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This paper studies the limiting behavior of weighted infeasible central paths for semidefinite
programming obtained from centrality equations of the form XS + SX = 2vW, where W is a fixed
positive definite matrix and v > 0 is a parameter, under the assumption that the problem has a strictly
complementary primal—dual optimal solution. We present a different and simpler proof than the one
given by Preif} and Stoer [Preifl, M. and Stoer, J., 2004, Analysis of infeasible-interior-point paths aris-
ing with semidefinite linear complementarity problems. Mathematical Programming 99, 499-520.]
that a weighted central path as a function of v can be extended analytically beyond 0. In addition, the
characterization of the limit points of the path and its normalized first-order derivatives is also provided.
We also derive an error bound on the distance between a point lying in a certain neighborhood of the
central path and the set of primal-dual optimal solutions. Finally, we make some observation for the
superlinear convergence of some primal—dual interior point SDP algorithms using AHO neighborhood.
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1. Introduction

Let 8" denote the space of n x n real symmetric matrices. We consider the semidefinite
programming (SDP) problem

minimize C o X
(p) subjectto AX = b, (1)
X >0,
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and its associated dual SDP problem

maximize b7 y
(D) subjecttoA*y + 8§ = C, 2)
S>0,

where the data consists of C € §", b € W™ and a linear operator A : S" — R, the primal
variable is X € §”, and the dual variable consists of (S, y) € 8" x 0. For a matrix V € §”,
the notation V > 0 means that V is positive semidefinite. Given a fixed positive definite
matrix W € 8", Ab € ¥ and AC € §", our interest in this paper is to study the set of
solutions of the following system of nonlinear equations parametrized by the parameter
v > 0

AX =b+vAb, X >0, 3)
Ay +S=C+vAc, S0, (4)
XS + SX = 2uW. (5)

Under suitable conditions on (W, AC, Ab), it has been shown in Monteiro and Zanjicomo
[1] that the above system has a unique solution, denoted by p(v) = (X (v), S(v), y(v)), for
every v € (0, 1]. We refer to the path v € (0, 1] — p(v) as (W, AC, Ab)-weighted central
path associated with (P) and (D).

The main goal of this paper is to present a different and simpler analysis than Preif3 and
Stoer [2] on the limiting behavior of this path as v | 0. Preifl and Stoer [2] have proved the
main result of this paper that the weighted central path is analytically extendible as functions of
v € (0, 1Tto v = 0. Their approach includes estimating the order of the blocks of the path, and
then changing the variables twice and applying the implicit function theorem to the resulted
systems twice. Our approach is to firstly derive a stronger estimate on the order of the blocks
of the path by applying Hoffman Lemma [3], and then reformulate the system of (3)—(5) into
a simpler system, and finally apply the implicit function theorem to the resulted system only
once. In addition, the characterization of the limit points of the path and its normalized first-
order derivatives is also provided. We also derive an error bound on the distance between a point
lying in a certain neighborhood of the central path and the set of primal—dual optimal solutions.
We also make some observation for the superlinear convergence of some primal—dual interior
point SDP algorithms using AHO neighborhood.

When (W, AC, Ab) = (I, 0, 0),thepathv € (0, 1] — p(v),asshowninAlizadeh ez al. [4],
is a part of the central path associated with (P) and (D). Properties of the central path have
been extensively studied on several papers due to the important role it plays in the development
of interior-points algorithms for cone programming, nonlinear programming and complemen-
tarity problems. Early works dealing with the well-definedness, differentiability and limiting
behavior of weighted central paths in the context of the linear programming and the monotone
complementarity problem include [5—24]

Using the fact that every real algebraic variety has a triangulation, Kojima et al. showed
in ref. [25] that the central path associated with a monotone linear complementarity problem
converges to a solution. In ref. [26], Kojima et al. claims that similar arguments as the ones
used in ref. [25] can also be used to show that the central path of a monotone linear semidefinite
complementarity problem (which is equivalent to SDP) converges to a solution of the problem.
More generally, Drummond and Peterzil [8] established convergence of the central path for
analytic convex nonlinear SDP problems. An alternative proof based on a deep result from
algebraic geometry (see for example Lemma 3.1 of Milnor [27]) of the convergence of the
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central path for an SDP problem was given by Halickd er al. [28]. Characterization of the
limit point of the central path has been obtained by De Klerk et al. [29] and Luo et al. [30]
for SDP problems possessing strictly complementary primal-dual optimal solutions. Using
an approach based on the implicit function theorem described in Stoer and Wechs [21,22],
Halicka [31] showed that the central path of SDP problems possessing strictly complementary
primal—dual optimal solutions can be extended analytically as a function of v > 0 to v = 0.
For more general SDP problems, the above issues regarding the central path still remain open
although some progress has been made on a few papers. These include De Klerk et al. [32]
and Goldfarb and Scheinberg [33] who proved that any cluster point of the central path must
be a maximally complementary optimal solution. Also, Halickd et al. [34] and Sporre and
Forsgren [20] provided partial characterizations of the limit point of the central path as being
the analytic center of some convex subset of the optimal solution set and the unique solution of
a perturbed log barrier problem over the optimal solution set, respectively. Finally, the recent
paper by Cruz Neto et al. [35] establishes the convergence of the central path for a special
class of SDPs which do not satisfy the strict complementarity condition.

Generalization of the notion of weighted central paths from linear programming to SDP
problems is a delicate issue. While for a linear programming a weighted central path can
be characterized as optimal solutions of certain weighted logarithmic barrier problems,
this characterization does not seem to be a good source to obtain a suitable notion of
weighted central paths for SDP. Instead, Monteiro and Zanjacomo [1] (see also Monteiro
and Pang [36]) work directly with a system consisting of (3), (4) and an equation of the
form W (X, §) = vW, for some suitable map ¥ : D € §" x §" — §”, and show that this
system has a unique solution for every v € (0, 1]. Special instances of the map W for
which the above result applies include the map (X, S) — (XS + SX)/2 and (X, S) —
X 1/2 SX 1/2 .

Lu and Monteiro [37] have investigated the limiting behavior of the weighted central paths
associated with the map (X, S) — X!/2SX'/? and their derivatives for the SDPs possessing
strictly complementary primal—-dual optimal solutions. They have showed that the weighted
central path as a function of /v can be extended analytically beyond 0. Sim and Zhao [38]
studied a class of off-central paths defined as the unique solutions of a system of ordinary
differential equations. Through an example, they showed that some off-central paths as a
function of /v cannot be analytically extended to u = 0 (see section Theorem 3.2 of [38]).
However, we should notice that the paths defined in [38] and [37], though related, are defined
differently.

In this paper, we will be interested in the first map above and its corresponding weighted
central path, i.e. the path of solutions of systems of the form (3)—(5). More specifically, we
will investigate the asymptotic properties of the weighted central paths v € (0, 1] — p(v) for
the special class of SDPs possessing strictly complementary primal—dual optimal solutions.
Using a suitable change of variables together with the technique described in refs. [21,22]
based on the implicit function theorem, we prove in section 4 that the path v € (0, 1] — p(v)
can be extended analytically beyond 0. As a consequence, we see that a weighted central path
converges as ®(v). We also characterize the limit point and the first-order derivative of the
normalized weighted central path as v | 0. Using these results, we derive in section 5 an error
bound on the distance between a point lying in a certain neighborhood of the central path and
the set of primal-dual optimal solutions. Finally, in section 6, we apply this bound to make
some observation for the superlinear convergence of some primal—dual interior point SDP
algorithms using AHO neighborhood.

