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Abstract

In this paper, we study a gradient based method for general cone programming (CP)
problems. In particular, we first consider four natural primal-dual convex smooth mini-
mization reformulations for them, and then discuss a variant of Nesterov’s smooth (VNS)
method recently proposed by Auslender and Teboulle [1] for solving these reformula-
tions. The associated worst-case major arithmetic operations costs of the VNS method
for them are estimated and compared. We show that for a class of CP problems, the
VNS method based on the last reformulation generally outperforms that applied to the
others. Finally, we discuss the application of the VNS method [1] to some large-scale CP
problems arising in compressed sensing, which are highly challenging to simplex and/or
interior point (IP) methods. The performance of this method is compared with the IP
method [5] that is specially implemented for these problems. Our computational results
demonstrate that for these CP problems, the VNS method [1] applied to the mostly
suitable reformulation mentioned above substantially outperforms the IP method [5].

Keywords: Cone programming, variant of Nesterov’s smooth method, compressed sens-
ing
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1 Introduction

In [26, 27], Nesterov proposed an optimal algorithm for solving convex programming problems
of the form

f=inf{f(u):uecU}, (1)
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where f is a convex function with Lipschitz continuous gradient and i/ is a sufficiently simple
closed convex set. It is shown that his method has O(y/L/¢) iteration-complexity bound,
where L is the Lipschitz constant for the gradient of f and € > 0 is the absolute precision
of the final objective function value. In his method, each iterate needs to solve two proximal
subproblems or one proximal subproblem plus one projection subproblem. Recently, Auslender
and Teboulle [1] proposed a variant of Nesterov’s smooth (VNS) method that has the same
complexity as Nesterov’s smooth method [26, 27], but it requires solving only one proximal
subproblem per iteration. More recently, Tseng [31] extended the VNS method [1] to a broader
class of convex optimization problems.

Lan et al. [23] recently studied first-order methods for general CP problems. In particular,
they proposed a class of primal-dual convex (smooth and/or nonsmooth) minimization refor-
mulations for them, and discussed suitable first-order methods for solving these reformulations
such as Nesterov’s optimal method [26, 27], Nesterov’s smooth approximation scheme [27],
Nemirovski’s prox-method [25] and a variant of Nesterov’s optimal method [23]. They also
provided iteration-complexity bounds for these first-order methods when applied to the afore-
mentioned reformulations of CP problems. Nevertheless, it is not clear which reformulation is
mostly suitable for these methods since the performance of first-order methods generally vary
with the different reformulations.

In this paper we study the VNS method [1] for general cone programming (CP) prob-
lems. In particular, we first consider four natural primal-dual convex smooth minimization
reformulations (11)-(14) for them, and then discuss the VNS method [1] for solving these re-
formulations. The associated worst-case major arithmetic operations costs of the VNS method
for them are established and compared. We show that for a class of CP problems, the VNS
method based on reformulation (14) generally outperforms that applied to the others, namely,
(11)-(13). Finally, we discuss the application of the VNS method [1] to some large-scale CP
problems arising in compressed sensing, which are highly challenging to simplex and/or inte-
rior point (IP) methods. The performance of this method is compared with the IP method
[5] that is specially implemented for these problems. Our computational results demonstrate
that for these CP problems, the VNS method [1] applied to the mostly suitable reformulation
mentioned above substantially outperforms the IP method [5].

The rest of paper is organized as follows. In Section 2, we introduce four natural primal-
dual convex smooth minimization reformulations for cone programming problems. In Section
3, we discuss the VNS method for solving these reformulations. In Section 4, we discuss
the application of the VNS method to some large-scale CP problems arising in compressed
sensing. In Section 5, the performance of the VNS method is compared with the IP method
[5] on a set of randomly generated compressed sensing instances. Finally, we present some
concluding remarks in Section 6.

1.1 Notation

The following notation is used throughout our paper. All vector spaces given in this paper
are assumed to be finite dimensional. The symbol " denotes the n-dimensional Euclidean



space. The 1-norm, Euclidean norm and infinity-norm in £" are denoted by || - ||, || - ||> and
| - |loo, respectively. We denote by 1 the vector of all ones whose dimension should be clear
from the context. Given a sequence of vectors 2 € R™ for i = 1,...,m, let (x';---;2™)
denote the vector in R" with n = 37" n; obtained by stacking the vectors z* one by one for
i=1,...,m. We denote n-dimensional quadratic (or second-order) cone by Q", that is,

Q":{xeﬁfﬁ":xlzwxg—l—...—l—x%}.

The space of all m x n matrices with real entries is denoted by R™*™. We denote by [
the identity matrix whose size should be clear from the context. Given any X € R™*" we
denote its operator norm by || X, i.e., || X|l2 = max{||Xul]s : |Jull]s < 1}. We define the
condition number of a real nonsingular matrix X as x(X) = || X|2||X !||z. Given an n x n
real symmetric matrix X, let \;(X) denote its ith largest eigenvalue for i = 1,...,n, and
Amin(X) (resp., Amax(X)) denote its minimal (resp., maximal) eigenvalue.

Given a real Hilbert space U, we denote its inner product by (-,-)y, which gives rise to
the inner product norm || - || on U, that is, || - ||v = v/(-,-)v. If V denotes another Hilbert
space, and £ : U — V is a linear operator, the adjoint of £ is the linear operator £* : V — U
defined by

(Ev,u)yy = (Eu,v)y,, YuelU veV

With a slight abuse of notation, we sometimes write £ and £* as their representation matrices
with respect to some natural (standard) basis. Further, the operator norm of £ is defined as

€]} = max{f|Eully : flullo <1} (2)
Also, if £ is invertible, its condition number is defined as
R(E) = [IENNIEI. (3)

In addition, for an operator £, Im(£) denotes its range space.

Let U be a normed vector space whose norm is denoted by || - ||. The dual space of U,
denoted by U*, is the normed vector space consisting of all linear functionals of u* : U — R,
endowed with the dual norm || - ||* defined as

)" = max{u”(u) : Jlull <1}, Vu® € U, (4)

A function f: Q C U — R is said to be L-Lipschitz-differentiable with respect to || - || if it is
differentiable and
1/ () = f(@" < Llju— @l Vu,a € Q.

