slope = -0.5328

FIGURE 3. Diameter decay for the discrete model with N = 40 and the
attractive potentials (4.40) and (4.41). Note that these potentials do not
satisfy hypothesis (Kc) assumed in Theorem 4.1 — see Example 4.2. (a)
Potential (4.40): exponential decay of the diameter shown in a semi-log
plot. (b) Potential (4.41): power-law decay of the diameter in a log-log plot.
The numerical rates of decay, as indicated in the legend, are approximately
—1/2, cf. (4.32).

The restriction (A.51) comes from how the bound on the Hessian of the squared distance
function is derived. The authors of [26] use [35, Theorem 6.6.1], which states that provided

A< K < p, on B,(z),
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with A <0 < p, then
(A.52)
2/ d(x, 2) cot(y/ud(z, 2))||v]|? < (Hess,d?(z),v) < 2V —=\d(x,z) coth(v/ =X d(z, 2))||v||?,

for all x € B,(z) and v € T, M. Here, d, denotes the distance function to point z. Then,
the authors of [26] restrict the diameter of U as in (A.51) to make the left-hand-side of
(A.52) nonnegative and bound Hess d? by

[Hessd?| < L := 2v/—XA coth(—VAA).

However, by assuming the weaker condition on A:
T

A =diam(U) < —,
) Vi

one can bound Hess d? by
|Hess d?| < L' := max {2\/—)\A coth(—vVAA), |2,/zA cot(\/ﬁA)]} :
All the arguments in the proof of [26, Theorem 5.1] would then follow with this more relaxed
bound on diam(U). Theorem 2.1 reflects this extension.
APPENDIX B. PROOF OF LEMMA 2.2
Let (pn)22, C Pa(By(p)) converge to p € Pa(M) with respect to the metric Wa, i.e.,
nh_{rgo Wa(pn, p) = 0.

We have, for any € > 0,

Wa(pn,p)* = inf // d(z,y)* dy(z,y)
YE(pn,p) J J Mx M

> inf // d(z,y)? dy(z,y)
YEW(pn,p) J J M x (Brie(p))e

> inf // e dy(z,y)
YEW(pn,p) J J M x (Brie(p))e

= p(Br+(p)°)
= ¢ (1= p(Br1e(p))) -
Since € > 0 is independent of n, we have
0= lim Wa(pn,p)* > € (1 = p(Brse(p)) = 0,

and this yields
L= p(Brie(p)) =0 <= p(Bric(p)) = 1,

for all € > 0.
We then get

p(Br(p)) = p (ﬂ Br—l—l/n(p)) = lim p(Byi1/n(p)) = 1.

n=1

This yields p € Pa(B,(p)) which implies that Pa(B,(p)) is compact.
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APPENDIX C. PrROOF OF LEMMA 4.1

Since z,y,2z € By(p) and 0 < r < 1. = min{inng), ﬁ}, we have

™

—e> = — 2,
4/ 2/

where € := r, — r. Write the left-hand-sides of (4.26) and (4.27) as

(C.53) d(z,y),d(y, z),d(z,z) <2r =2(r. —e€) <2 (

(C.54) ¢'(d(z,2)*)log, 2 - log, y + g'(d(y, 2)*) log, = - log, = =

d(z,y) (g’(d(x, 2)2)d(l‘, 2)cos Z(yxz) + ¢’ (d(y, 2)2)d(y, z) cos é(xyz)) .

::Izyz

We will estimate Z,,, when x # y.
(Case 1: p > 0) Write

= d(, 2) "(d(z,2)?) | sin x,%)) cos Tz
nyz - (sin (\/ﬁd(x,z))g(d( ) ) )) (\/ﬁd( ’ )) é(y )

(C.55)
+ (CW))g%d(y, z>2>> sin (y/pd(y, 2)) cos £ (xyz2).

sin (y/id(y, 2)
By Lemma 2.3 we have the following inequalities:

(C.56)
cos (/fid(y, 2)) < cos (y/jad(x, y)) cos (v/d(x, 2)) + sin (yEd(z, y)) sin (yEd(z, 2)) cos Z(yz2),

< cos
cos (y/pd(z, z)) < cos (y/ud(z,y)) cos (/pd(y, z)) + sin (y/ud(x,y)) sin (1/pd(y, z)) cos Z(zyz).
(C.56

We can rewrite ) as

sin x, z)) cos Tz cos (\/ﬁd(y, Z)) —cos (\/ﬁd(x, y)) Cos (\/ﬁd(x, Z))
(Vrd(z, 2)) cos L(yzz) > S (Jd D) ’

(C.57)
sin ) cos Z(zuz) > 2 (vad(z,z)) — cos (\/ud(x,y)) cos (\/ud(y, z))
(Vud(y, z)) cos Z(xyz) > sin (/ud(z,y)) ‘

Now substitute (C.57) into (C.55) to obtain
(C.58)
d(z, z) dle 2 | & (Vrd(y, z)) — cos (/ud(z,y)) cos (y/ud(z, z))
Loy 2 (sin (\/ﬁd(x,z))g (d(@,2) )> sin (y/zd(z,y))
d(y, z) , 2| 8 (vpd(z, z)) — cos (y/ud(z,y)) cos (y/nd(y, z))
* <sin (v/Rd(y, z))g (d(y, 2) )> sin (/ud(z,y)) .