The organization of this paper is as follows. Section 2 introduces the assumptions made
throughout the paper. We discusses some properties about the weighted central paths in
section 3. Sections 46 establish the results mentioned in the previous paragraph.
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1.1 Notation

The space of symmetric n x n matrices will be denoted by S”. Given matrices X and Y in
MP*4 the standard inner product is defined by X e Y = tr(X”Y), where tr(-) denotes the trace
of a matrix. The Euclidean norm and its associated operator norm, i.e., the spectral norm, are
both denoted by || - ||. The Frobenius normofa p x g-matrix X isdefinedas | X||p = v X e X.
Given a point f and a set F' in a finite dimensional normed vector space, the distance from
f to F is defined as dist(f, F) = inf 7 _p || f — f||. If X € §" is positive semidefinite (resp.,
definite), we write X > O (resp., X > 0). The cone of positive semidefinite (resp., definite)
matrices is denoted by S (resp., S% ). Either the identity matrix or operator will be denoted
by I. The image (or range) space of a linear operator .4 will be denoted by Im(A), and
its kernel (or null) space will be denoted by N (A); the dimension of the subspace Im(A),
referred to as the rank of A, will be denoted by rank(.A). Given a linear operator F : E — F
between two finite dimensional inner product spaces (E, (-, -)g) and (F, (-, -)r), its adjoint
is the unique operator F* : F — E satisfying (F(u), v)r = (u, F*(v))g for all u € E and
veF.

If{u(v) : v > 0}and {v(v) : v > 0} are real sequences with v(v) > 0, then u(v) = o(v(v))
means that lim,_,ou(v)/v(v) = 0. Given functions f : 2 — E and g : 2 — N, where Q2
is an arbitrary set and E is a normed vector space, and a subset Q C €, we write f(w) =
O(g(w)) for all w € Q to mean that there exists M > 0 such that I f(w)| < Mg(w) for all
w € §; moreover, for a function U :  — 8%, we write U(w) = O(g(w)) forallw Qif
Uw) = O(g(w))and U(w)~! = O(1/g(w)) forallw € 2. The latter condition is equivalent
to the existence of a constant M > 0 such that

1 1
— I < —Uw)<MI, YweQ.
M g(w)

2. Preliminaries

In this section, we describe our assumptions that will be used in our presentation. We also
describe the weighted central path that will be the subject of our study in this paper. The
conditions for its well-definedness are also stated.

Throughout this paper we will be dealing with the pair of dual SDPs (P) and (D) (see (1)
and (1), respectively). Denote the feasible sets of (P) and (D) by Fp and Fp, respectively.
Throughout our presentation, we make the following assumptions on the pair of problems (P)
and (D).

Al A: 8" — 9" is an onto linear operator;
A.2 There exists a pair of strictly complementary primal-dual optimal solution for (P) and
(D), that is a triple (X*, S*, y*) € Fp x Fp satisfying X*S* = 0 and X* + S§* > 0.

We will assume that Assumptions A.1 and A.2 are in force throughout our presentation.
Hence, we will state our results without explicitly mentioning them.

Assumption A.1 is not really crucial for our analysis but it is convenient to ensure that the
variables S and y are in one-to-one correspondence. We will see that the dual weighted central
path can always be defined in the S-space. The goal of Assumption A.1 is just to ensure that
this path can also be extended to the y-space.

Assumption A.2 is the one that is commonly used in the analysis of superlinear convergence
of interior-point algorithms and it plays an important role in our analysis. In fact, it is a very
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challenging problem to generalize the analysis of this paper to the case where Assumption A.2
is dropped or simply relaxed.

By assumptionA.2, since X*S* = §*X* = 0, we candiagonalize X * and S* simultaneously,
i.e. find an orthonormal P € ®"*" such that PTX*P and PTS*P are both diagonal. Per-
forming the change of variables X = PTX P and (S, $) = (PSP, y) on problems (P) and
(D) yield another pair of primal and dual SDPs which has a primal-dual optimal solution
()? * S *, 9%) such that X* and §* are both diagonal. To simplify our notation, we will assume
without loss of generality that the original (P) and (D) already have a primal-dual optimal
solution (X*, §*, y*) such that

[AB 0} [O 0 }
X* = , S'= , (6)
0 0 0 Ay

where Ap = diag(Ay, ..., Ag), Ay = diag(Ag41, ..., A,) for some integer 0 < K < n and
some scalars A; > 0, i =1,2,...,n. Here the subscripts B and N signify the ‘basic’ and
‘nonbasic’ subspaces (following the terminology of linear programming). Throughout this
paper, the decomposition of any n x n matrix V is always made with respect to the above

partition B and N, namely:
V= Ve Vin .
Vg Vn

Notice that X € Fp is an optimal solution of (P) if and only if XS* = 0. Hence, by
assumption A.2, the primal—optimal solution set 7} is given by

Fr={XeFp:Xpyn=0,Xyp=0 and Xy =0}
Analogously, the dual optimal solution set 7}, is given by
5={(S,y) € Fp:Spny =0,Syg =0 and Sp =0}
Define the linear map G : S"” x &" x " — S" x R by
GgX, 8,y =A"y+S-C, AX - D) @

and the set G, by
Gir =G(S), xS x R"). 3

Given (W, AC, Ab) € §" x §" x R™, in this paper we are interested in the solutions of the
system of nonlinear equations (3)—(5) parametrized by the parameter v > 0. The following
result gives condition on (W, AC, Ab) for system (3)—(5) to have a unique solution for each
ve (0,1].

PROPOSITION 2.1 Assume that (W, AC, Ab) € S x G. Then, for any v € (0, 1], the
system (3)—(5) has a unique solution, denoted by (X (v), S(v), y(v)). Moreover, the path
v e (0, 1] > (X(v), S(v), y(v)) is analytic.

Proof By A.2 and the assumption that (W, AC, Ab) € 8}, x G, we easily see that
v(W,AC, Ab) € 8} x G, forall v € (0, 1]. The first conclusion of the proposition now
follows from Theorem 1(b) of Monteiro and Zanjdcomo [1] by letting F, ® and V in
that theorem be defined as F' = G, ®(X, §) = (XS + §X)/2 for all (X, §) € S} x S} and
VY = W. The second conclusion follows by applying the analytic version of the implicit func-
tion theorem to system (3)—(5) viewed as a function of (X, S, y, v) and using the fact that the
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assumption (W, AC, Ab) € 8%, x G, implies that the Jacobian of this system with respect
to (X, S, y) is nonsingular at (X (v), S(v), y(v), v) forevery v € (0, 1]. (See Lemma 4 of [36]
and the paragraph following it.) ]

Given a (W, AC, Ab) € S}, x G, the path v € (0, 1] = (X(v), S(v), y(v)) will be
referred to as the (W, AC, Ab)-weighted central path. In view of the above proposition, we
will assume throughout Sections 3 and 4 that the following condition is true, without explicitly
mentioning it in the statements of the results.

A3 (W,AC,Ab) € 8", x Gy

3. Properties of the weighted central path

In this section, we will introduce some properties of the weighted central path. The estimates
on the sizes of some blocks of the weighted path are given. Although Kojima et al. have
essentially developed them in section 5 of ref. [39], we derive them in a different and simpler
approach with the aid of Hoffman Lemma [3]. The analysis of the limiting behavior of the
weighted central path will strongly rely on these estimates.

The following result gives some estimates on the sizes of the blocks of X (v) and S(v).

LemmMma 3.1 For all v > O sufficiently small, we have:

Xp(v) =0(1), Xy()=0(), 9
Sp(v) =0O(), Sy(v)=06(), (10)
Xpy(v) = O(W),  Spv(v) = O(VV). 1)

As a consequence, the weighted central path {(X(v), y(v), S(v))} is bounded and any its
accumulation point as v |, 0 is a strictly complementary primal-dual optimal solution of (P)
and (D).