Given a closed convex set C C U and an arbitrary norm || - || on U, let d¢ : U — R denote the
distance function for C measured in terms of || - ||, namely,
de(u) == i~n£ |u—all, Vuel. (5)
ue



2 Reformulations of cone programming

In [23], a class of primal-dual convex minimization reformulations for cone programming (CP)
problems were proposed. In this section, we consider four natural reformulations among them.

Assume X and Y are two real Hilbert spaces. Given a linear operator A: X — Y, ce X
and b € Y and a closed convex cone £ C X, consider the CP problem

min (¢, x)x
st. Ax=0b, z€L,

(6)

and its associated dual problem

max (b,
) (0, y)y (7)
st. A'yw+s=c¢, seL’

where £* := {s € X : (s,z)x > 0, Vo € L} is the dual cone of L. We make the following
assumption throughout the paper.

Assumption 1 The pair of CP problems (6) and (7) have optimal solutions and their asso-
ciated duality gap is zero.

In view of the above assumption, a primal-dual optimal solution of (6) and (7) can be
found by solving the following constrained system of linear equations:

Axr—b = 0,
Ay+s—c = 0, (x,8,y)€LxLXY. (8)
<C7 x>X - <b7 y>Y = 07

The primal-dual system (8) is a special case of the cone linear system (CLS) described as
follows. Let U and V' denote two real Hilbert spaces. Given a linear operator £ : U — V, a
vector e € V', and a closed convex cone K C U, the general CLS consists of finding a vector
u such that

Eu—e=0, uelk. 9)

Indeed, (8) can be viewed as a special case of (9) by letting U = X x X xY |, V=Y x X xR,

A 0 0 T
K=LxL'xY, &= 07 A |, wu=|s |, and e=| ¢ |,
c 0 —=b Yy 0

where Z denotes the identity operator.

Henceforth, we will consider the more general problem (9), for which we assume a solution
exists. Our approach to solving this problem will be to reformulate it as a smooth convex
minimization problem.



Let M be the linear manifold defined as
M={uelU:Eu—e=0} (10)

Let di(-) and da(+) denote the distance functions for K and M measured in terms of the
norm || - ||, respectively. We easily see that problem (9) can be reformulated as the following
minimization problems:

(u) = [|Eu —elly + u e}, (11)
min{ fo(u) := (du(w))* + (dic(u)* : v € U}, (12)
min{fs(u) := (du(u))®: u €K}, (13)
(u) = (dic(u))* : ue€ M} (14)

min{ fi (u

min{ f4(u 14

We next show that the objective functions of problems (11)-(14) are convex differentiable
and their gradients are Lipschitz continuous, and hence (11)-(14) are smooth convex mini-
mization reformulations of problem (9).

Proposition 1 The functions fi(u), fa(u), f3(u) and fi(u) are conver and 2||E]?, 4, 2, 2-
Lipschitz differentiable with respect to the norm || - ||y, respectively, where ||E]| is defined in

(2).

Proof. The conclusion immediately follows from Propositions 1 and 15 of [23]. ]

We shall remark that (11)-(14) are special cases of a class of smooth convex minimization
reformulations proposed in [23] for problem (9). In particular, (11) has been well studied in
[23], and Nemirovski’s prox-method [25], Nesterov’s smooth method [26, 27] and its variant
23] were applied to solve it. In addition, (12) has been recently studied in Jarre and Rendl
[21], where nonlinear conjugate gradient methods were applied to solve it.

In this paper, we discuss the VNS method [1] for solving CP problems (6) and (7) based

n (11)-(14), and estimate the associated worst-case major arithmetic operation costs for
them. We show that for a broad class of CP problems including Lovész capacity [24], the
semidefinite programming relaxation of MAXCUT [18] and those arising in compressed sensing
(30, 12, 5, 6, 7, 8, 10, 11, 9], it is computationally cheaper to solve them by applying the VNS
method [1] to (14) than (11)-(13).

3 A variant of Nesterov’s smooth method
In this section, we review a variant Nesterov’s smooth (VNS) method recently proposed by

Auslender and Teboulle [1] for solving a class of smooth convex programming problems. We
also discuss its convergence results when applied to problems (11)-(14).



Let U be a normed vector space with the norm denoted by || - ||, and let & C U be a closed
convex set. Assume that f : U — R is a differentiable convex function such that for some
L>0,

IV f(u) = V@] < Llju—al, Vudel. (15)

Our problem of interest in this section is the convex programming problem (1).

We assume throughout our discussion that the optimal value f* of problem (1) is finite
and that its set of optimal solutions is nonempty. Let hy : U — R be a differentiable strongly
convex function with modulus ¢, > 0 with respect to || - ||v, i.e.,

hu(w) > hu (@) + (Vho (@), u — @) + S —al]%, V@ U. (16)
The Bregman distance dj,, : U x U — R associated with hy is defined as
dhy (u; @) = hy(u) — by, (us @), Vu,u €U, (17)
where [, : U x U — R is the “linear approximation” of hy defined as
lhy (w; @) = hy(a) + (Vhy(a),u — @), Y(u,u) € U xU.

We are now ready to state the VNS method proposed by Auslender and Teboulle [1] for
solving (1).

Variant of Nesterov’s Smooth (VINS) Method:
0) Let up = tp € U be given and set k = 0.
1) Set uy = k—_ﬂﬂk + ki-ﬂak and compute f(uy) and V f(ug).

2) Compute (tgi1, k1) €U X U as

k+2 L
Upy1 = argmin {%lf(u; ug) + — dp, (u;ag) tu € L{} : (18)
. 2 k.
Uk11 ]{J——I—2Uk+1 + k—+2uk (19)

3) Set k «— k+ 1 and go to step 1.

end

The main convergence result established by Auslender and Teboulle [1] regarding the above
algorithm is summarized in the following theorem (see also Tseng [31]).

Theorem 2 The sequence {u} generated by the above variant of Nesterov’s algorithm satis-
fies
Vk > 1, (20)

where u* is an optimal solution of (1).



We observe the above VNS method requires solving only one proximal subproblem per
iteration, but Nesterov’s smooth algorithm [27] needs to solve two proximal subproblems
or one projection subproblem plus one proximal subproblem per iteration. Also, the above
algorithm shares the same worst-case iteration complexity with Nesterov’s smooth algorithm
[27]. Therefore, the VNS method [1] is generally more computationally efficient.