We use the following simple identity:

1 1
(C.59) A1By + A3By = §(A1 + A2)(B1 + B2) + 5(141 — A2)(B1 — B2)
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to rewrite the right-hand-side of (C.58) as

1 d(ajvz) / T. 2 2 d(y’ Z) ! Py 2

2 (sin (ypd(z, 2)) gld(@,2)7) + sin (/ud(y, z)) g(dly.2) )>

(cos (y/pd(z, 2)) + cos (y/ad(y, 2))) (1 — cos (y/pd(z,y)))
sin (\/pd(z,y))

1 d@,2) e ey A2 o
. (Sm gy e ) = s ))
8 (—cos (y/pd(z, ) + cos (/rd(y, 2))) (1 + cos (yud(z,y)))

sin (/ud(z,y))

X

_.7l 2
— Ia:yz + Ixyz'
Since we assumed that Sin(f}w)g’ (6?) is non-decreasing and non-negative, we infer that
d(z, z) ’ 2 d(y, 2) / 2
¢ (d(2,2)") — ——————=¢ (d(y,2)")
sin (/ud(z, 2)) sin (/zd(y, 2))
and

—cos (y/pd(z, z)) + cos (y/pd(y, z))

have the same sign. This yields

I;,. >0,
and hence,
(C.60) Toye > Thy + 12, > I,

By triangle inequality we have
d(z, 2) + d(y, z) = d(x,y),
which implies that

(C.61) max {d(z, z),d(y, z)} > %d(m,y).

. 0 12 2\ . .
Since sl 9 (0%) is non-decreasing and non-negative, we have

(C.62)

d(x, z d(y, z d(zx,y)/2
sin (y/7d(, 2) sin (y/7d(y, 2)) sin(y/fd(z, 3)/2)
Here, we dropped the smaller term, and we estimated the larger term using (C.61).

On the other hand, we have
(C.63)

1 d(z, 2) Nd(x. 2)2 d(y, 2) / )2
Ixyz - 2 (Sin (\/ﬁd(aj,z))g (d( ’ ) )+ sin (\/ﬂd(y,z))g (d(ya ) ))

x (cos (y/id(x, 2)) + cos (yAd(y, 2)) tan (v/7id(z, ) /2)..

g'(d(z,y)*/4).

)g'(d(w, 2)%) +
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Note that cos(/ud(z, z)) and cos(/ud(y, z)) are non-negative by (C.53). Then combine
(C.62) and (C.63) to get

(C.64)
o1 dy))2

™2 = 2 sin(y/ud(z, y)/2)
_1 d(z,y)

4 cos(y/pd(x,y)/2)

Next, we will estimate

o (dx,y)* /4) (cos (/fid(x, 2)) + cos (Vid(y, 2))) tan (jid(x, y) /2)

g'(d(w,y)? /4)(cos (Vd(w, 2)) + cos (v/ud(y, 2))).

cos(y/pd(x, z)) + cos(y/pd(y, 2)).

By (C.53), d(z, 2) — 2¢, which implies

_T_
S2\/ﬁ

cos(y/fid(x, z)) > cos <\/ﬁ (2\% - 2e>> — sin(2y/Jie).

The same inequality also holds for cos(\/ud(y, z)), as d(y,z) < ﬁ — 2¢ as well. By
substituting the inequality above into (C.64) we get
(C.65)

w0 2 3 con(y/id(z, ) /2)

Finally, combine (C.54), (C.60) and (C.65) to get

g'(d(w,y)?/4) sin(2y/pe) > —=d(,y)g'(d(z,y)*/4).

sin(2,/pe)
2

sin(2,/pe)
g'(d(z, z)?)log, z - log, y + ¢'(d(y, z)*) log,, = - log, = > %d(ﬂc, y)2g'(d(z,y)?/4),

which is the desired result.

(Case 2: p < 0) Using again Lemma 2.3 we have for this case:

d(z,2)* > d(z,y)* + d(y, 2)* — 2d(x, y)d(y, 2) cos Z(xyz).

d(y, 2)? > d(z,y)* + d(z, 2)* — 2d(z, y)d(z, z) cos £(yzz),
We rewrite the above as
d(LU, y)2 + d($7 Z)2 - d(yu 2)2
2d(z,y) ’

d(SL‘, y)Q + d(y’ Z)2 - Cl(CC, Z)2
2d(z,y) ’

d(z, z) cos £(yxz) >

d(y, z) cos L(zyz) >

and use it to estimate Z,,. as

A,y +d(e, 22— A2\ o (d(ey)? + d(y, 2)? — d(, 2)?
2d(r. ) > 9 (dly.2)) ( 2d(r.y) ) |

— g/(d(az,z)z) <
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We use again (C.59) to find

x,y)? x,2)% — 2)2 x,y)? 2)? — d(z, 2)*

Loy 2é(g’(d(m,Z)Q)+g'(d(y72)2)) <d( v) +§fi(;’;) dn.2) Ao +;lc(iz(/;;,@)/) e )
z,y)> x,2)% — 2)? z,7)? z)? —d(x, 2)*

45 (¢, 2) — g (dly,2)?)) (d( & +j§(;,;) Ay +§c(l?z;t,j)g) e >

= M09 (a2 + (Al 2)) + zdéw (9'(d(w,2)*) = ¢'(d(y, 2))) (d(z, 2)* = d(y, 2)°).

Since ¢’ is non-decreasing, we have

1 , /
2d(x,y) (9'(d(z,2)%) = §'(d(y, 2)*)) (d(x, )" = d(y, 2)*) = 0.

Finally, we get

d(x,y d(x,y
Lope > C0 (g a(e.2?) + g/ (alw. 29) = D20 a2 ),
where for the second inequality we used (C.61). By combining (C.54) with the inequality
above one can then reach the desired result. ([
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