Proof From (5), we have X e S = v tr(W). Following the same proof as Lemma 2.2 of Lu
and Monteiro [37], we obtain that

Xp) =0(), Sy()=0(), XyO)=0(W), Sp)=0(®O) (12)
and (11) holds. By Lemma 3.3 of Monteiro [40], we have
(SX+XS5)
2

where Apin(+) is the minimal eigenvalue of the associated matrix. Noting that Ay, (SX +
XS)/2 = vVAmin(W) by (5), we have X'/25X /2 > vAni,(W)I. Using this fact together with
(12), we can easily follow the proof of Lemma 3.2 of Luo et al. [30] to derive (9) and (10),
except that the identity matrix / should be replaced by A, (W)I throughout their proof. W

Amin (X2 SXY2) > Anin

The following result establishes the relationship between Xpy (V) and Sgy (V).

Lemma 3.2 For all v > O sufficiently small, we have:

1S5y W) = O U Xy WD) + O),
—Xgn (V) @ Spn (V) = O Xy W)[1) + OW[ Xy W) ).
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Proof For notational convenience, let X = X(v), S = S(v)and V = X §. Using Lemma 3.1,
we obtain that

IVasll = I XneSs + XySnall = O0?). (13)

Using (5) and the fact that V = X S, we have
XpSgn + XpnSy + Vyp = 2vWpy,

which implies that

Sgy = =Xz ' (XgnSy + Vg — 20Way).
Using this identity, (13) and Lemma 3.1, we obtain that the first conclusion holds, and also

Xgy ® Sgy = —tr(Xpn X5 XanSn) + O Xy ),
= —11X5 " Xpn S I} + OWI Xpn 1),

which together with Lemma 3.1 implies the second conclusion. |

Next we state Hoffman Lemma [3] (see also Lemma A.3 of Wright [41]), which will be
used subsequently.

LEMMA 3.3 Let G € N> and H € NP*1 be given matrices. Then there exists a nonnegative
constant L depending only on G and H such that, for all vectors

()

there is a solution to the system

that satisfies |w| < L||(g, h)]l.
The following result improves the estimates on the sizes of Xgy (v) and Spy (v).

LeEMMA 3.4 For all v > 0 sufficiently small, we have:
Xpn(v) = O(), Spnv(v) = OO).

Proof Suppose that Xgy(v) = O(v) does not hold. Then there exists a sequence v | 0
as k — oo such that vy = o(|| Xgn (vi)||). For convenience, we omit the index k from vy
throughout the remaining proof. Then the above identity can be written as v = o(|| Xgy (V)|)),
which together with Lemma 3.2 implies that

1Sev W)l = O Xpn (V)ID, (14)
—Xpn(v) @ Spy(v) = O Xgn V)[). 5)
For any v € (0, 1], consider the linear system
AX — X(v)) = —vAb,
Xgn — Xpn(v) = —Xpn (v), (16)
Xy —Xn) =—-XyO). A7)

We see that any X* € F} is a feasible solution to this system. Hence, by Lemma 3.3, there
exists a sufficiently large constant c (independent on v) such that for any v € (0, 1], this
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system has a solution X € S, which satisfies

IX = X < COIAb| + 1 Xy W) + | Xzy W) (18)
Analogously, for any v € (0, 1], there exists (3, y) € 8" x R™ which satisfies

A*(y —y(v)) + S — S(v) = —vAC,

Sp — Sp(v) = —Sp(v), (19)
Sy — Spn (V) = —Spn (V), (20)
CWIAC] + IS5+ 1SexW)[) = 1S — SW)|I. (21)

Noting that (AC, Ab) € G4, we have AC = A*y" + §° — C and Ab = AX° —b for
some (X°, S°, y%) € St x St x ™. We easily see that, for any given (X*, S*, y*) €
Fp x F},
AX = X0 +vX°=X*) =0, S—SO) +v(S°— 5" e ImA).
Hence, we obtain that
X=XO0W)+vX°—X*) e (S—=SW)+v(S" = 5%) =0. (22)
Since (X, S) satisfies (16), (17), (19) and (20), we immediately have
Xpn =Spv =0, Xy =0, Sp=0.
This together with (22) implies that
Xpn(v) @ Sy () = (X — Xp(v)) @ Sp(v) + Xy (v) @ (Sy — Sy (1))
— VX = X)) e (52 =5 — (X" = X*) e (S —S(1))
—2(X% — X*) o (8 — §%). (23)

Note that |[XB — Xz(v)|| < [|X — X(v)|| and ||[SN — Sy(W)|| < IS — S()|. Using this
relation together with (23) and Lemma 3.1, we obtain that, for all v > 0 sufficiently small,

| Xpy (v) @ Spy (V)] < Co + | X = XW)|| + IS = Sm)I) (24)

for some constant C. In view of (14), (15), (18), (21), (24) and Lemma 3.1, one has that, for
all v > O sufficiently small,

| Xpn (V) ® Sy (V)] < Co(w + || Xey W) + 1Ssx (V)]s
< Cv(v + | Xpn (V) @ Spx ()],

where C and C are some constants (independent on v) and the last inequality follows from
(14) and (15). Let & = |Xgn (v) ® Sgy (v)|!/%. From the latter inequality above, we have £2 <
Cv(v + £), which together with the fact & > 0, implies that & < (C + (5C)'*)v/2. Hence,
& = O(v). Using this result and (15), we obtain that || Xy (v)|| = O(v), which contradicts with
the early assumption of the proof. Therefore, Xgy (v) = O(v) holds. The proof of Sgy (V) =
O(v) directly follows from Lemma 3.2. |
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We end this section by stating a convergence result of the (W, AC, Ab)-weighted central
path to a primal—dual optimal solution of (1) and (2). We do not provide a proof for it since it
is similar to the one given in the Appendix of Halicka et al. [28].

PROPOSITION 3.5 There exists some € > 0 and an analytic function v : [0, €) — (0, 1) such
that v(0) = 0 and the path t € (0,¢) - (X(v(2)), S(w()), y(v(t))) is analytic at t = 0.
In particular, (X (v(t)), S(w(t)), y(v(t))) converges to some primal-dual optimal solution
(X*, S*,y)ast | 0.

We observe that Proposition 3.5 holds even without requiring Assumption A.2. As a conse-
quence, its main advantage is that it holds for any SDP problem provided that it satisfies strong
duality and Assumption A.3. Its main drawbacks are that it neither gives a characterization of
the limit point (X*, $*, y*) nor describes how fast v(¢) converges to 0. These issues and others
will be addressed in the remaining sections of this paper in the context of SDPs satisfying
Assumption A.2.

4. Analyticity of the weighted central path

In this section, we will show that the weighted central path can be extended analytically to
v = 0. We also characterize the limit point and the first-order derivative of the normalized
weighted central path as v | 0.

For the sake of brevity, it is convenient to introduce the following definition.

DErINITION 4.1  Let w : (0, 8) — E be a given function where § > 0 and E is a finite dimen-
sional normed vector space. The function w is said to be analytic at O if there exist € > 0 and
an analytic function ¥ : (—€, €) — E such that w(t) = ¥ (¢t) forall t € (0, €).

The following theorem is one of the main results of this section. Its proof will be given at
the end of this section.

THEOREM 4.2 The (W, AC, Ab)-weighted central path v € (0, 1] — (X ), S(v), y(v)) is
analytic and also analytic at v = 0. As a consequence, the (W, AC, Ab)-weighted path and
all its k-th order derivatives, k > 1, converge as v |, 0.