The following results are immediate consequences of Theorem 2 regarding the behavior of
the VNS method applied to (11)-(14) for solving the general CLS (9).

Corollary 3 Let {uy} be the sequence generated by the VNS method applied to (11). Given
any € > 0, an iterate uy, € IC satisfying ||Eay, — e||y < € can be found in no more than

2V2|E [ dn, (u; tio)
€

Oy

iterations, where u* is a solution of (9) and ||&|| is defined in (2).

Proof. Note that f(u) = ||Eu—el|? for all u € K, f* = 0, and that any solution u* of (9) is
also an optimal solution of (11). Further, in view of Proposition 1, we know that the function
[ is 2||€]]*-Lipschitz-differentiable with respect to || - ||. Using these facts and Theorem 2,

we see that ) B
BIIEN* dpy, (u”; i)

oy (k+1)2 7

The corollary then follows immediately from the above relation. [

€t — ellf < vk > 1.

We can similarly show that the following three results hold.

Corollary 4 Let {u} be the sequence generated by the VNS method applied to (12). Given
any € > 0, an iterate Gy, € U satisfying \/(dp(ix))? + (dc(ix))? < € can be found in no more

than
4 [ dp, (u*; o)
€ Ou

iterations, where u* is a solution of (9).

Corollary 5 Let {u} be the sequence generated by the VNS method applied to (13). Given
any € > 0, an iterate uy, € KC satisfying da(tux) < € can be found in no more than

2v2 [ dp, (u*; i)

€ Ou

iterations, where u* is a solution of (9).



Corollary 6 Let {u} be the sequence generated by the VNS method applied to (14). Given
any € > 0, an iterate uy, € M satisfying dic(ux) < € can be found in no more than

202 [ dp,, (u*; 1)

€ Oy

iterations, where u* is a solution of (9).

From Corollaries 3-6, we see that the e-optimal solutions 4, obtained by the VNS method
for (11)-(14) satisfy

we U, V(du(u)?+ (d(w)? <, (21)

and hence, with respect to this termination criterion, they are also e-optimal solutions of (9).
However, we shall notice that the worst-case iteration complexity of the VNS method when
applied to (11)-(14) can differ from each other. In next section, we will discuss which one
of (11)-(14) is mostly suitable for the VNS method [1] to solve (9) in the context of cone
programming.

4 Variant of Nesterov’s smooth method for cone pro-
gramming

In this section, we discuss the variant of Nesterov’s smooth (VNS) method [1] described in
Section 3 for solving cone programming (CP) problems (6) and (7). In particular, the worst-
case major arithmetic operations costs of the VNS method when applied to (11)-(14) in the
context of CP are estimated and compared.

Throughout this section, we focus on the VNS method for solving CP problems (6) and
(7), or equivalently, a special class of CLS (9) with U= X x X XY, V=Y x X xR,

A 0 0 T b
K=LxL'xY, &= 0 T A |, wu=|s |, and e= | ¢ |. (22)
c 0 —=b Yy 0
The norms || - || and || - ||y on the vector spaces U and V' are specialized as follows:
lully = \/Ilux||§< FlluslX + lluylly, Vo= (ues usiuy) €U, (23)
lollv = \/II%H% + Jvallx + 03, Vv = (vp;0a;05) €V, (24)

and the strongly convex function hy(-) for the VNS method is chosen as

1
ho(w) = sllelly, Yuel. (25)

8



Given a closed set C' C U, let Il : U — C be the projection map with respect to the
norm || - ||¢, that is,

llo(u) = argmin{||lu — ||y : we€ C}, Yuel. (26)

We adopt the same convention as in Golub and Van Loan [19] for counting flops, that is,
a flop is a floating point operation (e.g., the inner product of two n-vectors involves 2n flops).

Definition 1 For any map £ : Z — W between two sets Z and W, and for each z € Z, we
denote by fps(£(2)) the number of flops required to compute £(z) € W. Moreover, we define

fps(§) = sup{fps(£(2)) : z € 2}

We clearly see that fps(A), fps(A*), fps(b) and fps(c) are finite. In general, fps(.A) and
fps(A*) are much larger than fps(b) and fps(c). Therefore for simplicity, we do not count
fps(b) and fps(c) in any worst-case major arithmetic operations cost given in this section.

The worst-case major arithmetic operations costs of the VNS method when applied to
(11)-(14) in the context of CP are estimated as follows.

Theorem 7 Let M, € and K be defined in (10) and (22), respectively. The worst-case major
arithmetic operations costs of the VNS method when applied to (11)-(14) for finding an e-
optimal solution of CP problems (6) and (7) based on the termination criterion (21) are

G0 = [(ps(A) + Eps(A%) + Eos(ILc) {m”g” - %M o
(o) = (i) + st [0 ] 29
G0 = [ + s | 220 =l | (29
e = (sl + it | 2/ = 8l ], (30

respectively, where u* is an optimal solution of CP problems (6) and (7), and @} € K, i3 € U,
a3 € K and aj € M are the initial points for the VNS method for (11)-(14), respectively.

Proof. In view of (11)-(14), (5), (26) and Proposition 15 of [23], we have

Vi(u) =28 (Eu —e), V fa(u) = 2(2u — () — Tic(u)),
Vis(u) =2(u —Tam(u),  Vii(u) = 2(u — g (u)).

Using (25) and the first relation above, we see that when applied to (11) for solving CP
problems (6) and (7), the worst-case major arithmetic operations cost per iteration of the

9



VNS method includes: 2(fps(.A) + fps(.A*)) for computing V fi(+) in step 1); and fps(Ilx) for
solving the proximal subproblem in step 2) with hy(-) given in (25). Together with Corollary
3, we see that the worst-case major arithmetic operations cost of the VNS method when
applied to (11) for finding an e-optimal solution of CP problems (6) and (7) is given by (27).
Similarly, we can show the remaining conclusions hold. [

As observed in our computational experiment, the actual number of iterations performed
by the VNS method is generally proportional to its worst-case iteration complexity given in
Theorem 2. Thus, the worst-case major arithmetic operations costs estimated in Theorem
7 can be used to compare the performance of the VNS method when applied to (11)-(14).
In order to compare Ci(€), Co(€), C3(e) and Cy(€), we assume throughout this section that
ay = uy = Hx(ad) and a5 = Iy (ag) for some @3 € U. These together with u* € KX N M
immediately imply that

lw* —dgllo < v =gl = v —dlle < [lu* =gl
In view of this relation, (28) and (29), we conclude that C4(e) < Cs(e) < Cai(e), and hence it
is more efficient to solve (14) than (12) and (13) by the VNS method for finding an e-optimal
solution of CP problems (6) and (7) based on the termination criterion (21).