A key step towards showing the above result is a reformulation of the weighted central path
system (3)—(5) as we now discuss. Now, let

U'={U e " :Ug € S Uy € SN, Uyp =0},
Ui, ={Uel" :Up >0, Uy > 0}.

and define £ : U" — R as

£(U)=|:0 YU elU".

ur, 0} '
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Givenany (X, §) € S, x S wedefine (U, V, X, S) € U, xuUy, x 8" x 8" asfollows

o
B X S S,
Xp 24BN °B  PBN
= v 3 v v
X = , S= , (25)
XNB XN SNB
2N P gy
L v v v
~ _XB X,;Ni| ~ SB SBN
U= 0, V= N (26)
L0 Xy [O Sy
Letting
I 0
DN = I )
0 =
v
we immediately obtain that
Xz X - N .
xDy=| 20 PN =0+ = U, 0),
vXnyp Xy
Dy's SB § - - -
NO T IV =V vL(V) = Uy (V)
v USNB SN

where U, =1 + vL. Using the above identities, we easily see that, for v > 0, (5) is
equivalent to

U, (DU, (V) + UOU,(V)T =2W. (27)

Accordingly, we define (U (v), V (v), X (v), S(v)) by replacing (X, S, X, ) by (X(v), S(v),
X (v), S(v)) in (26) and (25), respectively. Proposition 2.1 and the above arguments establish
the following key result.

ProposITioN 4.3 Let (X*, S*,y*) € Fj x F}, be given. Then, for every v e (0,1],
(f](u), ‘7(1)), )?(v), S‘(v)) is a solution of the system defined by (26), (27) and the linear
equations

Xz — X% vX
Ao |78 78 TN L AD, 28)
UXNB UXN
VS VS
OB TN L e DAC + Im(AY). (29)
VSNB SN - S;t,

Moreover, the path v € (0, 1] — (lj(v), ‘7(1)), f((v), S’(v)) is analytic.

The next result states some basic properties about the accumulation points of
UWw), V(v), X(v), S(v)) as v approaches 0.

LeMMA 4.4 The path v e (0,11 - (U), V(v), X(v), S(v)) remains bounded as v
approaches 0 and any accumulation point (U*, V*, X*, §*) of this path as v approaches
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OisinU, x UL, x 8" x 8" and satisfies

Ur=|"F "IN yr= TN (30)
0 X3 0 S

UV +U*VvHT =2w. (31)

Proof Relation (25), Lemma 3.1 and Lemma 3.4 imply that ()~( v), S (v)) remains bounded
as v approaches 0. So does (17 ), \7(1))) according to this fact and relation (26). Using (25)
and Lemma 3.1, we see that (U*, V*) € Uy, x U} . The remaining proof follows directly
from (26) and (27). |

Our next goal is to show that the path v € (0, 1] — (U(v), f/(v), f((v), S’(v)) is analytic
at v = 0. The basic tool we use to establish this fact is the implicit function theorem applied
to a specific system of equations. A first natural candidate for such a system seems to be the
one given by (26)—(29). However, the main drawback of this system is that its derivative with
respect to (U, V, X, §) is generally singular for v = 0 (even though for v € (0, 1) it is always
nonsingular). The main cause for this phenomenon is that the ‘rank’ of the linear equations
(28) and (29) changes when v becomes O.

We will now show how the linear equations (28) and (29) can be reformulated into equivalent
linear equations forevery v € (0, 1]. Moreover, the new linear equations have the property that
their rank remains constant for every v € 9. First note that the linear operator A : S — R”
can be expressed as

Xp

A(X) = Ap(Xp) + Apn (Xpn) + Av(Xy) = (Ap Agy Av) | Xan | » (32)
Xn

for some linear operators Ag : S'Bl — R, Agy : RIBXINI 5 9™ and Ay : SV — R,

A well-known result from linear algebra says that any matrix can be put into row-echelon
form after a sequence of elementary row operations. A similar type of argument allows one to
establish the following result.

LEMMA 4.5 Let A: 8" — R™ be an onto linear operator. Assume that

i] = rank(AB), i2 = rank(.AB ABN) — il,
i3z =rank(A) — (i1 + i) = m — (i} + ip).

Then there exists an isomorphism T : X" — R such that

An(Xp) +AnXpn) +A(Xy)
An(Xpyn) +An(Xy)
Az3(Xw)

(T o A)(X)

A A A Xp
0 Ax Ax||Xsn|.
0 0 Ass XN




Downloaded By: [Canadian Research Knowledge Network] At: 21:19 20 August 2007

860 Zhaosong Lu and R. D. C. Monteiro
for some linear operators

Ay SBL— it A, BN gy
Az SN ﬂ%i‘, Ay RIBIXINT S)iiz,
A23 ZSlNl —> miz, A33 ZSlNl — 9ii3

such that rank(Ayy) = iy, rank(Az) = is, rank(As3) = is.

We can now reformulate the linear system (28) with the use of Lemma 4.5 as follows. Using
Lemma 4.5, we easily see that (28) is equivalent to the linear system

An vAn vAR\ (X — X5 Ab,
0 VA22 VA23 XBN =V &Z)z
0 0 vAs; Xy Abs

where (Aby, Aby, Abs) € R x N2 x R and Ab = T (Ab). Dividing the second and third
blocks of rows in the above system by v, respectively, we obtain the following system

A vApR vAp XB - XZ V&?]
0 A»n An Xpy =\ Ab |. (33)
0 0 A Xy Abs

Note that the linear system (33) is equivalent to (28) for every v € (0, 1]. Hence, X (v) satisfies
(33) for every v € (0, 1]. A nice feature of (33) is that the operator on its left hand side does
not lose full rankness as v becomes 0. We state this fact in the following proposition.

PROPOSITION 4.6 Let A, : 8" — N™ be the operator defined on the left-hand side of (33).
Then, rank(A,) = m for every v € 0.

The linear system (29) can also be reformulated with the aid of Lemma 4.5 as follows. First
note that by Lemma 4.5, we have

0 0
Im(A*) = Im[(T 0 A)*] =Im L AL, 0
o An As
vA;, 0 0
=Im| |vA}, vA; O )

VAT, vAS, 3
for every v € (0, 1]. Hence, for every v € (0, 1] (29) is equivalent to

vSp ACg vA;, 0 0
vSgy | ev | ACey | +Im | | vAL, vA3, 0
Sy — 8% ACy VAL vA, Ay
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Dividing the first and second block of rows in the above system by v, respectively, we obtain
the system

Sg ACg A, 00
Sgv | €| ACsy | +Im | | AL 500 ], (34)
Sy — S% VACy vA A, A

which is equivalent to (29) for every v € (0, 1], and hence satisfied by S‘(v) forall v € (0, 1].

Let the operator B, : N — S” be defined such that Im(8,) is defined by the second term
on the right-hand side of (34). Using the definitions of .4, and B, and the fact that X (v) and
S) satisfy (33) and (34), respectively, for every v € (0, 1], we conclude that there exists a
function 7 : (0, 1] — %" such that (X (v), S(v), §(v)) satisfies

\)EJ] ACB
AX=Xx=| Ab, |, B+ S —5=|ACs|. (35)
Abs VACy

for every v € (0, 1]. Moreover, using Proposition 4.6 and the fact that {S’ w):ve(,1]}is
bounded, we easily see that {y(v) : v € (0, 1]} is also bounded. We have thus established the
following result.

PROPOSITION 4.7 There exists a curve y : Ry — R™ such that W), Vv), X), Sv),
y(v)) is a solution of (26), (27) and (35) in U x U}, x 8" x 8" x R" for every v €
(0, 1]. Moreover;, the path v € (0, 1] — U W), Vv), Xv), Sv), y(v)) remains bounded as
v approaches 0 and any of its accumulation points is in U} | x U} | x 8" x 8" x \™.

The system formed by (26), (27) and (35) is the one which we will use to establish that the
pathv € (0, 1] — U W), Vv), X(), SO, y(v)) is analytic at v = 0. This will follow by the
analytic version of the implicit function theorem if we can establish that the Jacobian of this
system with v = 0 with respect to (U, V, X, S, 7) is nonsingular as long as (U, V) € Ur, x
L{” The nonsmgulanty of this J acoblan can be easily seen to be equivalent to showing that
(AU AV AX AS Ay) 0,0,0,0,0) e " xU" x " x 8" x N is the only solution
of the following linear system:

—  [Axy AXx —  [AS; AS
AU = S BN 7 e e (36)
0 AXN 0 ASN
AUV + UAV + (AUV + UAV)" =0, 37)
AyAX =0, ByAy+ AS =0. (38)

LEMMA 4.8 Assume that (U, V) e Uy, xUy . Then, the system (36)—(38) has
(AU, AV, AX, AS, Ay) =(0,0,0,0, 0) as its unique solution.

Proof Using the definition of A, and B,, we see that the equations in (38) are, respectively,

A]l 0 0
0 ./422 ./423 ﬂ =0 (39)
0 0 Az
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and
70 0
A, AL, 0 |Ay+AS=0. (40)
0 0 A

We eg§ily see from (39) tfl}gt &7(3 € N(Ajp) and K)?N € N(As3). We also see from (40)
that ASz € Im(A7,) and ASy € Im(Aj;). Hence, we conclude that

E(BOKS‘BZO, S;(NQ&-SNZO.
Further, in view of (36), we obtain that
AUg e AVg =0, AUyeAVy=0. 1)

Using the fact that (U, \7) eUuy, x Uy, and (HJ E/) e U xU", we have AUV +
UAV € U", which together with (37) implies that

AUV +UAV =0.

This equation can be written as

AUgVg + Ug AV = 0, 42)
&TJNVN—FUNH/N:O, (43)
AUpVen + AUy W + U AVgy + Usgn AVy = 0. (44)

By virtue of (0, \7) e Uy, x U}, weknow that UB, 01\/, \73, \7N > 0. Multiplying (42) on the
left by (Ug)~'/? and on the right by (Vz)~'/2, squaring both sides of the resulting expression
and using (41), we conclude that

H(UB)_I/Z@B(VB)I/Z HF =0, “(03)1/2&\‘//3(‘73)_1/2 HF =0

from Wthh it follows that AU B= = AU p = 0. Similarly, using (43) and the fact
AUN . AVN = 0, we have AUN = AUN = 0. Hence, (44) becomes

&/]BN‘;N+0B§/BN=0- 45)
According to (36), we also have
AXp=ASy =0, AXy=ASy=0.

In view of Lemma 4.5, Ay can be accordingly partioned into Ky = (Ay,, Ay, Ay;) €
M x N2 x R, This together with (40) implies that A} Ayl + ASB = 0. Using this identity
and the fact that AS = 0 and Aj, is one-to-one, we obtam that Ayl = 0, which together
with (40) implies that AF:S‘B ~ € Im(A3,). Similarly, we have .Azz(AX gy) = 0. Hence, we
conclude that AXpy e ASpy = 0, which together with (36) implies AUgy @ AVgy = 0.
Using this _identity and (45), and applying the same argument as above, we obtain that
AUpy = AVgy = 0. Again, in view of (36), we have AXgy = ASgy = 0. Hence, we
conclude that
AU =AV=AX=AS=0.

Also, Ky = 0 follows from (38) and the fact that AS =0 and By is one-to-one. |
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_ We are now ready to establish the analyticity of the path v € (0, 1] — W), Vv), X(v),
S), y(v)).

THEOREM 4.9  Let (X*, §*, y*) € F} x F}, be given. There hold:

() the path v e (0,11 = p) = U®W), V(v), X(v), Sv), 5(v)) is analytic at 0;
consequently, p(v) and all its k-th order derivatives, k > 1, converge as v |, 0;

(i1) (U* V* X* S*, ) _hmwo(U(u) V(v) X(l)) S(v) y(v)) is the unique solution of
the system defined by (30), (31) and

0 ACp
AX =X =|Aby |, Boy+ (S —5%=|ACsy (46)
Abs 0

n n n \n'l
ml/l++x2/l++x8 xS x N

(i) (ST, 8V",6X", 85", 8y") =limyyo (U (), V(v), X(v), 8(v), 5(v)) is the unique
solution of the linear system defined by

~  [éxp éx ~ [88s §S
SU = B ~BN LSV = B NBN ’ (47)
0 (SXN 0 3SN

~ o~ o~ o~ ~ o~ " ~N\T
SUV* + U6V + (wv* T U*av)

—[E(U*)V* + ULV + (L@ V* + U*L(V*))T], (48)
Ab, 0
ApdX = —CoX*+ | 0 |.Body+85=-Doy*+| 0 |, 49)
0 ACy
where
0 A A 0 0 0
Co=]0 O 0], Dy=]| O 0 O
0 0 0 AL 0

Proof LetO=U"_ xU", x8" xS" x R" and H(w,v) = HU, V, X, S, 7,v) be the
map defined by system (26), (27) and (35). Indeed, H(w, v) is analytic of w and v. By
Proposmon 4.7, the path pv) = ([](v) V(v) f((v) S'(v) y(v)) has an accumulation point
w* = (U*, V*, X*, §*, y*)in O, which satisfies H (w*, 0) = 0. By Lemma 4.8, it follows that
H (w*, 0) is nonsingular. In view of implicit function theorem, there exists a § > 0 and an
analytical function p(v) = (U (v), V(v), X(v), S(v), (1)) € O defined on (—8, §) such that
H(p(v) v) = Oforevery v € (-4, §) and p(0) = w* - Hence, 1t follows from Lemma 4.4 that
XB(O) X; = U* > 0. Similarly, we have that XN(O) SB 0), SN(O) > 0.Now, forv € (0, §),

let
F) = {(B(V) VXABN(V) S = VASB(V) Vk?BN (v) . (50)
vXnp(v) vXn(V) vSnp(v)  Sn(v)

Using the fact that (28) is equivalent to (33) for v € (0, 1], we see that X (v) satisfies
AX = b for v € (0, 8). Similarly, we have S(v) — S* € Im(A*), which together with the
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fact $* € C 4+ Im(A*), implies S(v) € C + Im(A*). Hence, there exists y(v) € R™ such
that (s(v), y(v)) sat1sﬁes A*y + 8§ = C for v € (0, 8). By virtue of (26), (27) and (50),
we see that (X(v) S(v)) satisfies XS+ SX =2vW for v € (0,6). In view of (50) and
the fact that XB 0), XN 0, SB 0), SN(O) > 0, there exists an € € (0 8) such that X(v) >0
and S(v) > 0 for every v € (0, €). Hence, for every v € (0, €), (X(v) S(v) y(v)) satisfies
(3)-(5). By Proposition 2.1, we have (X(v) S(u) y(v)) = (X(), Sw), y)) for every
v € (0, €). According to (25) and (50), we obtain that X)) = X(v) and S(v) = S(v) for
all v € (0, €). Using (35) and the fact that B, is one-to-one, we have j(v) = y(v) for all
v € (0, €). Hence, we conclude that p(v) = p(v) for all v € (0, €). In term of definition 4.1,
it follows that (i) holds.