In the rest of this section, our goal is to compare C4(€) with C;(€). Before proceeding, we
make another assumption throughout this section regarding CP problems (6) and (7).

Assumption 2 Im(A) =Y and b # 0.

The assumption Im(.A) = Y is quite standard, which has often been imposed in the
literature. Also, the assumption b # 0 is fairly mild. Indeed, for the case where b = 0, the CP
problems (6) and (7) become trivial, and their solutions can be obtained straightforwardly.

We now establish some useful properties for the operators AA* and £E*.

Proposition 8 Let € be defined in (22). Under Assumption 2, the following statements hold:
i) The operator AA* is invertible;

ii) The operator EE* is invertible, and moreover,

(€)™ = H*GH, (31)
where
A 0 0
H = 0 T 0 |, (32)
—cA*(AA)™Y DA(T + A*A) T
(AA)! 0 0
G = 0 (T+AA) 0 |, (33)
0 0 1
£ = o +bb* — cA (AA) T A — bA(I + A* A) T A (34)

10



Proof. Let y € Y be such that AA*y = 0. Then we have
A% = (A"y. Ay)x = (y, AAY)y =0,
and hence A*y = 0. It leads to
(Az, y)y = (z, A'y)x =0, VrelX,

which together with the assumption Im(.A4) = Y, implies that (y, y)y = 0, and hence y = 0.
It follows that AA* is injective. Now let {3'}™, be a basis for the space Y. As shown above,
AA*(ST agy') = 0 for some {a; 1, yields Y7 oy’ = 0. The latter relation implies a; = 0
for i = 1,...,m. Thus, we immediately see that {AA*y'}™, is linearly independent, and
{AA*y'}™ | is a basis for Y, which leads to AA*Y =Y, and hence AA* is surjective. The
statement 1) immediately follows.

In view of the definition of £ (see (22)), we obtain that

Au;p u(E
Eu=1| us+ A, |, Yu=| us eU.
cug — bu, Uy

The above relation together with Assumption 2 immediately implies that Im(£) = V. Using
this result and following a similar proof as in statement i), we conclude that E£* is invertible.
Further, we see from (22) that

A 0 ¢ AA* 0 Ac*
E = 0 Z 0 ., EE = 0 ZT+A*A —A*
0 A b cA* —bA cc* + bb*

In view of this relation and (32), it is easy to verify that

AA* 0 0
HEEH = 0 T+44 0 |. (35)
0 0 ¢

Noticing that H, H* and EE* are invertible, we conclude from (35) that £! exists. By taking
inverse on both sides of (35), we immediately see that (31) holds. ]

In order to compare Cy(€) with C;(e€), it is clear from (27) and (30) that we need to relate
fps(ITyg) with fps(A) and fps(.A*). We next aim to build a relation between them.
In view of (26), (10) and (23), we can easily show that

Ma(u) = u+ EX(EE*) e — Eu),
which together with the definition of £ implies that

fps(Ilp) ~ 2 (fps(A) + fps(A*)) + fps((EE*) 7). (36)

11



We now need to estimate fps((£€*)™!). First, we note from (34) that £ only depends on A, b,
¢ and their adjoint operators, and thus it needs to be computed only once. The major work
for obtaining & is to compute:

7= (AA) YA, 6= (T + AT A) LAY, (37)
A*1 and AJd. We see that the major arithmetic operations cost for computing &, 7 and ¢ is
2 (fps(A) + fps(A*)) + fps((AA*) ™) + fps((T + A*A) 7).

From now on, we assume that &, 7 and ¢ are computed beforehand as above. We are now
ready to estimate fps((£E€*)71) as follows.

Lemma 9 The following holds:
fps((E€*)™Y) = fps(A) + fps(A*) + fps((AA*) 1) + fps((Z + A*A) 7). (38)

Proof. In view of (31), we see that for any v = (vp;v4;0v,) € V, 2 = (£€*) v can be
computed according to the following steps: 1) compute h = Hv; 2) compute w = Gh; and 3)
compute z = H*w. We now analyze the main computation for them in details. For step 1),
using (32) and the relation h = Hv, we obtain h = (v,; vg; h,), where

ho = —cA* (AA*) v, + BAT + A*A) lvg + v,
We clearly see that the main computation for step 1) is to compute:
0:=(AAY) o, V= (T + A*A) Moy, (39)
A*o and AY. Hence, the worst-case major arithmetic operations cost for step 1) is
fps(A) + fps(A*) + fps((AA*) 1) + fps((T + A*A) 7).

For step 2), using (33), (39) and the relations h = (v,;v4; hy) and w = Gh, we obtain w =
(wp; wa; w,), where

wy, = (AA*)_lvp =0, wg=(T+ A*.A)_lvd =19, w,=E"h,.

Since o, ¥ and h, are computed in step 1), w is readily available, and so there is almost no
computational cost for step 2). Finally, for step 3), using (32), (37) and the relation z = H*w,
we obtain z = (2,; z4; w, ), where

z = w,— (AA) T A w, = w, — Tw,,

zg = wg+ (T+ A A)TAV W, = wq + dw,.
Noticing that w,, wg and w, are obtained in step 2), there is almost no computational cost

for step 3). Summing up the computational costs for steps 1)-3), we immediately see the
conclusion holds. [

The following result provides an estimate of fps((Z + A*A)™!).

12



Lemma 10 The following holds:
fps((Z + A*A)™1) ~ fps(A) + fps(A*) + fps((T + AA*) ). (40)

Proof. By applying Sherman-Morrison-Woodbury formula in the context of operators, we
have

ZT+AA) =T - A(T+AA") A,

which immediately leads to the conclusion. [

In view of (36), (38) and (40), we now obtain an estimate of fps(Ily) in terms of A and
A* as follows.