Upon letting v | 0 on H(p(v), v) = 0, we easily see that w* satisfies (30), (31) and (46).
The proof of uniqueness follows from the similar argument as above. Indeed, if the sys-
tem H (w, 0) = 0 has another solution w* € U, xUp x 8" x 8" x N". By Lemma 4.8, it
follows that H, (w*, 0) is nonsingular. The implicit function theorem implies that the system
H(w, v) = 0 has a different solution from p(v) in a small neighborhood of v = 0. By the
similar argument as above, then there exists two distinct weighted paths in a small neighbor-
hood of v = 0. It contradicts with Proposition 2.1. Differentiating the 1dent~y Hw(v),v) =, 0
with respect to v and letting v | 0, we conclude that sw = §w* = ((SU SV, 8X",588", 3y )
satisfies

H) (w*, 0)dw = —H(w*, 0).

Statement (iii) now follows from the fact that H, (w*, 0) is nonsingular and the latter system
is equivalent to (47)—(49). |

The proof of Theorem 4.2 is now obvious. Indeed, the analyticity of the map
v — (X(v), S(v)) follows from (25) and the analyticity of v — (X(v), S(v)). The analyt-
icity of v — y(v) follows from the analyticity of v — S(v) and Assumption A.1. The last
statement of the theorem is obvious. o

In the remainder of this paper, we will let (0* \7*, )~(*, S‘* ﬁ*) and (SU*, 5V*, SX*, (SS*,
8y") denote the limits of (T (v), V (v), X (v), S(v), §(v)) and (U (v), V (1), X (v), S(v), ¥(v)),
respectively, as v | 0 (as in Theorem 4.9 above). Observe that Theorem 4.9 provides a char-
acterization of (L7 * \7*, X * S’*, y*) as being the unique solution of a certain system of
equations, which arises by first performing some transformations to the original weighted
central path system, and then setting v = 0 in the resulting system. Hence, it is reasonable
to expect that the linear equations (46) can be entirely described in terms of the original data
(W, A, C, AC, b, Ab). Indeed, the following result gives this alternative description of (46).

THEOREM 4.10 (0*, V¥, X*, S’*) is the unique solution of the system given by (30), (31)
and the linear equations

ot )?BN
Ap(Xp) =b, [Asy Av] ¢ | € ab+Im(Ap), D
N
N 0 *
S ACp A A
- € +Im . 10 eCH+Im| | A5y (52)
Spn ACpy Asn R %
Sy A,

;- n n n n
inUf x UL xSt xS
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Proof From Theorem 4.9(ii), it suffices to show that (46) is equivalent to (51) and (52). Since
the first equation of (46) is the same as (33) with v = 0, we have that the first equation of (46)
holds if and only if

An(Xp) = A (X5),  An(Xsy) + An(Xy) = Aby,  As(Xy) = Abs. (53)

By Lemma 4.5, the first identity in (53) can be written as

Xp X5
(ToA| O |=TA| 0],
0 0

and hence it is equivalent to 4p (Xp) = Ap(X %) = b, in view of relation (32) and the fact
that 7 is an isomorphism. By Lemma 4.5 and the fact that .4, is onto, the second and third
identities in (53) hold if and only if

Xz Ab,
(ToA) | Xpn | = | Aby | = T(2D)
Xy Ab;

for some X5 € S'2!, and hence it is equivalent to Agy (Xzy) + Ay (Xy) € Ab 4+ Im(Ag), in
view of (32) and the fact that T is an isomorphism. We have thus shown that the first equation
of (46) is equivalent to (51).

The fact that the second equation of (46) holds if and only if (52) holds can be proved in a
similar way as above. |

The following result gives an alternative characterization of (57] *, 5V *, 5X *, SA:S'*) involving
the original data (W, A, C, AC, b, Ab).

THEOREM 4.11 (87]*, (ST/*, ﬁ(*, 8’?5‘*) is the unique solution of the linear system of equations
(47), (48) and

5Xp —
[.AB Apn AN] X;N = Ab, [ABN AN] |:8’T;Nj| € Im(Ap), 54)
X N
" S* *
58p A 7 A
~ eIm , S e AC+Im| | A3 . (55)
5Ssy Ay BN oy
58y Ay

Proof From Theorem 4.9(iii), it suffices to show that (49) is equivalent to (54) and (55).
Observe that the first equation of (49) can be written as

A1 (888) + A (Xiy) + Ai(X5) = Aby,
A ($Xpn) + A(8Xy) =0, (56)
As3(5Xy) = 0.

Using Lemma 4.5, the fact that 4, is onto and the identities An(X an) + An(X N) = sz
and As; X v = Abs that hold in view of (46), we easily see that the first and last two equations
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above are respectively equivalent to

58p Ab, Xz 0
(ToA) | Xpy | = Ab2 | =T(A), (T o A) | 6Xpy | =|0],
X,’f, &73 SZ’N 0

for some Xz € S!B!. The latter conditions in turn are equivalent to (54) in view of (32) and
the fact that 7 is an isomorphism.

Using similar arguments as to ones used above, it can be shown that the second equation of
(49) holds if and only if (55) holds. |

5. Error bound analysis

By strengthening some of the results of the previous sections, in this section we derive an
error bound on the distance of a point lying in a certain neighborhood of the central path to
the primal—dual optimal set by means of a standard technique (e.g., see Stoer et al. [42], and
Preif and Stoer [43].

For any given nonempty compact set X C G, and constants y;, y2, T > 0 with y, > yj,
define

g(X’ Sy }’) € TK,

Ny K =3(X,8,y) €S}, xS, xR": XS+ SX ,

ntl < — <ntl

where the map G and the set G, are defined in (7) and (8), respectively.

Observe that the set U, .oN (y1, 2, T, K) forms a neighborhood of the primal—dual central
path. This neighborhood and related ones have once been used in the development of primal—
dual interior point algorithms for SDP. For example, see Kojima ez al. [39].

The following result gives an error bound on the distance of a point lying in A/ (y1, y2, 7, K)
to the primal—dual optimal set 5 x F7j,. Its proof will be given at the end of this section after
we have derived stronger versions of the results of the previous sections.

THEOREM 5.1 Let y» > y > 0and any nonempty compact set C C G be given. Then, there
exists a constant M = M (yy, 2, K) > 0 such that

dist((X, S, y), Fp x Fj) < Mr, (57)
foreveryt € (0,11 and (X, S, y) € N(y1, y2, 7, K).

In view of Proposition 2.1, for each (v, W, AC, Ab) € (0, 1] x 8}, x G, the system
of nonlinear equations (3)—(5) has a unique solution, which in this section we denote by
X, W, AC, Ab), S(v, W, AC, Ab), y(v, W, AC, Ab)) in order to emphasize and study its
dependence on (W, AC, Ab). Moreover, in view of Theorem 4.2, the limit

lig)l(X(v, W, AC, Ab), S(v, W, AC, Ab), y(v, W, AC, Ab)),

denoted by (X (0, W, AC, Ab), S0, W, AC, Ab), y(0, W, AC, Ab)), exists for every
(W, AC, Ab) € S, x G,. Hence, the functions X (-, -,-,-), S(-,-,-,-) and y(-, -, -, ) are
well-defined over the set [0, 1] x Si 4+ X G.++. In an obvious way, we can also define the
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functions X (v, W, AC, Ab), S(v, W, AC, Ab) and 7(v, W, AC, Ab) over the set [0, 1] x
St x Gy

It turns out that the above functions are analytic according to the following definition. We
say that a function f : Q € E — F, where E, F are two finite dimensional normed vector
spaces, is analytic if there exists an open set O C E containing €2 and an analytic function
f : © — F such that f restricted to €2 is equal to f.

THEOREM 5.2 There hold.:

(i) the map (v, W, AC, Ab) € [0,1] xS} x Gy — (X(v, W, AC, Ab), S(v, W, AC,
Ab), y(v, W, AC, Ab)) is analytic;

(ii) the map (v, W, AC, Ab) € [0,1] x S}, x G4y — (X(v, W, AC, Ab), S(v, W, AC,
Ab), y(v, W, AC, Ab)) is analytic.

Proof The proof of the theorem is identical to the proof of Theorem 4.9 and Theorem 4.2,
except that when invoking the implicit function theorem, we should view (v, W, AC, Ab) as
the parameter vector. ]

THEOREM 5.3 Let y, > y; >0 be given. Then, for all (v, W,AC, Ab) € [0, 1] x
Wy, v2) X K, there exists a constant M = M (yy, 2, K) > 0 such that

(X (v, W, AC, Ab), S(v, W, AC, Ab)) — (X (0, W, AC, Ab), S(0, W, AC, Ab))|| < Mv,
where W(y, o) ={W € S" : il < W X pl}.

Proof By the mean value theorem, we have

(X (v, W, AC, Ab), S(v, W, AC, Ab)) — (X (0, W, AC, Ab), S(0, W, AC, Ab))|

< sup [|[(X'(Ov, W, AC, Ab), S'(Ov, W, AC, Ab))||v.
0€[0,1]

By Theorem 5.2(ii) and the fact that W(y1, y2) x K is compact, there exists a constant
M = M(y, K) > 0 such that

I(X'(Ov, W, AC, Ab), S'(Ov, W, AC, Ab))| <M

for all (@,v, W, AC, Ab) € [0, 1] x [0, 1] x W(y1, y2) x K. Hence, the conclusion
follows. | |

The proof of Theorem 5.1 now follows from Assumption A.1 and Theorem 5.3 with
v=rt, W=(XS+SX)/2t, (X,S) =X, W, AC, Ab), S(v, W, AC, Ab)) and the fact
(X0, W, AC, Ab), S(0, W, AC, Ab), y(0, W, AC, Ab)) € F} x F},.

6. Some observation for superlinear convergence
In this section, we will use the error bound derived in Theorem 5.3 to make some observation

for the superlinear convergence of some primal—dual interior point algorithms for SDP using
AHO neighborhood, for example, Kojima et al. [39].
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Potra and Sheng [44] have developed a primal—dual infeasible-interior-point algorithm
which, for some & € (0, 1/2], generates a sequence of iterates {(X*, ¥, y)} € 8", x 8", x
N satisfying

k k_ k_ Tk o
IWE=Tlp s e rh= o) = (58)
for some sequence {1} C N converging to O at least O-linearly, where
k _ k
, = AX" —b,
rk= A+ sk -,
Xk 1/2sk Xk 1/2
i = XSt
Tk
for all k > 0. The derived linear rate of convergence of the sequence {7} is sufficient to
guarantee polynomial convergence of their method under some suitable conditions on the
initial point (X 0, 50 yO). However, some sufficient conditions are needed to guarantee the
Q-superlinear convergence of {t;} to zero. One such condition is the tangential condition
proposed by Kojima et al. [45], namely
lim Wk =1. (59)

k—o00

Another such condition is the one that has been proposed by Potra and Sheng [46], namely
Xk sk

li =
oo T

We remark that Potra and Sheng [46] have shown that the tangential condition (59) implies
their condition (60). Recently, Lu and Monteiro [37] have shown that the condition (60) is
equivalent to a natural condition

0. (60)

lim Wy, = 0.
k—o00
The following result shows that the condition (60) automatically holds when the iterates
{(X*, Sk, y¥)} are in an AHO neighborhood of the central path, namely,
il =< wk <wnl, k= Ero rj = Erg, 61)
70 To
where y» > y; > 0 are given and W* = (X*S* 4 §¥X*)/(21;) for k > 0.

THEOREM 6.1 Assume that the iterates {(X*, S¥, y¥)} € 8", x 8", x R" satisfy (61) for
all k > 0. Then, X*S* = O(z) holds.

Proof We easily see that the set K = {(r2 /7o, rg /T0)} C G.. is nonempty compact. More-
over, we know that for some constants y, > y; > 0, y;I < wk < w I for all £ > 0. Hence,
noting that X*S* + Sk X* = 27, WX, it follows from Theorem 5.2(ii) and 5.3 that

Xk — ol O gk — O() O(my)
O(w) O]’ O(w) o)’
and hence

wist = (O 0@ (0w) 0@ _ (0m) 0w _
O 0w)\ow@ ow)~\ow) om
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Theorem 6.1 implies that a primal—dual interior point algorithm for SDPs using AHO
neighborhood automatically satisfies the condition (60) with no need to perform multiple
centrality steps (e.g., see Luo et al. [30]) between two consecutive standard steps. This indi-
rectly explains why it is more likely to be naturally superlinearly convergent for this type
of algorithm. Actually, Kojima et al. [39], and Lu and Monteiro [47] have shown the local
quadratic convergence for a predictor-corrector infeasible-interior-point algorithm using AHO
neighborhood, which was proposed by Kojima et al. [39] for the monotone semidefinite linear
complementarity problem (which is equivalent to an SDP).

Acknowledgements

The authors are in debt to three anonymous referees for invaluable advice and comments
that have greatly improved this paper. This work was partially supported by NSF Grants
CCR-9902010, CCR-0203113, INT-9910084 and CCF-0430644 and ONR grants N0O0014-
03-1-0401 and N00014-05-1-0183.

References
1

—

Monteiro, R. and Zanjéacomo, P., 2000, General interior-point maps and existence of weighted paths for nonlinear

semidefinite complementarity problems. Mathematics of Operations Research, 25, 381-399.

[2] Preil, M. and Stoer, J., 2004, Analysis of infeasible-interior-point paths arising with semidefinite linear

complementarity problems. Mathematical Programming, 99, 499-520.

Hoffman, A.J., 1952, On approximate solutions of systems of linear inequalities. Journal of Research of the

National Bureau of Standards, 49, 263-265.

[4] Alizadeh, F., Haeberly, J.-P. and Overton, M., 1998, Primal-dual interior-point methods for semidefinite
programming: convergence rates, stability and numerical results. SIAM Journal on Optimization, 8, 746-768.

[5] Adler, 1. and Monteiro, R., 1991, Limiting behavior of the affine scaling continuous trajectories for linear
programming problems. Mathematical Programming, 50, 29-51.

[6] Asic, M.D., Kovacevic-Vujcic, V.V. and Radosavljevic-Nikolic, M.D., 1990, A note on limiting behavior of
the projective and the affine rescaling algorithms. In: Mathematical Developments Arising from Linear Pro-
gramming: Proceedings of a Joint Summer Research Conference held at Bowdoin College, Brunswick, Maine,
USA, June/July 1988, J.C. Lagarias and M.J. Todd (Eds) Vol. 114 of Contemporary Mathematics, American
Mathematical Society, Providence, Rhode Island, USA, 151-157.

[7] Bayer,D.A. and Lagarias, J.C., 1989, The nonlinear geometry of linear programming, Part I: Affine and projective
scaling trajectories. Transactions of the American Mathematical Society, 314, 499-526.

[8] Graiia Drummond, L.M. and Peterzil, H.Y., 2002, The central path in smooth convex semidefinite programs.
Optimization, 51, 207-233.

[9] Giiler, O., 1994, Limiting behavior of the weighted central paths in linear programming. Mathematical
Programming, 65, 347-363.

[10] Halickd, M., 1999, Analytical properties of the central path at the boundary point in linear programming.
Mathematical Programming, 84, 335-355.

[11] Halicka, M., 2001, Two simple proofs of analyticity of the central path in linear programming. Operations
Research Letters, 28, 9-19.

[12] Kojima, M., Mizuno, S. and Noma, T., 1990, Limiting behavior of trajectories by a continuation method for
monotone complementarity problems. Mathematics of Operations Research, 15, 662—675.