Lemma 11 The following holds:
fps(Ilp) ~ 4(fps(A) + fps(A*)) + fps((AA*) 1) + fps((Z + AA") ). (41)

Using (30) and (41), we finally obtain an estimate of C4(€) as follows.
Theorem 12 Let Cy(€) be defined in (30). We have

Ca(€) ~ [A(fps(A) + Eps(A)) + fos((AA) ) + fps((T + AA") ™)+ ps(TTc) {2@'“* - ﬂg”ﬂ

€
(42)
for some g € M.

We now compare Ci(€) and Cy(e) that are given in (27) and (42), respectively. First, we
recall from the above assumption that @y = [Ty (%}), and hence ||u* — 43|y < |[u* — @llv-
Also, we obtain from the definition of £ (see (22)) that ||£|| > 1, and moreover, in view of
(23) and (24), we have

(/A 0 0 . .
I€]] = max 0 7 A s : s <1y,
L c 0 —=b Y v Y U
(|| / A 0 0 .
< max 0 |z + T |s|| + A*y:(s) <13,
L c v 0 v —b v U
X
= max { /A2l + (e )k + sl + A% + (b3 (|| s ||| <1p.
Y7y
xXr
< max { VA + [ llzllx + lslx + VIATE+ B lglly = ||| s ||| <1,
Y U
< VAP + el + 1+ A2 + o]
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Thus, we see that ||€]| can be as large as the quantity given on the right-hand side of the above
inequality, which can be much larger than 1. Based on the above discussion, we conclude
from (27) and (42) that C4(€) can be much less than Cy(¢) provided that fps((AA*)~!) and
fps((Z + AA*)~1) are comparable to fps(.A) + fps(A*). Roughly speaking, fps((AA*)~1) and
fps((Z + AA*)~1) are the arithmetic operations cost for solving linear systems:

AAv =h, (T+AAw=h (43)

for any h € Y, respectively. We now look into two cases where fps((AA*)~!) and fps((Z +
AA*)™1) are O(fps(A) + fps(A¥)).

1) k(AA") is small. Noting that x(Z+ AA*) < k(AA*), so k(Z +.AA") is also small. Then
the number of iterations performed by the conjugate gradient (CG) method for solving
linear systems (43) is also relatively small. Moreover, we easily see that the arithmetic
operations cost of CG method per iteration is O(fps(.A) + fps(.A*)). Therefore, in this
case, fps((AA*)™1) and fps((Z + AA*)~1) are O(fps(.A) + fps(A*)) when CG method is
applied to solve linear systems (43).

2) AA* is a diagonal operator. In this case, linear systems (43) can be trivially solved, and
fps((AA*)™1) and fps((Z + AA*)~1) are even much less than fps(A) + fps(.A*).

Based on the above discussion, we have the following main conclusion.

Proposition 13 When fps((AA*)™1) and fps((Z+AA*)1) are comparable to fps(A)+fps(A*),
it can be much more efficient to solve (14) than (11)-(13) by the VNS method for finding an
e-optimal solution of CP problems (6) and (7) based on the termination criterion (21). Espe-
cially, when AA* is a block diagonal operator in which each diagonal block is either a diagonal
operator or an operator with a small conditional number, fps((AA*)™1) and fps((Z + AA*)71)
are comparable to fps(A) + fps(A*).

We remark that there are some important CP problems from application for which fps((AA*)™1)
and fps((Z + AA*)~1) are comparable to fps(A) + fps(A*). For example, for Lovdsz capacity
[24], the semidefinite programming relaxation of MAXCUT [18], AA* is a diagonal operator.

In next section, we will see that several CP problems arising in compressed sensing also fall
into the aforementioned category.

5 Application to compressed sensing

In this section, we discuss the application of the VNS method [1] described in Section 3 to
several important problems arising in compressed sensing.
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5.1 Problems arising in compressed sensing

In this subsection, we describe several important problems arising in compressed sensing that
are of our interest.

One of the central problems in compressed sensing is how to decode a large sparse signal
using a relatively small number of linear measurements or observations. Given the data
consisting of the matrix A € R"™*" and the vector b, and a nonnegative parameter A, the
following models except the last one were recently proposed in the literature [6, 7, 8, 10, 11,
9, 30, 12] for recovering signal from highly incomplete information. We name them similarly
as in [5, 30, 12].

1. Min-{; bounded residual correlation:

min{]jz]; : AT (Az — b)]l < A}. (44)

2. Min-[/; with equality constraints:

min{||z] : Az = b}. (45)

3. Minimum [; error approximation:

mxinHATx—le. (46)
4. Min-[; with quadratic constraints:
min||z([; + [[Az —bllz < A}, (47)
5. LASSO: .
min {314z vl el <2 (18)
6. Basis pursuit de-noising;:
min Azl + | Az — b]}3 (19)
7. LASSO Lagrangian relaxation:
min Azl + [[Az = bl|,. (50)

We now provide a brief interpretation for the above models. For the details, see [5, 30, 12]
and the references therein. The first model, also referred to as the Dantzig Selector, was
proposed by Candes and Tao [11], which provides a sparse vector x* such that the residual
Ax* — Db is not too correlated with any of the columns of A. The second model, also known as
basis pursuit, was studied in [7, 10, 12]. Candes et al. [7] and Candes and Tao [10] show that
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if there exist a sufficiently sparse x* such that Az* = b, then model (45) will find it. The third
model arises in the context of channel coding (see Candes and Tao [9]), which provides a vector
x* € R™ such that the difference between A”z* and b is sparse. The fourth model was studied
in Candes et al. [8], which finds a sparse vector for closely explaining the observations. The
fifth model, often referred to as Least Absolute Shrinkage and Selection Operator (LASSO),
was proposed by Tibshirani [30], and the sixth model was studied in Chen et al. [12]. The
motivation of the last three models is similar to that of the fourth model. It is not hard to
observe that the last four models are equivalent to each other in the sense that a solution of
one model is also that of another one for some parameter A, and vice versa.

For the above models, the data matrix A is usually either a Gaussian random matrix (that
is, its elements are independently drawn from the standard normal distribution) or has all
rows randomly chosen from an orthonormal matrix such as the fast Fourier transform (FFT),
discrete cosine transform (DCT) or wavelets transform matrix. It is often fully dense and
large-scale in applications of interest. Moreover, the matrix A usually has full row rank, and
k(AAT) is usually small. Indeed, when A is a Gaussian random matrix, it follows from a well-
known random matrix theory (see [14], for example) that A has full row rank with probability

one, and
2 2
\ V n

2
AAT 1+ 4/
w(AAT) = Do AA) (1 m/n
Amin(AAT) 1—+/m/n
with prevailing probability for large n. In applications, usually m < n, and thus, k(AAT) is

often nearly one. When A is a partial orthonormal matrix mentioned above, we have AAT =T
and hence, k(AAT) = 1.

and hence,

5.2 Variant of Nesterov’s smooth method for compressed sensing

In this subsection, we discuss the application of the variant of Nesterov’s smooth (VNS)
method [1] described in Section 3 to problems (45)-(50). In particular, we first reformulate
them into CP problems in the form of either (6) or (7), and then apply the VNS method to
solve the latter problems based on a suitable reformulation.

Throughout this subsection, all vector spaces are in fact Euclidean spaces and their inner
products are standard ones. As seen from Section 4, the nontrivial computational parts of
the VNS method when applied to CP problems (6) and (7) based on formulation (14) are
possibly two projections: one is projection of a point into K, and another one is projection of
a point into M, where M and K are given in (10) and (22), respectively. Also, as shown in
Section 4, the latter projection can be reduced to two linear systems given in (43). For these
reasons, when we discuss the VNS method for CP problems (6) and (7) based on formulation
(14), we only focus on how to efficiently solve the first projection mentioned above and two
linear systems given in (43).
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5.2.1 Variant of Nesterov’s smooth method for problem (44)

We can show that problem (44) can be reformulated as

max 1Tzt — 1Ty
st. ATAzt — ATAz < Al+ ATb,
AT Azt + ATAx~ < A1 — ATv, (51)
—Zlf+ S Oa
—x” < 0.

Clearly, (51) is a CP problem in the form of (7) with £ = R%{", X = R*", Y = R?", and
ATA  —ATA —T 0 -1 T To A
A_[—ATA ATA 0 —I]’ b_<_1), c=(A1+ A"b; A1 — A" b;0;0).
Note that £ = £ x £* x Y = R x RY" x R*". Hence, projection of a point into K is trivial
and cheap.
We next show how the linear systems in (43) can be efficiently solved. First, we easily see
that

T AT 2 T A AT
AA*:I+l ad AA} :1+2[ 4 A4

—ATA ATA —ATAAT } [4 -4

By applying Sherman-Morrison-Woodbury formula for the above identity, we obtain that

(A4 = 1—2{ AL AAT KHz[A —A]{ AT AAY D_I[A 4,

—ATAAT —ATAAT
AT AAT 1
= -2 { AT AAT } (I+4(AAT)*) (4 — Al (52)

Similarly, we have

\—1 _ —
@+ ALY =i | A0

1. 1] ATAAT
2. 2

] (I+2(44T)) 7 A — A (53)
When the matrix A has all rows randomly chosen from an orthonormal matrix such as FFT,
DCT or wavelets transform matrix, we have AA” = I. Using this fact, (52) and (53), we see
that

I - I 1!

_AT
*\—1 1 1 AT
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and hence, the linear systems in (43) can be trivially solved in this case. When A is a
Gaussian random matrix, we know from Subsection 5.1 that k(AAT) is often small, and so
k(I + 4(AAT)?) and k(I + 2(AAT)?) are also often small. Using this fact, (52) and (53), we
observe that the linear systems in (43) can be reduced to the ones with the coefficient matrices
I+ 4(AAT)? and I + 2(AAT)?) and the latter linear systems can be efficiently solved by CG
method. Further, the arithmetic operations cost of CG method per iteration is O(fps(.A) +
fps(A*)). Thus, fps((AA*)~!) and fps((Z + AA*)~1) are comparable to fps(A) + fps(A*). In
view of Proposition 13, CP problem (51) (or equivalently (44)) can be more efficiently solved
by the VNS method based on (14) than (11)-(13).

5.2.2 Variant of Nesterov’s smooth method for problem (45)

We observe that problem (45) can be reformulated as

min 172t + 172~
zt,x—

s.t. AxT — Ax~ = b, (54)
x>0, 27 >0.

Clearly, (54) is a CP problem in the form of (6) with
A=[A —4], b=b, c=(1;1), L=R" X=R" Y =R"

Note that £ = £ x L* x Y = R¥" x R2" x R™. Hence, projection of a point into K is
trivial and cheap. Also, we easily see that AA* = 2AAT. When the matrix A has all
rows randomly chosen from an orthonormal matrix such as FFT, DCT or wavelets transform
matrix, we immediately have AA* = 2I. When A is a Gaussian random matrix, we know from
Subsection 5.1 that x(AAT) is often small, which together with the relation AA* = 24AT
implies that x(AA*) is also often small. Therefore, in view of Proposition 13, CP problem
(54) (or equivalently (45)) can be more efficiently solved by the VNS method based on (14)
than (11)-(13). Also, the linear systems in (43) can be efficiently solved directly or by CG
method.

5.2.3 Variant of Nesterov’s smooth method for problem (46)

We observe that problem (46) can be reformulated as

max —1Tu

T,

st. ATx —u
—ATyx —u

IAINA

Clearly, (55) is a CP problem in the form of (7) with

_ A —A _ 0 _ b _ n2n _ n2n _ opym+n
A_[_] _I}’ b_<_1)7 C_<_b)> £_§R+a X—§R, Y=%R .
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Note that £ = L x L* x Y = R2" x R¥" x R™*". Hence, projection of a point into K is trivial
and cheap. Also, we easily see that

. [2447 o
AA _[ 0 2AAT]

Using a similar argument as in Subsection 5.2.2, we have either AA* = 21 or k(AA*) is
often small. In view of Proposition 13, CP problem (55) (or equivalently (46)) can be more
efficiently solved by the VNS method based on (14) than (11)-(13). Also, the linear systems
in (43) can be efficiently solved directly or by CG method.

5.2.4 Variant of Nesterov’s smooth method for problem (47)

We can show that problem (47) can be reformulated as

min 1Tzt + 172~

zt,x—tu
.flf+
; 0o 0 -1 0 x| = (56)
5t A —-A 0 -1 t a b ’
Uu

x>0, 7 >0, (t;u) € Q™.