[13] McLinden, L., 1980, An analogue of Moreau’s proximation theorem, with application to the nonlinear

complementarity problem. Pacific Journal of Mathematics, 88, 101-161.

McLinden, L., 1980, The complementarity problem for maximal monotone multifunction. In: R. Cottle,

F. Giannessi and J.-L. Lions (Eds) Variational Inequalities and Complementarity Problems (New York: Wiley),

pp- 251-270.

[15] Megiddo, N., 1989, Pathways to the optimal set in linear programming. In: N. Megiddo (Ed) Progress in
Mathematical Programming: Interior Point and Related Methods (New York: Springer Verlag), pp. 131-158.
Identical version in: Proceedings of the 6th Mathematical Programming Symposium of Japan, Nagoya, Japan,
1986, 1-35.

[16] Monteiro, R., 1991, Convergence and boundary behavior of the projective scaling trajectories for linear
programming. Mathematics of Operations Research, 16, 842-858.

[17] Monteiro, R. and Pang, J.-S., 1996, Properties of an interior-point mapping for mixed complementarity problems.
Mathematics of Operations Research, 21, 629-654.

[18] Monteiro, R. and Tsuchiya, T., 1996, Limiting behavior of the derivatives of certain trajectories associated with

a monotone horizontal linear complementarity problem. Mathematics of Operations Research, 21, 793-814.

[3

(14



Downloaded By: [Canadian Research Knowledge Network] At: 21:19 20 August 2007

870

[19]

[20]

[21]
(22]
[23]

[24]

[25]

[26]
(27]
(28]
[29]
[30]
(31]
[32]
[33]
(34]
[35]
[36]
[37]

(38]

(391

[40]

[41]
[42]

[43]
[44]
[45]

[46]

(471

Zhaosong Lu and R. D. C. Monteiro

Monteiro, R. and Zhou, F., 1998, On the existence and convergence of the central path for convex programming
and some duality results. Computational Optimization and Applications, 10, 51-77.

Sporre, G. and Forsgren, A., 2002, Characterization of the limit point of the central path in semidefinite program-
ming. Technical Report TRITA-MAT-2002-OS 12, Department of Mathematics, Royal Institute of Technology,
SE-100 44 Stockholm, Sweden, June 2002.

Stoer, J. and Wechs, M., 1998, Infeasible-interior-point paths for sufficient linear complementarity problems.
Mathematical Programming, 83, 403-423.

Stoer, J. and Wechs, M., 1999, On the analyticity properties of infeasible-interior point paths for monotone
linear complementarity problems. Numerical Mathematics, 81, 631-645.

Wechs, M., 1998, The analyticity of interior-point-paths at strictly complementary solutions of linear programs.
Optimization Methods and Software, 9, 209-243.

Witzgall, C., Boggs, P.T. and Domich, P.D., 1990, On the convergence behavior of trajectories for linear pro-
gramming. In: Mathematical Developments Arising from Linear Programming: Proceedings of a Joint Summer
Research Conference held at Bowdoin College, Brunswick, Maine, USA, June/July 1988, J.C. Lagarias and
M.J. Todd (Eds), vol. 114 of Contemporary Mathematics, American Mathematical Society, Providence, Rhode
Island, USA, 161-187.

Kojima, M., Megiddo, N., Noma T. and Yoshise, A., 1991, A unified approach to interior point algorithms for
linear complementarity problems. Vol. 538 of Lecture Notes in Computer Science (Berlin, Germany: Springer
Verlag).

Kojima, M., Shindoh, S. and Hara, S., 1997, Interior-point methods for the monotone semidefinite linear
complementarity problem in symmetric matrices. SIAM Journal on Optimization, 7, 86—125.

Milnor, J., 1968, Singular points of complex hypersurfaces. Annals of Mathematical studies, Princeton University
Press, Princeton, NJ, USA.

Halickd, M., de Klerk, E. and Roos, C., 2002, On the convergence of the central path in semidefinite optimization.
SIAM Journal on Optimization, 12, 1090-1099.

de Klerk, E., Roos, C. and Terlaky, T., 1998, Infeasible-start semidefinite programming algorithms via self-dual
embeddings. Fields Institute Communications, 18, 215-236.

Luo, Z.-Q., Sturm, J.F. and Zhang, S., 1998, Superlinear convergence of a symmetric primal—dual path-following
algorithm for semidefinite programming. SIAM Journal on Optimization, 8, 59-81.

Halickd, M., 2002, Analyticity of the central path at the boundary point in semidefinite programming. European
Journal of Operational Research, 143, 311-324.

de Klerk, E., Roos, C. and Terlaky, T., 1997, Initialization in semidefinite programming via a self-dual,skew-
symmetric embedding. Operations Research Letters, 20, 213-221.

Goldfarb, D. and Scheinberg, K., 1998, Interior point trajectories in semidefinite programming. SIAM Journal
on Optimization, 8, 871-886.

Halickd, M., de Klerk, E. and Roos, C., 2005, Limiting behavior of the central path in semidefinite optimization.
Optimization Methods and Software, 20, 99-113.

da Cruz Neto, J., Ferreira, O. and Monteiro, R., 2005, Asymptotic behavior of the central path for a special class
of degenerate SDP problems. Mathematical Programming, 103, 487-514.

Monteiro, R. and Pang, J.-S., 1998, On two interior-point mappings for nonlinear semidefinite complementarity
problems. Mathematics of Operations Research, 23, 39—60.

Lu, Z. and Monteiro, R., 2004, Error bounds and limiting behavior of weighted paths associated with the SDP
map X28XY2 SIAM Journal on Optimization, 15, 348-374.

Sim, C.-K. and Zhao, G., 2004, Underlying paths in interior point method for monotone semidefinite linear
complementarity problem. Working paper, Department of Mathematics, National University of Singapore,
Singapore 117543. Revised: November 2005.

Kojima, M., Shida, M. and Shindoh, S., 1999, A predictor-corrector interior-point algorithm for the semidefinite
linear complementarity problem using the Alizadeh—Haeberly—Overton search direction. SIAM Journal on
Optimization, 9, 444-465.

Monteiro, R., 1997, Primal-dual path following algorithms for semidefinite programming. SIAM Journal on
Optimization, 7, 663—678.

Wright, S., 1997, Primal—dual interior-point methods. SIAM, Philadelphia, PA, USA.

Stoer, J. and Wechs, M. and Mizuno, S., 1998, Higher order infeasible-interior-point methods for solving
sufficient linear complementarity problems. Mathematics of Operations Research, 23, 832-862.

Preifl, M. and Stoer, J., 2003, High-order long-step method for solving semidefinite linear complementarity
problem. Control and Cybernetics, 32, 659-670.

Potra F.A. and Sheng, R., 1998, A superlinearly convergent primal-dual infeasible-interior-point algorithm for
semidefinite programming. SIAM Journal on Optimization, 8, 1007-1028.

Kojima, M., Shida, M. and Shindoh, S., 1998, Local convergence of predictor-corrector infeasible-interior-point
algorithms for SDPs and SDLCPs. Mathematical Programming, 80, 129-160.

Potra F.A. and Sheng, R., 1996, Superlinear convergence of interior-point algorithms for semidefinite program-
ming. Reports on Computational Mathematics 86, Department of Mathematics, The University of Iowa, Iowa
City, Iowa, April 1996.

Lu, Z. and Monteiro, R., 2005, A note on the local convergence of predictor-corrector interior-point algorithm
for the semidefinite linear complementarity problem using the Alizadeh—Haeberly—Overton search direction.
SIAM Journal on Optimization, 15, 1147-1154.