Clearly, (56) is a CP problem in the form of (6) with £ = 3" x Q™1 X = Rmr2n+l

Y = R™*L and
0 0 -1 0 A
[0 2T (), manen

Note that £ = L x L* x Y = R¥ x Q™1 x R21 x 9™+ x R Hence, projection of a point
into K can be reduced to projection of a point into @™, which can be cheaply computed
according to the following proposition.

Proposition 14 Let Hgm+1 () be defined in (26). Given a point u := (t;x) € R™ we have

(t; @), if t = [|l2;
HQm+1 (u) = (0, 0)7 ift < _HxH?;
H”;'b (1; ”f"z) ., otherwise.
Proof. The conclusion follows from Fact 2.3 of [2] by letting o = 1. ]
We also easily see that
|1 0
AA _[o I+2AAT}' (57)
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When the matrix A has all rows randomly chosen from an orthonormal matrix such as FFT,
DCT or wavelets transform matrix, we have AA’” = I, and hence AA* becomes a diagonal
operator. When A is a Gaussian random matrix, we know from Subsection 5.1 that k(AA”) is
often small, and so x(I +2AAT) is also often small. Using this fact and (57), we observe that
AA* is a block diagonal operator consisting of one diagonal block and another block with a
small conditional number. In view of Proposition 13, CP problem (56) (or equivalently (47))
can be more efficiently solved by the VNS method based on (14) than (11)-(13). Also, the
linear systems in (43) can be efficiently solved directly or by CG method.

5.2.5 Variant of Nesterov’s smooth method for problem (48)

We can show that problem (48) can be reformulated as

min 2ty
xtx it ta,u
s.t. 172t + 172~ +r =\,

t—ty =2, (58)
Azt — Az~ —u =D,
x>0, 27 >0, r>0, (ty;t;u) € Q™2

Clearly, (58) is a CP problem in the form of (6) with £ = R2""! x Qm+2 X = Rm+nts,
Y = R™+2, and

17 1T 1.0 0 0 A
A=10 0 01 =1 0 |, b= 2|, c¢=(0;0;0;2;0;0).
A —-A 00 0 -1 b

Note that K = £ x £* x Y = R x 9m+2 x R x 9mF2 x ®™+2. Hence, projection
of a point into K can be reduced to projection of a point into Q™2 which can be cheaply
computed according to Proposition 14.

We also easily see that

2n+1 0 0
AA" = 0 2 0
0 0 I+2AAT

Using this identity and a similar argument as in Subsection 5.2.4, we observe that AA* is
either a diagonal operator or a block diagonal operator consisting of one diagonal block and
another block with a small conditional number. In view of Proposition 13, CP problem (58)
(or equivalently (48)) can be more efficiently solved by the VNS method based on (14) than
(11)-(13). Also, the linear systems in (43) can be efficiently solved directly or by CG method.
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5.2.6 Variant of Nesterov’s smooth method for problem (49)

We can show that problem (49) can be reformulated as
min ATzt 4+ A7z + 24
zt = t1,t2,u
s.t. tl — tg = 2, (59)
Azt — Az~ —u =D,
x>0, 27 >0, (ty;ty;u) € Q™2

Clearly, (59) is a CP problem in the form of (6) with £ = R%" x Q™2 X = Rm+n+2
Y = R™*L and
0 0 1 -1 0 2
P A N ) )
Note that £ = L x L* x Y = R¥ x Q™2 x R21 x Qm+2 x R™HL. Hence, projection of a point
into K can be reduced to projection of a point into @™*2, which can be cheaply computed

according to Proposition 14.
We also easily see that

0 I+24AT

Using this identity and a similar argument as in Subsection 5.2.4, we observe that AA* is
either a diagonal operator or a block diagonal operator consisting of one diagonal block and
another block with a small conditional number. In view of Proposition 13, CP problem (59)
(or equivalently (49)) can be more efficiently solved by the VNS method based on (14) than
(11)-(13). Also, the linear systems in (43) can be efficiently solved directly or by CG method.

AA*:{Q ! }

5.2.7 Variant of Nesterov’s smooth method for problem (50)

We can show that problem (50) can be reformulated as

min ATt + X170 + ¢
zt,x— t1,to,u

s.t. Azt — Az~ —u =D, (60)
x>0, 27 >0, (u)e Q.

Clearly, (60) is a CP problem in the form of (6) with £ = R*" x Q™! and X = R+
Y = R™, and
A=[A —A 0 I, b=b, c=(A1;A1;1;0).

Note that K = £ x L* x Y = R¥" x Q™ x R2" x Q"+ x R™. Hence, projection of a point
into K can be reduced to projection of a point into Q™! which can be cheaply computed
according to Proposition 14.

We also easily see that AA* = I + 2AA”. Using this identities and a similar argument as
in Subsection 5.2.2, we observe that AA* is either a diagonal operator or an operator with a
small conditional number. In view of Proposition 13, CP problem (60) (or equivalently (50))
can be more efficiently solved by the VNS method based on (14) than (11)-(13). Also, the
linear systems in (43) can be efficiently solved directly or by CG method.
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6 Computational results

As indicated by Friedlander and Sauders [17], problem (44), namely, the Dantzig selector is
extremely challenging to simplex and interior point (IP) methods because of its high dimen-
sion and full density. They also mentioned that the IP method implemented in /;-magic [5]
generally outperforms simplex methods. In this section, we compare the performance of the
variant of Nesterov’s smooth (VNS) method [1] described in Section 3 with the IP method [5]
for solving problem (44) on a set of randomly generated instances.

As discussed in Subsection 5.2.1, the cone programming (CP) reformulation of problem
(44) is a special case of (7), where X and Y are Euclidean spaces and their inner products
are the natural ones. Thus, all norms used in the VNS method are just Euclidean norms.
We choose @ = 13 = a3 := (wo;s0;y0) = (0;0;0) and g = (%)) as the initial points for
the VNS method when applied to (11)-(14), respectively. The initial point for the IP method
[5] is chosen by default. It shall be mentioned that for this IP method, conjugate gradient
method is applied to solve the associated Newton system. The codes for these methods are
written in Matlab.

In addition, the following termination criterion will be used for the VNS and IP methods
when applied to CP problems (6) and (7). For a given tolerance ¢ > 0, we want to find a
point (z,s,y) € L x L* x Y such that

max {|[| A"y + s — c|[x, [| Az = blly, [{c;x) = (b, y)|} < (61)

All instances for problem (44) are randomly generated in the same manner as described
in /;-magic [5]. Given o > 0, and positive integers m, n, T" with m < n and T < n, we
now describe how to generate data A and b for problem (44). We first generate a matrix
W e R™™ with random entries chosen from a normal distribution with mean zero, variance
one and standard deviation one. Then we compute an orthonormal basis, denoted by B, for
the range space of W, and set A = BT. We also randomly generate a vector & € R" with only
T nonzero components that are +1, and generate a vector v € R™ with random entries chosen
from a normal distribution with mean zero, variance one and standard deviation one. Finally,
set b = AT + ov. Especially, we choose ¢ = 0.005 for our experiment. All computations
are performed on an Intel Xeon 5320 CPU (1.86GHz) and 12GB RAM running Red Hat
Enterprise Linux 4 (kernel 2.6.9).

In the first experiment, we apply the VNS method to solve problem (51), namely, the CP
reformulation of problem (44). In particular, we compare the performance of the VNS method
for (51) based on reformulations (11)-(14) (labeled as VNS1, VNS2, VNS3 and VNS4, respec-
tively). The termination criterion (61) with e = 0.1 is used for them. More specifically, suppose
that ¥ is an approximate solution obtained at the kth iteration by these four approaches.
Then @* is used to check the termination criterion for VNS1 and VNS3 while uy = i (a*) is
used for VNS2 and VNS4. The performance of VNS1-VNS4 for randomly generated relatively
small-scale instances of problem (44) are presented in Table 1. The parameters m, n and T
of the instances are listed in columns one to three of Table 1, respectively. The numbers of
iterations of VNS1-VNS4 are given in columns four to seven, and CPU times (in seconds) are
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Table 1: Comparison of VNS1-VNS4
Problem Iter Time
m n T VNSl VNS2 VNS3 VNs4 | VNSI VNS2 VNS3 VNS4
120 512 20 3967 227 121 109 4.6 0.6 0.3 0.2
240 1024 40 6577 233 142 112 18.7 1.5 1.0 0.6
360 1536 60 9713 289 172 138 101.0 7.3 5.0 3.1
480 2048 80 || 12608 337 193 160 3014 193 13.1 8.2
600 2560 100 || 14492 334 198 161 540.0 30.1 21.0 13.2
720 3072 120 | 18318 387 230 185 962.1 49.7 349 21.5
840 3584 140 || 18518 358 214 168 || 1301.2 61.8 43.7 264
960 4096 160 || 20629 353 223 167 || 1897.3 79.6 59.7 34.0
1080 4608 180 || 21809 364 222 169 || 2466.7 101.4 73.3 428
1200 5120 200 || 25494 402 247 189 || 3547.0 137.4 100.9 584

given in the last four columns, respectively. From Table 1, we conclude that VNS4, that is, the
VNS method based on formulation (14), is the most efficient one among these four approaches
for solving problem (51) (or equivalently (44)). Indeed, this phenomenon is consistent with
the theoretical prediction given in Proposition 13.

From the above experiment, we have already seen that VNS4 outperforms VNS1-VNS3. In
the second experiment, we compare the performance of VNS4 with the IP method implemented
in [;-magic [5] (labeled as IP). The termination criterion (61) with € = 0.1 is used for both
methods. The performance of VNS4 and IP for randomly generated relatively large-scale
instances of problem (44) are presented in Table 2. The parameters m, n and T of the instances
are listed in columns one to three of Table 2, respectively. The numbers of iterations of VNS4
and IP are given in columns four to five, and CPU times (in seconds) are given in the last two
columns, respectively. From Table 2, we conclude that VNS4, that is, the VNS method based
on formulation (14) substantially outperforms the IP method [5] for solving problem (44) (or
equivalently (44)). We shall also mention that the former method requires much less memory
than the latter one.

7 Concluding remarks

In this paper, we studied the variant of Nesterov’s smooth (VNS) method [1] for cone pro-
gramming (CP) problems based on four natural primal-dual convex smooth minimization
reformulations (11)-(14). We showed that for a class of CP problems, the VNS method based
on (14) is most efficient among these reformulations. Also, we applied the VNS method to
solve large-scale CP problems arising in compressed sensing, which are highly challenging to
simplex and/or interior point (IP) methods. The computational results showed that the VNS
method based on (14) substantially outperforms the IP method [5].

The Matlab codes for the VNS method based on formulation (14) for problems (44)-(47)
are available online at www.math.sfu.ca/~zhaosong. Since problems (48)-(50) are similar to
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Table 2: Comparison of VNS4 and IP
Problem Iter Time
m n T || vNs4 IP | vNs4 IP

1560 6656 260 199 23| 103.3 1999.0
1680 7168 280 196 23 || 116.1  2483.7
1800 7680 300 209 24| 1429 3173.7
1920 8192 320 212 24| 165.2 3839.7
2040 8704 340 219 23| 193.8  4395.7
2160 9216 360 217 23| 208.1  5207.1
2280 9728 380 212 24| 2279 6359.9
2400 10240 400 227 24| 270.1 7413.8
3600 15360 600 247 27| 670.4 27598.2
4800 20480 800 282 28 | 1326.9 67734.5

problem (47), the codes for them can be directly obtained by modifying that of (47). Regarding
problems (48) and (49), there are quite a few efficient methods (see [29, 15, 32, 22, 16, 20, 13,
28, 3, 33] and the references therein) that greatly utilize their special structures. In contrast
with them, the VNS method [1] discussed in this paper is a more general one. It would be
interesting to compare the VNS method with these methods for problems (48) and (49). In
addition, our current Matlab codes can only apply to the problems for which A is a matrix,
but they can be easily generalized to handle the case where A is an operator.

Spectral projected gradient (SPG) methods (see [4] and the references therein) are alter-
native gradient based methods for smooth convex minimization problems. They have recently
been successfully applied to solve problem (49) (see [16] for example) though their iteration
complexity bounds are unknown so far. Clearly, the SPG methods can be suitably applied
to solve CP problems (6) and (7) based on formulations (11)-(14). We would like to see how
the performance of the SPG methods vary with these formulations, and also compare their
performance with that of the VNS method [1] for CP problems.
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